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IepiAndm

H Sratpfy) awt) mpoabétet €va Abapdxt axdun otn Adon Tou npofARUdToC TNC TopAY WY NS To-
OGAANAOL HGBLXA VLo TEOYEAUUATA TIOU TEPLEYOLY TEAELX PuALACUEVOUS Bpdyouc. Ltn cUyypovn
BBhioypapia, n mopahAnionolnon TETowY Soudy €xel xat’ apyhv BaoloTEl 0TO PETAGY UATIOUS
tiling, v oAl yetaoynuatioud unepxdufwy. 'Eyouv npotabel uébodol yia tnv avtduotrn ue-
TOTEOTY TOU GELPLAXOU OB ot TopdAAnho. Enlong, éyouv mpotabel evalhaxtixéc Aot yia
T0 Ypovioub uetall emxolvwviag xou utoloytoudy. ‘Oieg autég oL AUoELS, BUWS, APopoly TNV
eXTENEDT) TOU TEMXOU TpoYpduuatoc o ula anhyi custotyia (cluster) utoloyiotdy.

YAuepa, Tor TAEOV Loy Upd UnyaviuaTa, SEV AmoTEAOUVTOL amd amAoUS UTOAOYLOTES, ARG Ao
nohv-eneepyaotixéc Yovddeg (deite ) AMota Twv 500 TLo toyLpGOY LTOAOYLETEY TOU XGGUOU TOU
NoeuBptou 2004). To Waitepo yapaxtnpiotxd Toug elvan 6Tl oL enelepyaotéc Tou (Blou x6ufou
BAETOLY XOLVY) UVTUT), EVEG 600t Bploxovtal ot SlapopeTinolc x6UB0UC ETLXOLYOVOUY OVOYXAGTIX
ue avtarhayy unvuudtwy. Ipdxeitar, dnhadh yio deninedeg apyttextovixéc. Méypr otuyunc dev
elye mpotabel xdnota Ao, mou va Aaufdver unddr Ty avouolouop@lo auth. ‘Ouwe, 1 avtaAlayt
UNVUUETOY oxOUn %ol aVEUESH GTOUS EMEEEPYAOTES IOV €Youv dueor Tpdcflacn otny (S uo-
VaSa UVAUNG, ATOTEAEL ONUOVTIXY| AMOAELDL YPOVOU Yo TO TEAXS Tedypauua. To medBinua autd,
howmdy, avtiuetoniletar anodotixd otny mapovca dtatelr. Emtuyydvouue tnv uéypet oTiyunc
Bértiotn allomoinom tou eVpouc LAVNEC %ol TV SUVATOTATWY TV XAPTGV dixtvou. Tautdypova,
unopolue anAd xou ue cogrivera va opllouvue uia ypovixh Spouoldynom twy utepxdufny, naped
TNV 0VOUOLOUOEQT ETLXOLVWVIa UETAE) TOUg.

'Eva dhho Béua mou Sev elye wéypt otiyunc aviuetomotel elvat autd tne xatavouric Twy tiles,
7 unepxouPwy ot enelepyaotéc. X BBhoyeagpla, 6hec oyeddv ol npooeyyloelc Hewpoly elte
6TL UTdpyEL amepLopLoTog apliude enelepyaoTtdy, elte 6Tl To péyelog Twv tiles emiéyetar dote
oL dtabéaipol eneepyaotéc va elvon apxetol. 'Ouwe, oxondc TOU UETACY NUATLOHOU UTEPXOUSwY
(tiling) dev elvor pubévo 1 napadinhonoinoyn tou xMdxa, aAAd xat 1 BeAttotonolnoT e Tomxs-
TNTAC TV AVaAPopdY ot Sedouéva Tng UVAUNG. TNy Teplntwor, auth, ot 3Vo 61dyoL od1yoly e

aVTLXEOUGUEVY anoTeréouata. Enedr) o ypdvog mou yeetdletal yiol TNy TeooTéAACT, SESOUEVWY,



oL de Bploxovtar 6Ty Yehyopn UVAUN Tou cueTAUNTOC, dev elvat auehntéoc (Unopel va elvat ou-
yxplowog, 1, axdéun xat TOAATAEGLOE ToU Yedvou Tou ypeetdletat yia Ty eneiepyaciag Toug), Sev
Bo énpene va mopaueAnBel 1 TapdUETEOC AUTH XATA TNV EMAOYT TOU UETACYNUATIOUOU UTEPOU-
Bwv. Xtn dwtelBr aut), Aowtdy, Siepeuvolue Uelddoug il TNV XATAYOUY TOV UTEPXOUBWY OTLS
UTOAOYLOTIXES UOVADES, OF TEPIMTWOY TOU 0 UETAOYNUATIONOS LTepxOUBov oL To TARfog Toug
elvat 181 Sedopévo. Tlgoxewévou ol uébodol autol va unopoly va evonuatwioly artodotixd oe
éva epyarelo autduaTNg TopaYKYRC xOBLxa, eotdlovue Ty tpocoyy| Hog ot uebddoug otatinic

XATAVOURC TOV UTOAOYLOU®Y, 0L 0ToloL Topouatdlouy XAToLd XovovixdTnTa.

Aé&eig-xhewdd: Metaoynuatioudc tiling, Metaoynuatiopdc unepxdulov, Ouadonoinor unep-
#x6uLowv, Adnhoemixdhudn entxolvoviog xat utoroyloudy, Yrepenineda, Yuotolyiec toluv-enelep-

YaoTx@dy uovddwy, Ileploptouévog aptBude xouBwv.



Abstract

This thesis adds some intuition and some practical solutions to the well-studied problem
of parallelizing nested for-loops. In literature, parallelization of such code segments has been
based on supernode, or tiling transformation. There have been proposed some methods for
the automatic transformation of sequential code into parallel one. In addition, the timing
between communication and computation has been studied. However, these solutions concern
the execution of the final parallel code onto a cluster of single CPU nodes.

Nowadays the most powerful computing systems are consisted of multiprocessor units (see
the Top 500 supercomputer list for November 2004). In such supercomputers, processors within
the same node can directly access the same memory data, while processors in different nodes
should communicate via message passing. No solution had been proposed so far to overcome
this heterogeneity. Message passing among processors inside the same SMP node implies a
significant communication overhead. The above mentioned problem is efficiently alleviated in
this thesis. We pursue and achieve a proper utilization of the bandwidth and the possibilities of
the network cards. At the same time, we can simply and explicitly define a time scheduling of
tiles, in spite of the heterogeneous communication patterns.

Another issue, that had not been thoroughly examined so far, is the allocation of tiles, or su-
pernodes to processors. Almost all approaches in literature consider either an unlimited number
of processors, or that tile size is properly selected to fit the existing architecture. However, tiling
has not been used only for parallelization, but also for achieving cache locality of data memory
references. These two goals conflict with each other, concerning the tile size selection. Since the
time needed for accessing data in main memory is not at all negligible (it may be comparable, or
even a multiple of time needed for processing data), this parameter should not be left out when
selecting a tiling transformation. In this thesis, we investigate certain techniques for allocating
tiles to computing nodes, in case the tiling transformation, the size of the tile space and of the
architecture are given. We consider static, regular techniques of allocation, in order to be able

to incorporate them efficiently into an automatic parallel code generation tool.



Keywords: Supernodes, Loop tiling, Tile grouping, Overlapping communication, Pipelined

Schedules, Hyperplanes, Clusters of SMPs, Fixed number of nodes.
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Avti IlpoAoyou

H napoltoo didaxtopxr dtatpfry exmovinxe otov Touéa Teyvohoylag IIhnpogopxrc xon
Yrohoyiotdy, tne Xyohhic Hiextpordywv Mnyavixdy xar Mryavixdy Yrohoylotdy, tou EGvixol
Meto6fBiou TTohuteyvelou. Tepthaufdvel TRy €peuva xoL T GUUTEPAGUATA TOU TPOEXUPAY xatd
1) SLAPXELY TWV UETATTUYLAXGY 6ToUdGY wou 6to Epyactiiplo Yrohoylotxdy Yuotrnudtwy tng
oyolfic autric. H Statp3r) auty], énwe edxora avtthauBdvetor xavelc névo and tny avdyvwon Twy
TEPLEYOMEVWY, anoTeletiton and dVo pepn: To mpdTo elvan ypauuévo ota ayyYAd, TEOXEWEVOL Va
unopel vo Stafactel and v axadnuaix? xowvdtnta extéc EARGSac. To deltepo uépog anotelet
TEQUANTTLXY, UETAQEAOT) TOU TEOTOU O0TA EAATVIXG.

Y10 onuelo autd Ou Heha va exgpdow Tig elAxpLvelc euyaploTieg Lou ot éva Thnbog avlp®-
Twy, Tou ue Borlinoay ouctaoTixd otny mpayuatonolnon tng epyaotag authic. Hpdta and dhoug
Oo ABeha va evyaplotion tov entBAénovia xabnynth pou, IMavayidtn Toavdxa, enewdn, dvroc
TEOTTUY LAY, QOLTNTELA, EXELVOS TEOTOS UE EPERE OE ETAPT, UE TO YMDEO GTOV OTOLO APYGTERI ATO-
pdotoa Vo oLVEYLow TIC OTOUBES Hou we ueTantuytaxy) otthteta. Tov euyaptotd Wiaitepa enedy
ue eméAede YL CUVERYATY] TOU, Yla TLC YEFOUES YVAOOELS TIOU UOU UETESWOE, YL TNV OLXELOTHTA
TOL UOU EUTVEEL, OAAE TEPLOGAHTERO YLaL TNV EUTLETOGVVY oL Uou €delle oe GAa tar Oéuarta.

Enlong, Bo Afeha va euyapiothion Oepud tov xabnynth Fedpyio Moanaxwvotaviivou, uélog
NG TEWEAOUS GUUBOUAEUTIXTG ETLTEOTY|G UOU XAl ETLXEQPAAT; TOL EpYUGTNELOU, Yol TNV aYdTy) ToU,
LS oLUPBOVAES ToL, Yia TN dtdleoy| Tou va aoyohnbel ue xatavénomn ue onotodrinote npdBANUd Hac.

IBrattepn avagopd Bo Heha va xdve oto tplto Yéhoc TNC GLUBOUAEUTIXNAC ETULTEOTRC UOU,
Tov entxovpo xabnynth Nextdeio Kollpn. Hrav o dvipwnoc nou xafdpiee tnv xatetHuver tng
€PELVAC OV, TIOL Aoy OAADNXE OUCLACTIXG UE TNV Topela xat Tal TPOBAAUNTA TTOL AVTLUETOTLOA XAUTA
1) SLAPXELD TV OTOUSKOY UOU, TIOU AVEXUUTTE TO 106 UoL ot 8UOXOAES EpELVTIXG TEPLEBOUC,
ToL PeévTice va €yw dtabéoiuo tov eComhioud mou yeetalduouv. Ilépa, duwg, and to xabaupd
emoTnUovxd Béuata, dimia Tou nhpa aléyaota pabiuata Lofc ve Ti¢ Tohbwpee cULNTHOELS TTOU
elyaue pall tov. Mou éuabe vo moTteln 6Tov eautd Lou, va BETw xat va tetuyalve 6tdyous, va
elpon o avolyth anévavtt ot avipdroug ue evieAde dtagopetiny| vootpotia xo emdLdéets. 'OAa
autd elvat Wialtepa onNuavtixd, dyt UOVO Yo TNV ETAYYEALATIXY Anoxatdotaoy) evoc avlpdmrov,
OAAG XL Yo TV OLXOYEVELOXT %ol XOLVoVLXY (oY) Tou.

BéBowa, népa and toug xalnyntéc vou, Ha fAtav mohd peydin nopdhewdn va unv avageeho

%ol oTo utéholma AN Tou epyaotnplou. Kat’ apyry, o I'idpyoc I'roduoc Atayv évag uixpdtepog
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Introduction

1.1 Motivation

Tiling, or supernode transformation has been widely used in parallel processing for restructuring
nested for-loop code segments. When applying tiling, neighboring iterations are grouped to-
gether into a tile, or supernode. Thereupon, each tile is treated as one computation unit. That
is, we schedule tiles instead of iterations, we decide which tiles will be assigned to a processor
and so on. Therefore, we achieve to decrease the total communication load of the code segment

as follows:

e Assuming that iterations of the initial code segment may be assigned to any processor of
the parallel architecture, the communication load implied may be vast in comparison to the
computation load. When applying tiling, we force neighboring iterations to be executed
onto the same processor. Therefore, the communication requirements among them are

eliminated.

e In message passing interfaces, designed for distributed memory computing systems, the
cost of initializing a data transfer is not negligible. When applying tiling, apart from
grouping iterations, we also group the resulting data transfers. Thus, we may initialize
only one message per tile per communication direction, reducing in this way the number

of messages and the communication startup cost.

A lot of work has been conducted in this area, concerning the selection of the optimal tiling
transformation. Researchers have concluded that, on the one hand, rectangular tiling is simple.
Thus, both the application of the tiling transformation and the execution of the final tiled code
is efficient [TX00]. On the other hand, non-rectangular tiling may be more appropriate for a
specific code segment [HS02], [HCF03]. Thus, if it is properly applied, it may give the peak
performance [GDAKO02a].
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As far as parallel processing is concerned, the size and shape of tiles is mainly selected so as to
minimize the communication overhead. The resulting tiling transformation seems to be the same
when either a distributed [Xue97a] or a shared memory [RR02] system is aimed. Consequently,
when a multilevel parallel architecture is involved, the optimal tiling transformation is just the
same.

However, when applying a tiling transforation, tile shape and size are not the only concerns.
One should also determine a time schedule, for both computations and communication. This
problem has also been addressed when either a distributed or a shared memory architecture is
involved. It has not been addressed for a multilevel parallel architecture, such as a cluster of
shared memory multiprocessors (SMPs). In this thesis, a time schedule is produced, which takes
into account the communication requirements among processors, which may reside either in the
same or in different SMP nodes.

Once a tiling transformation has been applied onto a nested for-loop code segment, and a
time scheduling has been produced, one may assume that it can be really implemented onto a
parallel architecture. In fact, this is not always true. The number of processors of an existing
platform may be less than the number of processors required for the application of a time
schedule. Although in literature a lot of papers deal with the problem of scheduling onto a
fixed number of processors, very few of them are applicable on nested for-loops, that cannot
be partitioned into independent sub-spaces. In this thesis five alternative static schemes, for
scheduling a tile space and assigning tiles to the processors of an existing parallel architecture,

are proposed.

1.2 Related Work

A few years ago the constant increase of the execution speed of programs was mainly based
on the clock frequency increase. In 1980’s, both academia and industry realized that it was
meaningless to further promote the clock speed if they could not feed the processor with data
from memory [PH94|, [HP03]. Their efforts concentrated onto minimizing the distance between
the processor and memory data, using cache memories. They went on increasing the clock
speed, but at the same time they increased the size and bandwidth of caches, they improved the
algorithms used for storing and searching data in them.

Nowadays, technology seems to have approached the core. A further increase of either the
clock speed or the cache bandwidth is sustained by physical restrictions, such as the speed of
light and the minimum distances that should exist inside a chip, so as electrical signals do not
interfere with each other. Therefore, the only notion that can supply computer performance
with a thrust seems to be parallel processing.

However, without an intervention from the programmer, parallel processing may have an

impact only when several independent programs are to be executed simultaneously. A minor
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intervention is required when a single program can be partitioned into independent or loosely
dependent tasks. What happens when we are interested in speeding up a single program, which
cannot be partitioned into independent regions? Then, a thorough analysis of data dependences

[Ban88], [Pug92] is required, so as to decide which tasks could be efficiently parallelized.

Nested for-loops can be placed among the most critical code segments, which deserve paral-
lelization. They usually impose a significant overhead to the total program execution, since they
iterate many times over the same statements. In order to achieve the maximum acceleration,
one of the key issues to be considered is minimization of the communication overhead. Papers
elaborating on this issue can be divided into two main categories corresponding to fine grain

parallelization and coarse grain parallelization.

As far as fine grain parallelism is concerned, the communication overhead is reduced by
applying methods that group together neighboring chains of iterations [KCN91], [SC95], while
preserving the optimal hyperplane schedule [DGK™100], [ST91], [TKP00]. The objective of par-
titioning the initial iteration space into chains of iterations has always been the minimization
of inter-chain dependences. Thereupon, some chains may be grouped together and executed in

the same processor, aiming again to reduce the inter-processor dependences.

As far as coarse grain parallelism is concerned, researchers have dealt with the problem of
alleviating the communication overhead by applying the supernode or tiling transformation.
Supernode partitioning of the iteration space was initially proposed by Irigoin and Triolet in
[IT88]. They introduced the initial model of loop tiling and gave conditions for a tiling trans-
formation to be valid. Later, Ramanujam and Sadayappan in [RS92] showed the equivalence
between the problem of finding a set of extreme vectors for a given set of dependence vectors
and the problem of finding a tiling transformation that produces valid, deadlock-free tiles. The
problem of determining the optimal shape was surveyed, and more accurate conditions were also
given by others, as in [BDRR94], [HS02], [HCF03]. Some of these approaches aim at minimizing
the amount of data transferred through a message passing interface [Xue97al. Some more of
them are applicable on a shared memory architecture and pursue the minimum amount of data
to be accessed by more than one processors [AKN95], [RR02]. The rest of them attempt to
minimize the time each processor remains idle waiting for the necessary data to be available,
before going on with the computations assigned to it [DDRR97], [HCF97], [HCF99]. All three
approaches result to the same mathematical formulas for the calculation of the optimal tiling

transformation.

Scheduling tiled iteration spaces onto parallel architectures is another important issue, which
has been partially addressed in literature. Dion et al. [DRR96] and Rastello et al. [RRP03]
have reduced the total run-time by properly scheduling the iterations inside a tile. They assume
that a tile execution is non-atomic and each data element is sent to processors that will need it,
as soon as it is computed. Although such an approach may be practical on a VLSI processor

array, it will not be efficient on a modern cluster, where the startup latency of a message cannot
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be ignored, imposing coarse-grain communication.

Although scheduling of tasks on a cluster of workstations seems to be a well elaborated
idea [CKET04], in fact very few approaches have taken into account the regularity of nested
for-loops. Several of them [SG97], [Sak97], [HP96] deal with the distribution of loop iterations
to processors, in special cases, when the iteration space can be decomposed to regions, that
can be parallelized with no communication or synchronization among processors. However, this
is not always the case. As concluded by [LL98], the dependences among iterations may not
allow the application of such a scheduling. In [ML94] a run-time scheduling is presented, which
minimizes communication and synchronization overhead. In [ID98], [ZLP97], a dynamic load-
balancing scheduling algorithm is presented, with a combination of compile-time and run-time
support (hybrid compile and run-time process). However, as argued in [TN93], dynamic, or
run-time scheduling achieves a better load balance when the computation load of iterations is
unevenly distributed. In addition, it is applicable if the loop bounds are unknown at compile
time. Static, or compile-time scheduling is more appropriate for uniformly distributed loops,

following the algorithmic model of this thesis.

As far as the execution of tiles on a cluster of PCs is concerned, all conventional approaches
[ABRY03], [ABR96], [HS98], [OSKO95], [RS92] consider that each processor executes all tiles
along a specific dimension, by interleaving computation and communication phases. All proces-
sors first receive data, then compute, and finally send result data to neighbors in explicitly dis-
tinct phases, according to the hyperplane scheduling vector. Taking into account that modern
network interfaces allow for concurrent communication and computation, in [GSKO01] an alter-
native method for the problem of scheduling the tiles to single CPU nodes was proposed. The
proposed method acts like enhancing the performance of a processor’s datapath with pipelining
[PH94], because a processor computes its tile at k& time step and concurrently receives data from
all neighbors to use them at k + 1 time step and sends data produced at £ — 1 time step. Such
a pipelined execution scheme was proven [STKO02] to nearly double the performance of the al-
gorithms, provided that we use modern NICs (Network Interface Cards), capable of performing
communication without annoying the CPU, and advanced communication protocols (i.e. VIA)
with Zero-Copy [CTHI98], DMA support and User-Level [Blu96] characteristics.

Although the tiling transformation had been so widely studied, in practice it was almost
unattainable to implement the proposed methods in real applications. The overhead for pro-
ducing the parallel code was almost prohibitive. In [AL93], Amarasinghe and Lam presented
a method for automatically producing parallel SPMD code, based on the mathematical rep-
resentation of the iteration space, the data space and the communication data, using a set of
inequalities. In [TX00], Tang and Xue presented a complete framework for producing SPMD
code for distributed memory parallel architectures. However, their approach concerns only rec-
tangular tiling transformations. Finally, in [GAKO03], [GDAKO02a] a complete framework has

been presented for automatically producing parallel code for arbitrarily tiled nested for-loops.
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This method, apart from enhancing the efficiency of the final parallel code, aims at reducing the

overhead of the automatic parallelization.

1.3 One step ahead: What do we need?

Nowadays the most powerful computing systems are consisted of multi-level parallel architec-
tures, such as a cluster of Shared-Memory Multiprocessors. The top 5 computing systems
announced in the 2004 Supercomputer Conference (SC2004) [TOP] in Pittsburgh (BlueGene/L,
Columbia, Earth Simulator, MareNostrum, Thunder), are all based on a multi-level parallel

architecture (see, for example, Figures 1.1 and 1.2).

System
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Figure 1.1: The BlueGene/L Architecture - No 1 in the 24th Top500 Supercomputer list

The method presented in [GSKO01], [STK02] had been applied only on clusters of single CPU
nodes. If applied on a cluster of SMP nodes (Symmetric Multi-Processors), it could not take into
consideration the fact that, among processors of the same node, which can directly communicate
with each other through the node’s shared memory, there is no need for message interchange,
in order to exchange data. This fact has not been taken into account in [MAO1] either, which
aims at scheduling tiles on a cluster of SMP nodes. The result of such a consideration may be
unnecessary transfers from the processing unit to the network card and vice versa, which will
consume a portion of the intra-node communication bandwidth. In the best case, when the
compiler can detect and prevent such unnecessary communication between the processor and

the network card, it will not evict unnecessary transfers among the shared and private space of
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Figure 1.2: The Earth Simulator Architecture - No 3 in the 24th Top500 Supercomputer
list

threads inside the same SMP node [DKO04].

In this thesis, as in [ASTT05], [ASTK02b], [ASTK02a], the method proposed in [GSK01],
[STKO02] is applied on clusters of SMP nodes. For this purpose, we group together tiles, which
should be simultaneously executed by processors of the same node. Thus, we annihilate the
need for communication among processors of the same node. In the sequel, in order to schedule
the groups of tiles, which have arisen, we can make use of the overlapping communication-
computation model, proposed in [GSKO01], [STK02].

Unfortunately, the subsequent execution scheme (similar to its parent schemes proposed
in [HS98], [GSKO01] and the automatic schedules produced when using a code generation tool
[GDAKO2a|) preassumes an unlimited number of processing nodes, or that the tile size has been
selected so that the number of nodes needed is less than or equal to the nodes available. Of course,
it is not always true. The tile size may often be selected so as to minimize the communication
overhead [Xue97a|, [AKN95], [RR02] or maximize memory data references locality [KRC99],
[LRWO91], [WL91a], [PHPO03], [MHCF98]. Thus, we need an efficient method to allocate the
tasks to a predefined number of processors. In this thesis, as in [AKKO04], [AKKO03], some
different assignment schemes for scheduling tiles onto a cluster with a fixed number of SMP

nodes, will be proposed.

1.4 Thesis Contribution

The contribution of this thesis, can be mainly focused on the following two issues:

1. A theoretic model is supplied for scheduling tiles onto a cluster of SMP nodes, using ei-
ther the overlapping or the non-overlapping execution policy, as described in [GSKO1],
[STKO02], [HS98]. This is attained by grouping together tiles, which should be simultane-
ously executed by processors of the same node. Thus, the need for communication among

processors of the same node is annihilated. They should only synchronize with each other
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using a barrier or a semaphore. In addition, the subsequent communication among proces-
sors in different SMP nodes can be similarly grouped, which further reduces the overall

communication overhead of a code segment.

2. In order to apply all above mentioned techniques and automatic code generation tools
[Gou03] onto a cluster with a fixed number of nodes, five alternative assignment schemes
for scheduling tiles are proposed. The advantages and disadvantages of each one are theo-
retically and experimentally investigated. Thus, the guidelines for selecting the appropriate

assignment scheme for each tile space, are provided.

1.5 Thesis Overview

In Chapter 2 of this thesis, some basic preliminary concepts and the mathematical background
required for the comprehension of our methodology are presented. First of all, some mathe-
matical symbols used throughout the thesis are defined. Then, we briefly describe the model of
algorithms, which can be parallelized using the proposed techniques. In the sequel, some basic
concepts from parallel processing, such as dependences and time scheduling, are described. In
addition, some loop transformations, which have been widely used in compiler optimizations, are
briefly discussed. They are divided into linear and non-linear transformations. Among non-linear
loop transformations, we emphasize the tiling transformation, which will be used throughout the
rest of this thesis. Finally, we outline the non-overlapping [HS98] and the overlapping [GSKO01]
execution policies, which constitute the base for the application of our theory.

In Chapter 3, a methodology for the construction of a tool, which can automatically produce
parallel tiled code, is discussed. Special care is taken, so as the final tool to be efficient in
consideration of both the time needed for the generation of the parallel code and the quality of
the code produced. The efficiency at compile-time is enhanced by a reduction of the inequalities
describing the tile space, through a proper expansion of the initial space boundaries. The
efficiency at run-time is achieved by a transformation of the tile iteration space into a rectangular
one. Finally, as far as the communication among processors is concerned, an enhancement of
the ideas presented in [GDAKO02a], [Gou03] for a cluster of single-processing nodes, is described.

In Chapter 4, the non-overlapping and the overlapping execution policies are generalized,
so as to be applied on a cluster of shared memory multiprocessors. In order to achieve this
generalization, we introduce the technique of grouping, which is a kind of tiling applied onto
tiles. We determine the guidelines for the selection of the grouping transformation. Then, a
valid and optimal time schedule for the subsequent group space is produced. We also indicate
how computation tasks should be allocated to the processors. Finally, we theoretically and
experimentally validate the techniques proposed.

In Chapter 5, we assume that a cluster with a fixed number of SMP nodes is available

for the execution of the tiled iteration space. Thus, our scheduling needs to be adapted, so
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as to take into consideration that a fixed number of tiles can be computed at the same time.
Five alternative schedules are proposed: cyclic assignment schedule (§5.2), mirror assignment
schedule (§5.3), cluster assignment (§5.4), retiling (§5.5) and block-cyclic assignment schedule
(8§5.7). Then, we theoretically and experimentally argue about which one should be selected for
the parallelization of a tile space.

In Chapter 6, we conclude with a summary of the arguments presented in this thesis and we
report some future extensions of our work. In Appendix A a summary table of the symbols used
throughout the thesis is provided. Appendix B constitutes a quick reference of our algorithmic
assumptions. Finally, in Appendix C, some simple mathematical formulas, which are often used

in this thesis, are proven.
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Preliminary Concepts -

Mathematical Background

In this chapter, we present some basic preliminary concepts and the mathematical
background, which are necessary for the comprehension of the rest of this thesis.
First of all, we supply an outline of the algorithmic model aimed by the techniques
presented in this thesis. This model is further specified and restricted later on in this
chapter. A summary of the restrictions imposed is also given in Appendiz B. While
going through this thesis, readers may use Appendix B as a quick reference of our
algorithmic model. In addition, some terms originating from the scientific area of
algebra (e.g. lexicographic order) are briefly defined in this chapter. Moreover, we
discuss some concepts widely used in the area of parallel processing (e.g. dependence
analysis, time scheduling, linear loop transformations, tiling). Finally, we outline
the architectural characteristics, which are necessary for the implementation of the

techniques described in this thesis.
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2.1 Notation

Throughout this thesis, we indicate the set of natural numbers by N, and the set of natural
numbers, excluding zero by N* (N* = N — {0}). In addition, we indicate the set of integer
numbers by Z, and the set of integer numbers, excluding zero by Z* (Z* = Z — {0}).

In addition, when writing @ > 0 (or @ > 0), we mean that all coordinates of vector @ should
be positive (or non negative). Similarly, when writing A > 0 (or A > 0), where A is a matrix,
we mean that all elements of A should be positive (or non negative).

By |d|, we imply the application of the floor integer function to all coordinates of @. Similarly,

by |A], we imply the application of the floor integer function to all elements of matrix A.

2.2 Algorithmic Model - Nested for-loops

The methods proposed in this thesis may be applied to any code segment of perfectly nested
for-loops with uniform data dependences (see §2.3) [SF91]. That is, our algorithms are of the

form:
for (ji=li; 1 <wis j1++H){
for (jnzln; Jn < Un; Jn+ +){
Loop Body
}
}
where [; and uy are integer parameters, [, and ug (k = 2,...,n) are functions of the outer loop

indices. Specifically, they may have the form:

le = max([ frr(j1, - Je—1) - [far (1, -+ 5 Jk—1)])

and

u, = main([gr1(J, -5 Jk—1) 15 -+ o5 L9kr (1, -+ -5 Jk—1)])

where fi; and gi; are affine functions. Therefore, we are not only dealing with rectangular
iteration spaces, but also with more general convex spaces, with the only assumption that the
iteration space is defined as the bisection of a finite number of semi-spaces of the n-dimensional
space Z".

Each iteration of this code segment is represented by an n-dimensional vector

j: (jlvj??' Jj’n) S Zn7
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called as iteration vector. Each coordinate of the iteration vector represents one of the loop
indices. Coordinate j; represents the outermost loop index, while j, represents the innermost

one.

Definition 2.1 We define as iteration space the set of iteration vectors (representing iter-
ations), which are to be traversed during the execution of a nested for-loop code segment, as

described in page 14.
T ={j = (v dos-- o G)ljs € Z N1 < i Swiy1 < i <n)

The iteration space J" can also be described with a system of linear inequalities. An in-
equality of this system expresses a boundary surface of the iteration space. Thus, J" can be

equivalently defined as:
J"={j e Z"Bj <b} (2.1)

Matrix B and vector b can be easily derived from the affine functions [, and w; and vice versa.

Each iteration j = (j1,72,---,Jn) € Z™ may be represented in the n-dimensional space by
point (j1,72,--.,Jn)- In consequence, the iteration space may be represented as a subset of Z",

as indicated in the following example.

Example 2.1: The following nested for-loops are consistent to the algorithmic model

described in this section.

1. Rectangular iteration space:

for (j1=0; 71 <7; j1++)
for (jo=0; jo <5; jo+ +){
Loop Body
}

Matrices B and 5, corresponding to this loop segment, can be derived as follows:

W<t 10 | 7
Jj12>0 N -1 0 F< 0
J2 < 5
Jj2 >0 0 -1 0

2. Trapezoidal iteration space:
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for (j1=0; j1 <7; j1++)

for (j2=0; j2 <9 —ji; jo++){

Loop Body

}

Matrices B and 5, corresponding to this loop segment, can be derived as follows:

n<rT 1 7
> —1 5

71 >0 N 0 < 0
J2 <9 -1 1 9
Jj2 >0 0 -1 0

3. Convex space:

for (71=0; 71 <7; j1++)

for (jo=max(0,1—j1); j2 <min(6,9—j1); j2 ++){

Loop Body

}

Matrices B and 5, corresponding to this loop segment, can be derived as follows:

1 <7 1 0 7
Jj1 >0 -1 0 0
J2 <6 - 0 1 Fe 6
J2<9—71 1 9
J2=>0 0 -1 0
J2>1—71 -1 -1 | -1

The respective iteration spaces can be represented in a 2-dimensional space, as depicted in

Figure 2.1.

According to the constraints concerning the form of loop bounds I;, u;, iteration space J"
may be a convex subset of Z". This model is compatible with several real applications, mainly
from the scientific areas of maths, physics, molecular biology, e.t.c. For example, we may
refer to some of them: Jacobi, Gauss Successive Over-Relaxation - SOR, Alternative Direction
Implicit Integration - ADI [GDAKOQ2a], Texture Smoothing - TS [PB99], 9-point Star Differential
Equation Stencil - PDE [AI91], Global Sequence Alignment - Fickett’s Algorithm [ABRY03].

Unless a loop transformation is applied, the iterations of a nested-loop code segment are

executed sequentially, in lexicographic order.

Definition 2.2 Itemtz'on; is lexicographically previous than iteration j_7 (; =< j_7), iff i = 4l Vi =

Lo k—1A jr <jh, k<n.
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22=7-J1 (3) Convex iteration space
Figure 2.1: Example 2.1 - Graphical representation of 2-dimensional iteration spaces onto
ZTL
For example, it holds that (1,2,5) < (4,1,0) < (4,1,1) < (4,3, —8). In Figure 2.2, we have
depicted the lexicographic order, which is coincident to the program order, for the iterations of
the code segment in Example 2.1(3).
2.3 Dependence Vectors

Definition 2.3 Iteration j_é is dependent on iteration ﬁ iff

1. All three conditions are valid:

(a) j1 < j2 and
(b) Both iterations J1.Ja access the same memory data item M and

(¢) At least one of these memory data accesses is a write access,
or,

2. Iteration j; s dependent on iteration fé and iteration f; is dependent on iteration j;.
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Figure 2.2: Lexicographic order of iterations for the iteration space of Example 2.1(3).

It is coincident to the order of execution of the iterations if no transformation is applied to the
iteration space.

In the first case, j_é s directly dependent on ﬁ, while in the second one, j; is indirectly

dependent on j_i .

When j_é is dependent on ﬁ, we equivalently say that there is a dependence between
iterations ﬁ and ]3. Formally, dependences are modelled by dependence vectors: d= j; —ﬁ.

Dependence analysis is especially critical for the parallelization of programs, since any two
iterations can be executed in parallel, if there is no direct or indirect dependence between them
[Ber66], [Ban94]. However, when modelling dependences using dependence vectors, we only deal
with direct dependences. Indirect dependences are implied.

Direct dependences are distinguished into three categories [Ban88|:

e flow or true dependences, if iteration ﬁ writes on M and dependent iteration j; reads
the value of M.

e anti-dependences, if iteration j_i reads the value of M and then dependent iteration j'_é

writes on M.
e output dependences, if both iterations ﬁ and ]E write on M.

In our algorithmic model, we only deal with flow or true dependences. Anti-dependences
and output dependences can be eliminated using more variables [CDRV98]. In addition, notice
that, in our algorithmic model (§2.2), all dependence vectors are considered as uniform, i.e.
independent of the indices of computations. Thus, we may construct the dependence matrix
D of a code segment, which consists of all dependence vectors starting from any iteration of J".

Each dependence vector forms a column of matrix D: D = [d;|da|...|d].
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Example 2.2: Let us consider the nested for-loop code segment:

for (51=0; N <7; j1++)
for (jo=max(0,1—j1); jo <min(6,9—j1); j2++){
Alj1,j21 = Blj1 +4,7521+A[j1 — 2,521
Blj1,j2d = Alj1 — 3,52+ 11 -Alj1,52 — 1]
¥
Iteration (ji,j2) reads matrix elements A[j; — 2,7j2], A[j1 — 3,2 + 1], A[j1,j2 — 1], which
are written by iterations (j; — 2,72), (j1 — 3,72 + 1), (j1,72 — 1), respectively. Thus, there are
true or flow dependences: dy = (2,0), dy = (3,-1), dy = (0,1). In addition, iteration (ji, j2)
reads matrix element B[j; + 4, j2|, which is later written by iteration (j; + 4, j2), imposing
anti-dependence dy = (4,0). Therefore, the dependence matrix of this code segment is: D =
2 3104
0

—1/1]0
code segment as follows:

. Notice that all four dependence vectors are lexicographically positive.

In order to eliminate anti-dependence dy = (4,0), we may equivalently rewrite the previous

for (j1=0; 71 <7; j1++)
for (jo=maz(0,1—j1); jo <min(6,9—7j1); jo+ +)
B_temp[j; + 4,521 = Blj1 + 4,521
for (j1=0; j1 <7; j1++)
for (jo=maxz(0,1—j1); j2 <min(6,9 — j1); j2 ++){
Alj1,72] = Btemplji +4,j21+ALj1 — 2, 2]
Blji,j21 = Alj1 — 3,52+ 11 -Alj1,52 — 11
}

The dependence matrix for the second nested for-loop of this code segment is: D =
310

-11]1

. These dependences can be graphically represented, as depicted in Figure 2.3.

:

2.4 Fourier-Motzkin Elimination Method

The Fourier-Motzkin elimination method (FME) can be used to convert a system of linear
inequalities AZ < & into a form, in which the lower and upper bounds of each element x; of
the vector ¥ is expressed in terms of the elements x1,...,x;_1 only. This fact is very important
when using a nested loop, in order to traverse an iteration space J" defined by a system of
inequalities. In this case, the bounds of index jj of the nested loop must be expressed in terms
of the k — 1 outer indices only. This means that the Fourier-Motzkin elimination method can
convert a system describing a general iteration space into a form suitable for use in nested loops.

After applying the Fourier-Motzkin elimination method, the eliminated system consists of a
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Figure 2.3: Example 2.2 - Graphical representation of flow dependences

very large number of inequalities describing the bounds of each variable z;, but some of them are
not necessary for the calculation of z;’s bounds. The unnecessary inequalities must be eliminated
to simplify the resulting system. In order to remove the redundant inequalities, two methods have
been proposed: the ad-Hoc simplification method and the exact simplification method.
A full description of the Fourier-Motzkin elimination method, the ad-Hoc simplification and the

exact simplification is presented in [BW95].

If the initial system of inequalities consists of k inequalities with n variables, then the com-
plexity of the Fourier-Motzkin elimination algorithm can be expressed by the formula ([Jim99]):

. k%" K on
Complexity = O(W) ~ O(<§)2 )

The Fourier-Motzkin elimination method is extremely complex, since it depends doubly expo-

nentially on the number of loops involved.

In addition, a single application of the method is almost always useless, since it results to a
lot of inequalities, which are not necessary for the calculation of the loop bounds. They should
be calculated a lot of times during the execution of the final code and impose an unacceptable
overhead to the final code execution. Thus, the above simplification methods should be applied,
in order to eliminate the redundant inequalities. The ad-Hoc simplification method, which
is quite fast, achieves to eliminate only some of the redundant inequalities. The rest of them
should be eliminated with the use of the exact simplification method. It applies once the Fourier-
Motzkin elimination method for each inequality of the final system, in order to check whether

it is redundant. Thus, it increases considerably the complexity of the final program.
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2.5 Time Scheduling

When parallelizing a nested for-loop, one should primarily reorganize the sequential execution
of iterations, in order to create parallel regions, which may be executed at the same time by
different CPUs. The final goal is the minimization of the total execution time. This is the case
when no other applications are running simultaneously on the same computing system and thus
we are not interested in the interaction among different applications.

The functions which map the iterations of a nested for-loop onto different time instances,
are called time scheduling functions. When devising a time scheduling function, our goal is
to enable the execution of as many parallel iterations as possible, so as to achieve the minimum
total execution time, without modifying the results produced by the initial sequential execution
of the program.

In order to certify that the results produced by the initial sequential execution are not
modified, a time schedule must respect the initial program dependences. In other words, it
should map iterations connected by a dependence vector to distinct execution steps. In this
way, it is ensured that only those iterations of the initial nested for-loop that have no direct
or indirect dependence among them will be executed in parallel. Thus, a time schedule is valid
when for each dependence vector, the source iteration is mapped to a time instance previous

than the destination iteration.

Definition 2.4 Time scheduling function s : J" — Z is valid for a nested for-loop, with a
dependence matrixz D, iff for each pair of iterations ﬁ,j} eJm: j_é = j_{ + J: de D, it holds that

s(j1) < s(ja).

2.5.1 Linear Time Scheduling

Linear time scheduling is a special case of time scheduling. It arises when the scheduling function
5(;) ig linear. Linearity is convenient, as we shall see in Chapters 4 and 5, since it results in a

regular assignment of iterations or tiles (see §2.6.2 for a definition of tile) to CPUs.

Definition 2.5 We define as linear time scheduling of a nested for-loop, any time scheduling

s11, such that: Vj e J" .
sull) = Fg
where I € Z1X | displl = min{Hd:-T . d; € D} and tg is an integer constant.
We notice that in Definition 2.5:

e Row-vector II is called as linear scheduling vector.



22 Preliminary Concepts - Mathematical Background

e Integer constant tg is called as alignment constant.
e Constant displl is called as displacement constant.

Linear scheduling vector IT defines a class of hyperplanes such that: All iterations of J"
belonging to the same hyperplane are mapped to the same time instance. When using the
term hyperplane, we mean a beeline for a 2-dimensional iteration space, a ruled surface for a
3-dimensional iteration space and so on.

It can be proven [PTK98] that a linear time scheduling preserves depedences iff

vd, e D:1d;" >0 (2.2)

According to a linear time scheduling sy, the time required for the execution of a nested

for-loop (makespan) is calculated with the use of formula:

-, -,

£ =max{su(j):j€ J"} —min{su(j):j € J"}+1 (2.3)

Example 2.3: In this example, we will produce a parallel time schedule for the iterations of

the nested for-loop code segment:

for (j1=0; j1 <7; j1++)
for (jo=max(0,1—j1); j2 <min(6,9 —j1); jo+ +){
Alj1,72] = B_templj; +4,j21+A[j1 — 2, j2]
Blj1,j2] = Alj1 — 3,52+ 11 -Alj1,j52 — 1]

The dependences of this nested for-loop have been designed in Figure 2.3. Let us select

vector II = [ 11 }, as a linear scheduling vector for this iteration space.

Hd}T:[1 1}((2)):2>0,
Hd}T:[1 1}(_:))1>:2>0,
Hd3T=[1 1}(?):1>0,
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According to formula (2.2), I1 is a valid scheduling vector for this example. In addition, according

ST o
to Definition 2.5, displl = min{Ild; :d; € D} = 1. If we set t) = —1, then we get:
su(ji,j2) = Jj1+j2 — 1

In Figure 2.4 we have depicted the resulting time schedule. Notice that, according to formula

(2.3), the makespan is §= 9.
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Figure 2.4: Example 2.3 - Time Schedule produced by linear scheduling vector IT = [1 1].

The dashed lines indicate the class of hyperplanes-beelines defined by the linear scheduling vector
II (H; = constant). The grey areas include iterations that are mapped to the same time instance,
according to the scheduling function sy (j1,j2) = j1 + j2 — 1. Since displl = 1, each grey area
includes only one hyperplane.

If we select vector I = [ 2 3 }, as a linear scheduling vector:

Hd}T:[2 3](3):4>0,
Hd}T:[Q 3}(_31>:3>0,
Hd},Tz[z 3]<2>=3>0,
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According to formula (2.2), I is a valid scheduling vector for this example. In addition, according

ST o
to Definition 2.5, displl = min{Ild; :d; € D} = 3. If we set t) = —2, then we get:

271+ 3j2 — 2

3 ]

su(j1, je) = |

In Figure 2.5 we have depicted the resulting time schedule. Notice that, according to formula
(2.3), the makespan is = 8.
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Figure 2.5: Example 2.3 - Time Schedule produced by linear scheduling vector I1 = [2 3].

The dashed lines indicate the class of hyperplanes-beelines defined by the linear scheduling vector
IT (Tl = constant). The grey areas include iterations that are mapped to the same time instance,
according to the scheduling function sy1(j1, j2) = meﬁj Since displl = 3, each grey area
includes 3 hyperplanes.

2.6 Loop Transformations

2.6.1 Linear Loop Transformations

Linear transformations, which are often used in loop transformation literature can be distin-

guished into three main categories:
1. loop interchange

2. loop reversal
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3. loop skewing

Each linear loop transformation can be represented by a n x n transformation matrix 7.
Thus, iteration ; of the initial iteration space is mapped to iteration Tj of the final iteration
space and dependence vector d_; is transformed to dependence vector TJ;. A loop transformation
results in a code segment equivalent to the original one iff it preserves dependences, that is iff
all transformed dependence vectors are lexicographically positive (de € D it holds Td; = 6)
[WL91b].

If more than one linear transformations 77, T5 are successively performed, the final loop
transformation can be represented by the product of the respective transformation matrices
T =ToT1.

Loop interchange transforms iteration vector (ji,72) into iteration vector (jo,j1) (see Fig-
0 1
1 0

ure 2.6). This transformation can be represented by matrix 7' =

)= ()

A

] . Thus

iy =l

Loop Interchange
>——O——+O—>O
I

0 O O 9 O O O >—O—»O—0O

.I1 _.Iz
Figure 2.6: Graphical representation of an interchange transformation

Two successive loop interchanges can model a cyclic exchange of three loop indices, so

as the innermost loop index j3 to become the outermost one. First, interchange of loop
1 00

indices jo,j3 is represented by matrix 77 = Second, interchange of loop

0 1

0 0

0 0
indices ji,j2 is represented by matrix 7o = | 1 0 The total transformation is
0 1

o O = = O
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represented by matrix T' = TyT| =

O = O
= o O
o O =

Loop reversal is modelled by multiplying a loop index by —1. For example, the reversal trans-

1 0
formation depicted in Figure 2.7 is modelled by transformation matrix 7" = 0 1 ] .

—rO——>O—0
——rO—>0—0
5—>O0—>0—0
>—»>—»>—T
OO0
OO0

A\ 4

I

s . A
.lz ='.lz

\
|
C
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C
|
C
|
C
O
v

() ()

]
| |
L

Loop Reversal Jq
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O+—O+—Q+—
O+—O«—Oe—
O—O+—Q+—

Figure 2.7: Graphical representation of a reversal transformation

Loop skewing adds a loop index multiple to another loop index. For a 2-dimensional iteration

1 OlorTzll f]’
[l 0 1

where f € Z. For example, the transformation shown in Figure 2.8 is represented by
11
0 1]

All above loop transformations are unimodular transformations and are represented by

space, it can be modelled by a transformation matrix 7" =

matrix T =

unimodular matrices.

Definition 2.6 A square matriz A is unimodular, if it consists of only integer elements and its

determinant equals to £1.

Unimodular transformations have a very useful property: their inverse transformation is
integral as well. On the other hand the inverse of a non-unimodular matrix is not integral,
which causes the transformed space to have holes. We call holes the integer points of the

transformed space that have no integer anti-image in the original space.
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Figure 2.8: Graphical representation of a skewing transformation
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Definition 2.7 Let A be an m x n integer matriz. We call the set L(A) = {y|y = AZNT € Z"}

the lattice that is generated by the columns of A.

Consequently, we can define the holes of a non-unimodular transformation as follows: if T is
a non-unimodular transformation, we call holes the points j_7 € Z™, such that T‘lﬁ ¢ Z". On
the contrary, we call actual points of a non-unimodular transformation 7" the points ]T; e 7", for
which it holds T*137 eZl" & j_; € L(T). Figure 2.9 shows the image of an iteration space after
the application of a unimodular and a non-unimodular transformation. Holes are depicted with
white dots and actual points with grey ones. It has been proven in [Ram92| that if T is a m x n

integer matrix, and C'is an n x n unimodular matrix, then £(T") = L(T'C).

—

Definition 2.8 We say that a square, non-singular matricx H = [h_i,...,hn} € R™™ is in
column hermite normal form (HNF) iff H is lower triangular (h;j # 0 implies i > j) and for all

i> 7,0 < hij < hy (the diagonal is the greatest element in the row and all entries are positive.)

As proven in [Ram92|, if 7" is a m X n integer matrix of full row rank, then there exists
an n x n unimodular matrix C such that TC = [fO] and T is in hermite normal form. Every
integer matrix with full row rank has a unique hermite normal form. It holds that £(T") = ,C(T),
which means that an integer matrix of full row rank and its hermite normal form produce the
same lattice. This property is very useful for code generation of tiled spaces, as we shall see in
Chapter 3.
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Figure 2.9: Unimodular and non-unimodular transformations.

The main difference between unimodular and non-unimodular transformations is that: The former
constitute a 1-1 function from Z™ to Z™. The latter results to “holes” in the transformed space,
which do not have an integer anti-image in the initial space, as depicted by white dots in this
figure.

2.6.2 Tiling or Supernode Transformation

Fine vs. Coarse grained parallelism

When parallelizing a code segment, apart from performing a dependence analysis and determin-
ing which iterations may be executed simultaneously (as seen in §2.5), we should also determine
which iterations will be executed by which processors. For example, the schedule depicted in
Figure 2.4, can be implemented by assigning a row of iterations to each processor, as seen in
Figure 2.10. This partitioning of the iteration space can supply an intuition of fine grain par-
allelism [PTKO98]. The goal of this mapping is the parallel execution of as many iterations as
possible.

In Figure 2.10, we have erased dependences among iterations assigned to the same processor.
Only dependences among iterations assigned to different processors are represented by black
arrows. These dependences correspond to data computed in a processor, which should be used
in computations executed by another processor. Thus, they correspond to data that should
be somehow transferred from a processor to another. This transfer implies a communication
overhead, which may be minimal, when a systolic parallel architecture is embedded on chip
[PTK98], or vast when implemented upon a message passing interface, such as MPI [MPI94],
[MPI97].

The volume of data that must be transferred may be large enough to annihilate the ad-
vantages of parallelization. It is strongly possible that the parallel program will take longer to
execute than the sequential one. The problem in this implementation is not only the amount of

data to be transferred, but also the number of distinct messages encapsulating the data. Thus,
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Figure 2.10: Fine-grained parallelism.

In this figure, iterations along the same dashed line are executed at the same time. Iterations
inside the same grey area are executed by the same processor. Dependences among iterations
assigned to the same processor have been eliminated. With black arrows, we have depicted only
dependences among iterations assigned to different processors.

in order to achieve an efficient, parallelization one should devise a way to
1. reduce the amount of data transferred and
2. group them into fewer messages.

Both of these objectives can be achieved by a supernode or tiling transformation, that
is by grouping together a number of neighboring iterations and considering them as an atomic
unit. Then, instead of scheduling iterations, we schedule tiles. Communication occurs before
and after the execution of a whole tile. In other words, a processor should receive the data
required for the computation of a tile, before the execution of this tile’s iterations start, and
send data computed inside this tile, after the execution of the entire tile has been completed.
Thus, apart from reducing the amount of data to be transferred, we may also group in a single

message the transmission of data computed in the same tile, as seen in Figure 2.11.

An Intuitive Definition of Tiling Transformation

In general, when applying tiling, an n-dimensional iteration space J" is partitioned by n indepen-
dent families of parallel hyperplanes into n-dimensional hyperparallelepipeds, named as tiles.
Each tile is represented by an n-dimensional vector j_:9 = (jf,jf, e ,j;f) € Z™, called as tile
vector (in correspondence to iterations being represented by iteration vectors). In Figure 2.12
we have indicated the tile vector, which identifies each tile.

In addition, each tile has a unique starting iteration, called as tile origin iteration. Iter-

ation (0,...,0) is the origin iteration of tile (0,...,0). In order to identify the origin iteration
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Figure 2.11: Coarse-grained parallelism.

[terations within the same parallelogram are grouped together in the same tile. Neighboring tiles
of the same shade are assigned to the same processor and executed successively. Dependences
among iterations assigned to the same processor have been eliminated. In addition, dependences
with origin inside the same tile have been depicted with arrows of the same shade. The respective
data transfers can be grouped in a single message.

-

of another tile j;é, we should parallely shift tile (0,...,0), so as to be congruent with tile ;2.
Then, the iteration of tile j;é, which is congruent with iteration (0,...,0) is the origin iteration
of tile j;é. In Figure 2.12 we have pointed out the origin iteration of each tile. Notice that
tile origin iterations may not be included in the iteration space. For example, in Figure 2.12,
iteration (0,...,0), which is the origin iteration of tile (0,...,0), is not included in J". In order
to distinguish this iteration from other tile origin iterations, we have depicted it as a white dot.
A tiling transformation can be uniquely defined by n vectors-edges of the tiles-hyperparal-
lelepipeds. Thus, a tiling transformation can be defined by an n x n matrix P, called inverse
tiling matrix, whose columns consist of the above mentioned vectors-edges. For example, in
Figure 2.13, we have indicated how the inverse tiling matrix is derived from Figure 2.12.
Dually, a tiling transformation can be defined by an n x n matrix H = P~!, called tiling
matrix. FEach row-vector of H is perpendicular to a class of hyperplanes partitioning the

iteration space into tiles.

The tiling matrix H has some important properties concerning tiling transformation:

1. Iteration j is mapped to tile j_é = |Hj]

2. Tteration j_é = H_ljtq is the origin iteration of tile fs_
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Figure 2.12: Tiling Transformation.

The iterations inside the same grey area are mapped to the same tile. Each tile is identified by a
unique tile vector, which has been indicated inside the respective grey area. Black dots represent
the origin iterations of each tile. Notice that tile origin iterations may not be included in the
iteration space. See, for example, the tile origin iterations of tiles (0,0) and (1,0), which have
been designed as white dots.

Notice that, as far as parallel processing is concerned, tiling transformation is useful only
in case the iteration space cannot be partitioned into independent subsets. This happens when
the class of dependence matrix D equals to n. Otherwise, the independent subsets may be
assigned one to each processor [WL91b], [Hol92], [SF92], [PC89]. Then, there is no need for
communication among processors during the execution of the iteration space (see, for example,

Figure 2.14).

A Formal Definition of Tiling Transformation

Formally, tiling transformation is defined as follows:

AL QnTT‘_ LH;J

where vector | Hj| identifies the coordinates of the tile that index point j = (ji,Ja, ..., Jjn) is
mapped to, and f— H_ILHJJ gives the coordinates of j within that tile relative to the tile
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Figure 2.13: Construction of Tiling Matrices.

Matrix P consists of the edge-vectors of the tile-hyperparallelepiped. Matrix H is the inverse of
matrix P.

origin. Thus, the initial n-dimensional iteration space J" is transformed to a 2n-dimensional
one, consisting of the n-dimensional space of tiles (tile space) and the n-dimensional space of

indices within tiles (tile iteration space).

e The tile space J° is defined as follows:
I = {5555 = |Hj), ] € J"} (2.4)
It can be also written as

IS == (7, g)iS € ZA1 <P <wl 1 <i<n}

S S
where 12, u;

tiling matrix H, as described in [AI91], [GAKO03] and in Chapter 3 of this thesis. Each point

45 in this n-dimensional integer space J° is a distinct tile with coordinates (57,55, . ..,75).

can be directly computed from the functions lq,...,l,, u1,...,u, and the

e The tile iteration space
TIS ={je Z™0< |Hj|] <1} (2.5)

contains all points that belong to the tile starting at the axes origins.

e The tile origin space
TOS = {jo € 2"ljo = H™'j%.5% € 7} (2.6)

contains the origins of tiles in the original iteration space.

Thus, it holds: J" M, 78 and J5 25 TOS. Note that all points of J™ that belong to the

same tile, are mapped to the same point of J°. Note also that TOS is not necessarily a subset of
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\

-

Figure 2.14: When the class of dependence matrix D is less than n

we can partition the n-dimensional iteration space into independent subsets. Thus, we achieve
parallelization of this iteration space with no communication at all.

J™, since there may exist tile origins which do not belong to the original iteration space J", but
some iterations within these tiles do belong to J". These tile origins are depicted in Figure 2.12

by white dots.

Points belonging to the same tile with tile origin j_(; € TOS, satisfy the system of inequalities
0<H(j—jo) <1 (2.7)

In order to deal with integer inequalities, we define g to be the smallest natural number such
that gH is an integer matrix. Thus, we can rewrite the above system of inequalities as follows:

0<gH(j—jo)< g+

0<gH( —jo) < (9—1) (2.8)

S L e
—gH 0

Equivalently, system (2.8) becomes:

We denote

S —Jo) =¥ (2.9)
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Note that if jo = 0, S(j — j_(;) < §'is satisfied iff a point, belongs to T'IS.

Example 2.4: If we apply the tiling transformation of Figure 2.12 to the iteration space of
Example 2.3, then, as shown in Figure 2.12,

1. J" is transformed by matrix H to the tile space

JS - {<07 0)7 (07 1)7 (07 2)7 (07 3)7 (17O>7 (17 1)7 (17 2)7 (17 3)7 (27 1)7 (27 2)}

2. The tile iteration space contains the points T1S = {(0,0), (0,1),(1,0),(1,1),(2,0),(2,1)}.

3. The tile space is transformed by matrix P to the tile origin space
TOS = {(Oa 0)7 (Oa 2)7 (O, 4)5 (Ov 6)5 (37 *1)7 (3v 1)7 (37 3)5 (37 5)7 (67 0)7 (65 2>}

Note that points (0,0), (3, —1) € TOS do not belong to J".

Since g = 6, the system of inequalities S(;— j_.f) < § describing the boundaries of a tile is

2 0 5

1 3 11— 7 5
]‘1 ]‘01 <

-2 0 J2 — Jo2 0

-1 -3 0

2.6.3 Tile Dependences

Asg seen in page 29, one of the final goals of tiling is to construct a more efficient parallel execution
schedule for a specific application. Instead of scheduling iterations, as in §2.5, we should now
schedule tiles. Thus, instead of dependences among iterations (see Definition 2.4), we should
take into consideration the dependences among tiles.

Dependences among tiles are given by the column-vectors of the tile dependence matrix

D?® ., which is defined as follows:
D% = {d¥d® = [H(jz, +d)),d € D, jy, € 2" A | Hj,| = 0},

where j;) denotes the index points belonging to the first complete tile starting from iteration
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0,...,0) (tile (0,...,0)).

Given an algorithm with dependence matrix D, for a tiling to be legal, it must hold HD > 0
(see [IT88], [RS92]). This ensures that tiles are atomic and that the initial execution order is

preserved. In the opposite case, any execution order of tiles would result in a deadlock (see
Figure 2.15).

2 Iteration space Tiling matrices
Hzlfﬂ
6(1 3
tile (0,3) |
o o s_[310
\j\j tile (1,3) {_1 2}
o
tile (0,2) m
W . Dependence matrix
tile (1,2)
° ® 10
tile (0,1) \N tile (2,2) D:Ll J
o)
W tile (1,1) \j
9 0
tile (0,0) \N tile (2,1)
(@) (@) (0] Q Q >
tile (1,0) 1

Figure 2.15: Validity of a tiling transformation.

All elements of matrix HD should be non-negative. In this figure hady < 0. Thus, we can find
no time scheduling of tiles which preserves dependences. For example, tile (1,2) is dependent on
tile (1,1) and tile (1,1) is dependent on tile (1,2). Assuming an atomic execution of tiles, this
tiling results to a deadlock.

In this thesis, as in [GSKO01], we assume that all dependence vectors are smaller than the
tile size, thus they are entirely contained in each tile’s area. This means that all elements of
matrix HD are smaller than 1 (h:d_; <1,Vi,j=1,...,n) [Xue97b], or, alternatively, that the
tile dependence matrix D® contains only 0’s and 1’s. This assumption is quite reasonable, since
dependence vectors for common problems are relatively small, while tile sizes may result to be
orders of magnitude greater in systems with very fast processors. In this case every tile needs

to exchange data only with its nearest neighbors, one in each dimension of .J5.



36 Preliminary Concepts - Mathematical Background

2.7 Overlapping vs. Non-Overlapping Execution

2.7.1 Non-Overlapping Execution Policy

In [HS98], Hodzic and Shang have presented a scheme for scheduling loops that have been
transformed by a tiling transformation. Their approach is to minimize the total execution time,
as follows: First, the optimal tiling matrix H is determined and then the tiling transformation H
is applied to the original iteration space. The resulting tile space J° is scheduled using a linear
time hyperplane II. All tiles along a certain dimension are mapped to the same processor. Total
execution of tiles consists of successive computation phases interleaved with communication ones.
A processor receives the data needed to execute a tile at time step 4, performs the computations
and sends to its neighboring processors the boundary data, which will be used for tile calculations

in time step ¢ + 1.

Thus, the total execution time is given by formula:

Tnonoverlap = p(tcomp + tcomm) (210)

where § is the number of time steps needed to complete the parallel execution (makespan),

tcomp 18 the execution time of a tile and .o, is the communication time.

Therefore, the overall parallel loop execution consists of atomic computations of tiles inter-
leaved with communication for the transmission of the results to neighboring processors. Since
the tile space J° has only the unitary dependence vectors (see §2.6.3 and §B.5), the optimal

linear time schedule can be easily proven to be: II = [1 1...1] [HS98]. In Figure 2.16, the

non-overlapping execution policy is shown.

A possible implementation of this execution model can be summarized by the following

pseudocode:

foracross (t1=lls; 1 < uf; t1+ +)

foracross (tn,1=l;§_1; th—1 < ug_l; tn—1 + +)
/*Sequential execution of tiles assigned to this CPU*/
for (tn=ln; tn <up; tn++){
Receive data from neighboring tiles
Compute this tile
Send data to neighboring tiles
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Figure 2.16: Non-overlapping Execution Policy

for a tile space, using six processors. We see that the overall schedule has computation subphases
interleaved with communication ones.

2.7.2 Overlapping Execution Policy

The previous quite straightforward model of execution results in very good execution times, since
it exploits all inherent parallelism at the tile level. However, one of its important drawbacks is
that each processor has to wait for essential data before starting the computation of a certain
tile, and wait for the transmission of the results to its neighbors, thus resulting in significant
idle processor time. It would be ideal if a node was able to receive, compute and send data at
the same time. Modern network interfaces (NICs) have DMA engines that enable them to work
in parallel with the CPU. This means that some communication work can be overlapped with
actual CPU cycles. In fact, even some part of the non-blocking communication needs the CPU,
i.e. DMA initialization. Nevertheless, all subsequent data transferring actions can be ideally
overlapped with useful computation.

However, what really imposes such inefficient processor utilization, is the data flow between
successive time steps. Specifically, it seems that computations and respective communication
substeps for each time step should be serialized to preserve the correct execution order. Every
processor should first receive data, then compute and finally send the results to be used at
the next time step by its neighbor. A much more thorough look at the correct data flow in
the non-overlapping case, reveals the following interesting property: If we slightly modify the

initial linear schedule, then we could overlap some communication time with computations. This
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means that, in each time step, the processor should send and receive data that is not directly
dependent to the data computed at this step. A valid time execution policy would be for a
processor to receive data from all neighbors to use them at k + 1 time step, send data produced
at previous time step (k — 1) and compute its results (Figure 2.17). In this case, every processor
computes a tile and, at the same time, sends data produced in the previous step and receives
data needed in next one. In Figure 2.17 the overlapping execution policy is shown. A more

detailed description of this schedule can be found in [GSKO01], [STK02], [Sot04].

.
.

| S S S T s WIS
e e T s e NN

o \.’f‘:\" ;‘ ». ». .». .T.T:;Q\ o R
t, o T Tty tg
k-1 k k+1 k+2

R | compute compute compute compute |
2 | dma [transmi dma |jransmit|_| dma [transmit| | dma | transmit]
R ~ compute A~ compute compute |
S [ dma._Ltransmi dma | fransmi dma [transmit

P compute ~ compute ~ compute
4 [ dma [transmit] [ dma [transmit] ™dma [fransmit

Figure 2.17: Overlapping Execution Policy.

Consider, for example, processor P3 at k time step: while it computes a tile, it concurrently
performs the following: sends the results produced during k — 1 time step and receives data
from neighbors, to be used during the computation of the next tile at £ 4+ 1 time step. Note
the arcs shown in this figure. They depict the actual flow of data between successive time steps
(computes-sends-receives) in a pipelined way. The outcome of this schedule is to have successive
computations overlapped with communication phases, thus 100% processor utilization.

If we implement the overlapping of computation and communication, then we will have
the following scheme: A processor first initiates all the non-blocking send operations and then
performs the actual atomic tile computations. While the processor performs computations, the
NIC is receiving data from neighbors and sending previously computed data to others as well.
When communication work is finished, the processor receives an interrupt.

A possible implementation of this execution model can be summarized by the following

pseudocode:
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foracross (t1=lf; t1 < uf; t1+ +)

foracross (tn—1=lsf1; th—1 < Ug—l; th—1++)
/*Sequential execution of tiles assigned to this CPU*/
for (tp=ln; tn <un; tn++){
Initialize DMA card
Compute this tile
Wait for send & receive to complete

Synchronize with neighbors
}

According to the previous properties, the total execution time for the overlapping schedule,

as deduced from Figure 2.17, is given by:

Toverlap = p(tstm't,dma + maX(tcompy tcomm,clma) + tsynchro)a (211)

where § is the number of time steps of the parallel execution (makespan). The time needed to
initiate the DMA engine is ts;rt_dma, tecomp is the tile execution time, ¢comm_dmaq is the communica-
tion time which can be overlapped with computation and Zyy,cnr0 is the required synchronization
time between successive time steps. In correlation to the parameters used in equation (2.10), it
holds that: tinit_dma + tcomm-dma + tsynchro = teomm

Since the concept of overlapping of actions is crucial, it should be noted that the actions
initiated by a non-blocking call are overlapped with the actions initiated by calls following the
non-blocking call. On the contrary, a blocking call implies no overlapping of actions, since a
following call can be initiated only after the blocking call has completed.

In order to achieve actual overlapping of computation and communication, hardware should
assist. The CPU and the NIC must be able to work simultaneously on different tasks. The most
important issue is support from DMA, which should exist and be enabled to the NIC. Another
aspect is that the invocation of DMA communication should be done in user level (User-Level
DMA), without kernel intervention. Furthermore, zero-copy communications should be used and
finally, the software packetization process involved in every communication must be avoided. All

these prerequisites are discussed in the following section.

2.8 Hardware High Performance Features

Recent advances in high speed networks and improved microprocessor performance are making
clusters of workstations an appealing vehicle for cost effective parallel computing. The trend
in parallel computing is to move away from custom-designed platforms of the established HPC

industry to general purpose systems consisting of loosely coupled components built up from
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single or multi-processor workstations or PCs.

The de-facto 100Mbps networking of commodity clusters can be a bottleneck for many ap-
plications, when scaling beyond a small number of nodes. The last years, new networking tech-
nologies such as SCI [Hel99], Myrinet and Gigabit Ethernet offer increased bandwidth and low
startup latencies, which however, are never efficiently utilized by user applications. Therefore,
high-performance clusters are introduced, which provide the computationally intensive appli-
cations with increased performance using special communication primitives, such as Zero-Copy

Protocols and DMA transfers.

2.8.1 Zero-Copy Protocols

Network protocol stacks, such as TCP/IP, aggravate the communication procedure with the
extra copying of data sent or received, to and from kernel space, respectively. As Figure 2.18
depicts, when sending data from an application (user space) buffer to the network, data must
be initially copied from the application buffer to kernel buffers. TCP, IP and network headers
must be added and then, as a packet, transferred to NIC’s buffer for transmission. A respective

procedure takes place when data reach the receiving node.

buffer

packet 2

|TCP| 3 |NET| XX

Figure 2.18: Single-Copy Protocol and packetization process

The previous sequence of actions is unavoidable when using legacy network technologies,
but could be avoided when novel communication technologies are used. SCI achieves Zero-Copy
Communication, since it supports a Distributed Shared Memory approach, which is implemented
using kernel area memory mapped regions for communication. An SCI communication scenario
involves the following stages: A process in an SCI node exports a memory segment, which is
imported by a process that resides in another SCI node. Every imported memory segment is
directly mapped to the PCI I/O space of the PCI-SCI NIC. It is part of the importer’s (process)
virtual memory through the prior invocation of an SCIConnectSegment () driver call. When the
importing node needs to send data, it just writes them directly to the imported memory segment

(thus, no kernel copies). Data are transferred to the exporter’s memory and communication is
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performed, without any kernel intervention. No other data processing is needed within each

send.

2.8.2 DMA transfers

Message data can be usually transferred in two ways: Programmed I/0 (PIO) mode and DMA
mode. In PIO mode, CPU handles data transferring completely, word by word. For example,
data transferring of 1Kwords involves the initial copying of these words from main memory to
the NIC’s buffers with the aid of CPU. From a parallel application’s point of view, these are
considered “lost” CPU cycles, since useful calculations could have been executed instead. On
the contrary, using DMA mode, CPU just programs the NIC’s DMA engine with the information
of which data to transfer from main memory and where to send it. CPU is not used (or blocked
from a program’s perspective) during the transfer and can perform other (useful) tasks.

The DSM feature of SCI allows the efficient use of its DMA capabilities. Using special
SCI driver calls, the system returns physically contiguous allocated memory. This is performed
using the __get free pages() kernel routine. The allocated memory is first “pinned down”
and then mapped to user’s virtual memory (Figure 2.19). User is able to read/write that
memory region like the ordinary memory regions returned by LIBC malloc(). Despite the
fact that DMA transfer is only invoked as a kernel system call, the complete transfer of the
specific memory area will be performed with only one DMA invocation. On the contrary, even
if the NIC in Figure 2.18 was DMA enabled, a new DMA invocation should take place for each
{data,TCP,IP,NET} packet, which would be time consuming.

mapped to

memory mapped
"RAM device"

SCI
network

Figure 2.19: Locked and memory mapped “RAM device” for SCI communications
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Automatic parallel code generation

for tiled nested loops

In this chapter, we briefly describe an approach for the problem of automatically
generating parallel code for tiled nested loops. Our method is applied to general
parallelepiped tiles and non-rectangular space boundaries as well. It consists of two

steps:

1. generating sequential tiled code

2. parallelizing the sequential tiled code
In order to generate sequential code efficiently, the original problem is divided into
the subproblems of enumerating the tiles and sweeping the points inside every tile.

In order to parallelize the sequential tiled code, we address issues such as data dis-

tribution, iteration distribution and automatic message passing.
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3.1 Introduction

The tiling transformation, as described in §2.6.2, has been used in literature in two different

contexts:

e in order to ensure the locality of data references and reduce the overall execution time

through an efficient utilization of cache memory levels [Jim99]

e in order to parallelize the execution of a nested loop code segment with dense dependences,
as described in §2.2 and §2.6.2 of this thesis.

A lot of research has been conducted, concerning the selection of optimal tile size and shape, that
reduce the communication cost [BDRR94], [Xue97a], or the time processors remain idle [HS02],
[HCF99], [XC02]. However, the parallelizing compilers community has been pessimistic about
using non-rectangular tiling transformations to execute nested loops in distributed memory
machines. General parallelepiped tiling has not been used in either commercial or research
compilers ([AMC97], [AL93], [CMZ92], [FHK*91], [SLR*95]). This is due to the fact that a
significant overhead is imposed by non-rectangular tiling to both compile time and run time of
the final parallel code. Apart from [ACNT00], [XC02], that present some experimental results
for 2-dimensional spaces, all previous research on non-rectangular tiling is purely theoretical.
All complete frameworks for the automatic generation of parallel tiled code, such as the one
presented in [TX00], can be applied only for rectangular tiling. In this chapter, as in [GAKO03],
we present a method for automatically producing non-rectangular tiled code without imposing
a prohibitive overhead either at compile or at run time.

The parallelization of a nested loop code segment, as depicted in Figure 3.1, consists of the

following three steps at minimum:

1. A dependence analysis is conducted [Ban88], [Pug92], so as to determine the optimal
tiling transformation, which minimizes the communication overhead among processors
[BDRR94]|, [Xue97al, or the time processors remain idle waiting for the data needed to

arrive from neighboring processors [HS02], [HCF99], [XC02].

3

2. The initial code segment is converted to serial tiled code, according to the tiling transfor-
mation selected in the previous step, as described in [GAKO02b], [GAKO3]. This conversion

is consisted of two substeps:

(a) Producing the bounds of the tile space from the bounds of the iteration space and

(b) Producing the appropriate boundary expressions for traversing the internal of each

tile, as well as determining the incremental steps of each loop index.
3. Parallelizing the serial tiled code, as described in [GDAKO02a]. This step consists of

(a) the distribution of data and computations among processors and
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(b) the automatic generation of the message passing primitives

Initial Dependence Optimal Tiling Sequential Parallelization Parallel
. - P ey ——— >
Code Analysis Tiling Transformation | Tiled Code Tiled Code

Figure 3.1: Automatic parallel code generation for tiled iteration spaces.

After selecting the optimal tiling transformation, the initial untiled code segment should be
converted into serial tiled code. Then, the serial tiled code should be parallelized.

3.2 Generation of Serial Tiled Code

In this section, we elaborate on generating tiled code that will traverse an iteration space J"
transformed by a tiling transformation. We call this code sequential tiled code. By applying
tiling to J", we obtain the tile space J, the tile iteration space TIS and the tile origin space
TOS. In §2.6.2, it was shown that tiling transformation is a Z" — Z2" transformation, which
means that a point j € J™ is transformed into a tuple of n-dimensional factors ( s j_;;), where 7,
identifies the tile that the original point belongs to ( jo € J° ) and jp identifies the coordinates of
the point relevant to the tile origin (j, € T1S). The sequential tiled code reorders the execution
of indices enforced by their lexicographic order, resulting in an execution order described by the

following scheme:
FOR (EVERY tile IN tile space J°) TRAVERSE THE POINTS IN ITS INTERIOR

According to the above, the sequential tiled code consists of a 2n-dimensional nested loop. The n
outermost loops traverse the tile space J°, using indices jf, j2s, e ,j;?, and the n innermost loops
traverse the points within tile (j7,j5,...,5), using indices j/, j5, ..., j,. We denote I3}, u; the
lower and upper bounds of index j ,f , respectively. Similarly, we denote [}, u) the lower and upper
bounds of index j;.. In all cases, lower bounds (l,f or ;) are of the form: max(lx 0,11, ..) and

upper bounds (uf or uy,) of the form: min(ugp,ug1,...), where I j, ug ; are affine functions of
S

 corresponds to substep

the outermost indices. The calculation of factors lf, cen l;? and uf, LU

2a of §3.1, while the calculation of factors I{,... 1/, and v}, ..., u], corresponds to substep 2b.

3.2.1 Enumerating the tiles

A conventional approach

Ancourt and Irigoin in [AI91] dealt with the subproblem of traversing the tile space, by con-
structing an appropriate set of inequalities. According to their approach, a tile j_é belongs to

the tile space J* (jé € J9), iff there is an iteration 7, which fulfills both criteria:
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1. It belongs to the iteration space J™. That is, j’e J" &
Bj<b

(recall formula (2.1)).

2. Tt belongs to tile j_:g with origin iteration j, = H‘lj_é (recall formula (2.6)). Note that,
according to the definitions given in §2.6.2, a point j belongs to a tile with tile origin o
iff it satisfies the set of inequalities: S(j — jo) < §. Replacing in this set jo = H ! ‘_:9, it

can be equivalently written as:

—al H Y
gl —gH J

Combining the above systems, we obtain the final system of inequalities:

0 B < :
—gl  gH (i ) < ( _,> (3.1)
J

gl —gH

w

Ancourt and Irigoin propose the application of Fourier-Motzkin elimination method to the above
system in order to obtain proper formulas for the lower and upper bounds of the 2n-dimensional
loop that will traverse the tiled space. Note that the n outermost loop boundaries produced are
appropriate for traversing the tile space. The n innermost loop boundaries are appropriate for

scanning the interior of tiles and can be presently ignored.

Example 3.1:  Consider the following nested loop code segment:

for (j1 =0; 71 <39)
for (jo=0; jo <29){
Alj1, jo]=A[j1 — 1,2 — 2|+A[j1 — 3, j2 — 1];
}

The corresponding iteration space J" is: J™ = {(j1,72)]|0 < j1 < 39,0 < jo < 29}. Let us apply

6 4
2 8
which is legal [RS92] (since HD > 0) and has both communication and scheduling-optimal shape
((BDRR94], [HS98], [HS02], [HCF97], [Xue97a]), for the specific problem. Then, as shown in

a tiling transformation defined by matrix

11
H= [ D ] or, equivalently, by P =

T 20 20
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Figure 3.2: Example 3.1: Representation of the spaces used.

(a) The initial iteration space is partitioned into identical parallelogram tiles, which are identified
by a unique vector indicated inside each tile. The origin of each tile has been illustrated by a
grey dot. Some of the origins may not belong to the initial iteration space J™. (b) The tile
iteration space includes all iterations of tile (0,0), which starts at the axes origin. (c) The tile
space J* is derived from the iteration space by formula (2.4). All iterations of the the same tile
in subfigure (a) are mapped to only one point in J of subfigure (c).
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Figure 3.2b, T1S contains the points {(0,0), (1,1), (1,2), (2,1), (2,2), (2,3), (2,4), ..., (7,5),
(7,6), (7,7), (7,8), (8,7), (8,8), (8,9), (9,9)}. In addition, as shown in Figure 3.2¢c, J" is
transformed by matrix H to the tile space J% = {(—3,3), (=3,4), (=2,1), (—2,2), (—2,3),
(=2,4),...,(6,-2), (6,—1), (6,0), (7,—2), (7,—1)}. In the sequel, as shown by the grey dots in
Figure 3.2a, the tile space J° is transformed by matrix P to TOS = {(—6,18), (-2,26), (—8,4),
(—4,12), (0,20), (4,28), ..., (28, —4), (32, —4), (36,12), (34, —2), (38,6)}.

The set of inequalities describing the iteration space J" is:

10 39
1 ] 2

0 J < 9
-1 0 P2 0
0 -1 0

The system of inequalities S(j — jo) < § (see formulas (2.8), (2.9)) describing a tile is (since
g =20):

4 -2 19
—1 3 11— 7 19
J1 — Jo1 <
-4 2 J2 — jo2 0
1 -3

Thus, according to formula (3.1), the final system proposed my Ancourt and Irigoin for the

calculation of loop indices is:

0 0 0 39
0o 0 0 1 29
0 0 -1 0
0 0 ~1 ( {S ) .

20 0 —2 7 19
0 —20 -1 3 19

20 0 -4

0 20 1 -3

This system of inequalities is not suitable for a nested loop code segment, since it contains
no inequalities for the expressions of outer loop boundaries of jls and jQS . An application of

the Fourier-Motzkin elimination method (see §2.4) can convert it to the equivalent system of
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inequalities:
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—20
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0
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14

19

19
87

39
19

o © o O

Only the eight first rows of this system are useful for traversing the tile space J°. We may cut

them off and go on with the system of inequalities:

wnl
IN

14

19
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An application of the ad-hoc simplification method [BW95] can detect and eliminate two redun-

dant inequalities. Finally, the simplified system

1 0 7
-1 0

1 4 j—é - 14

3 2 19
-1 —4
-3 =2

may be used for automatically producing the code, which scans the tile space:

for(ji=-3; j{ <7; jp++)
48 —4-3jS —i7 —3j{
for (jmmax ([, [Z580Y) 5§ <min(| M), (B0 )5 e
Execute tile (j7,75)

}

Reducing the compile time overhead of tiling

In order to reduce the overhead imposed at compile time by tiling, we should primarily reduce
the complexity of the Fourier-Motzkin elimination method used. Recall from §2.4 that it depends
doubly exponentially on the number of loops involved. Thus, in order to decrease the compile
time overhead, we should first of all examine whether we may reduce the number of loop indices
involved in the set of inequalities (3.1).

The subproblem of traversing the tile space J° has been considered by many authors as
an example of applying the non-unimodular tiling transformation to the original iteration
space. More specifically, Ramanujam in [Ram92] and [Ram95] applied the non-unimodular
tiling transformation to the set of inequalities B; < b describing the iteration space, as follows:
Bj<b=BH 'Hj<b=

BPj5 <b (3.3)

Here again, the application of Fourier-Motzkin elimination method to the derived system of

inequalities is proposed, in order to obtain closed form formulas for tile bounds lls Yo ,l;j and
S S
uy, ..., Uy

Unfortunately, the previous approach fails to enumerate tiles exactly. This is because the
system of inequalities in (3.3) is satisfied by points in the tile space J%, whose tile origins belong

to J". However, as stated in §2.6.2, there exist some points in TOS that do not belong to J".



3.2 Generation of Serial Tiled Code 51

Although these points do not satisfy the preceding systems of inequalities, they must be traversed
as well. In Figure 3.2a, tiles in the lower boundaries, such as (-3,3), (-2,1), (4,-2) and others, are
not scanned by this method, because their origins do not belong to the original iteration space
J™. Consequently, a modification is required, so that Fourier-Motzkin elimination method can
scan all tiles correctly. As shown in Figure 3.5, what is needed is a proper reduction of the lower
bounds and/or a proper increase of the upper bounds of our space, in order to include all tile
origins. Lemma 3.1 determines how much we must expand space bounds, in order to include all
points of TOS.

Lemma 3.1 If we apply tiling transformation P to an iteration space J", whose bounds are

expressed by the system of inequalities Bj < 5, then for all tile origins j_(; e TOS, it holds:

Bjo <V, (3.4)
where U is determined by the expression:
9-1y
r=1

where ﬁ_; is the i-th row of matriz B, p; is the r-th column of matriz P and (ﬁ_; cpr)T =
max(—pf; - pr,0).

Proof: We suppose that point j € J" belongs to tile with origin j_(;. Since P consists of
n linearly independent vectors, 5 can be expressed as the sum of j?) and a linear combination

of the column-vectors of the tiling matriz P:
J=Jo+ Y i (3.6)

In addition, as in formula (2.8), the following system of inequalities holds: 0 < gH(f—j_é) <
(g —1). The i-th row of this inequality can be rewritten as follows: 0 < h; - (;f j_(')) < g!%l’
where f;; is the i-th row-vector of matrix H = P~'. Replacing in this expression by (3.6),
we get:
. n . g— 1
0<h; > \Npi <=——
As P = H~1 it holds that h; -p; =1 and h; -p; = 0 if i £ 1. Consequently, the last formula

can be rewritten as follows:

foralli=1,...,n. If multiplied by ﬂ; - p;, this inequality gives:

1. If Be -9} > 0: A\if3 - pi > 0
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2. If G5 < 0: N7 = LG
According to the definitions of the symbol (ﬂ_;;. pi)T = max(—ﬁ_;; -, 0), the previous inequal-

ities can in every case be rewritten as follows: )\i@ Spp > —%(ﬂ; P = —)\Zﬂ; P <

gTTl(ﬁ_;; ;). If added for i =1,...,n, this inequality gives:

DRIEE ) SN (3.7)

i=1 i=1

For each ] € J" the system of inequalities B; = b holds. The k-th row of this system can
be written as follows: ﬁ_;; 5 < bi. We can replace ; in this inequality, using formula (3.6)
n

as follows: Bi - (o + 3. Nipy) < bk = Br - jo < bk — Br - (3 i)
=1 =1

= B o < bk — > NilBr - i)

i=1

— — n —
If we combine this inequality with (3.7), we conclude that By, - jo < by + gle S (Br-pi)”.
i=1
Thus, for each tile with origin j_(;, which has at least one point in the initial iteration space,

it holds that B]T) < b_;, where the vector U is constructed so as its k-th element is given by
n —
the form: bj, = by + gle > (Bk-pi)”. -

i=1

If we work with the tile space J° and take into account that ]?) = Pjtq, we equivalently get

the system of inequalities:
BPjS < (3.8)

If it is given that matrix B consists of only integer elements, % , can be determined by the

expression:

et (S i L &z

Geometrical interpretation: The term added to each element of b expresses a parallel shift
of the corresponding bound of the initial space. In Figure 3.3, we present an example of our
method. Each row 51 of matrix B expresses a vector vertical to the corresponding bound of the
iteration space with its direction outwards. The equation of this boundary surface is ﬁ_; ST =0b;.
A parallel shift of this surface by a vector zg is expressed by the equation B—; (F—xp) =b; &
B; T =b; +B_;- -20. As shown in Figure 3.3, we shift a boundary surface by vector —p;., iff the tile
edge-vector p; forms an angle greater than 90° with vector ﬁ_; (as the angles between the vectors

ﬂ_i and pi, ﬂ_i and p3, ﬂ_;;, and pi, ﬂ_:; and p3, 6_;1 and pi of Figure 3.3), or, equivalently, iffp?-ﬂ_;- < 0.
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Figure 3.3: Expanding iteration space bounds to include all tile origins.

The dark grey area corresponds to the initial iteration space area. The light grey area indicates
the expansion of the iteration space, in order to include all tile origins. It is shown that an
iteration space boundary is shifted, iff there is an inverse tiling vector p,, which traverses this
boundary outside — inside.

This fact can be expressed as follows: if the dot product of p, (one of the columns of the matrix
P) and 5@ (a row of B) is negative, then this dot product is subtracted from the constant b;.
Equivalently, in formula (3.5) the term (3; - )~ is added to the constant b; for all vectors py.
The multiplying factor % expresses the fact that a tile is a semiopen hyperparallelepiped and
thus we need not contain in the tile space the tiles which just touch the initial iteration space.

Note, however, it was proven that the expanded space includes all origins of tiles in JS.
It was not proven that it contains only origins of tiles in J°. In other words, this expansion
of bounds may include some redundant tiles, whose origins belong to the extended space, but
their internal points remain outside the original iteration space. These tiles will be accessed, but

their internal points will not be swept, as it will be shown next, thus imposing little computation
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Figure 3.4: Expanding iteration space bounds to include all tile origins.

The grey dots correspond to iteration inside J™, while the white dots correspond to iterations
outside J". This figure indicates that the expansion of the iteration space should be less than
the dot product of vectors EL and p;., so as not to include tiled that just touch the initial iteration
space boundaries, with no integer points inside J™. The dashed grey lines corresponds to the
expansion of bounds, according to the dot product of vectors 6_; and p;.. The solid grey lines
correspond to the final expansion, so as not to include a lot of redundant tiles.

overhead in the execution of the sequential tiled code.

Example 3.2: We will now enumerate the tiles generated by the tiling transformation
described in Example 3.1, using the method described just above. Following our approach,
we should construct the system of inequalities in (3.8) making use of the expression in (3.9).

. T
Expression (3.9) in our case gives b’ = ( 39 29 9 9 ) and thus, the system in (3.8) becomes:

6 4 39
2 8 3t |2
—6 —4 s ) | 9
-2 -8 9

The expansion of bounds for this example is shown in Figure 3.5. An application of the Fourier-
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Motzkin elimination method can convert this system to its equivalent:

1 0

-1 0 4
3 2 37 |
1 4 g ) | 14

-3 -2 4

-1 -4

Note that the implementation used for the Fourier-Motzkin elimination method can take into
account that index variables can only be integer, and further simplify the final expressions,
applying the floor or ceiling functions where appropriate. Consequently, a loop that enumerates

the tiles in our case has the form:

for (jY =—4; j¥ <8; ji++)
) —4-357 1 r—4—j7 . . 19-357 | | 14—j7 .
for (j5 =max([—521], [=51)5 J5 <min(|[=5"], [=%]);5 g5+ {
Execute tile (j7,75)

}

Note that tiles (8, —3) and (—4,4) are redundant (Figure 3.5).

3.2.2 Scanning the points within a tile

A conventional approach

In order to traverse the internal points of every tile, one can use the n innermost loop indices
of the system of inequalities produced when applying the Fourier-Motzkin elimination method
to the system (3.1). However, it is more efficient to separately apply the Fourier-Motzkin

elimination method to the systems:

Bj<b (3.10)

Recall from formula (2.1) that this systems indicates that iteration 7 belongs to the itera-

tion space.
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redundant

-

i A

tile
\ 34y /(2

' “1.3)

(23)

a3

| ©2)

[ “12)

2.2

©,1)
1.1

iSnane 1.1
' (1,0)
i (0,0)
1,0
] @-1)

(0,3) (1,3)

23

(3.2)

(2:2)

(1.2)

@1

(1,1

(3,0)
(2,0)

(0]

(4,0)

@

(5,0)

G-

(4.-1)

G-

(6.-2)

(4.2)

(GO

6,0

6:-1)

(7,-2)

o

AN

/| 0’_1) ",’ ¥ .-.____.
& i __‘_.'d’"

o) T2

62

Ji
redundant
L tile

Figure 3.5: Example 3.2: Expanding iteration space bounds to include all tile origins.

The dark grey area corresponds to the iteration space area. The light grey area indicates the
expansion of the iteration space, in order to include all tile origins, according to formulas (3.4),
(3.5). Unfortunately, the expanded area contains also two tile origins, which do not correspond
to a tile in J°. Fortunately, they may be located only in near the edges of the expanded iteration
space. Thus, their number is negligible in comparison to the number of tiles of J.

gH

)(f—JT))S(

—

(g—1)1

0

(3.11)

Recall from formulas (2.8), (2.9) that this system indicates that iteration j belongs to tile

-

with origin iteration jo = H 155,

This modification is used in our implementation for automatically producing tiled code. As

deduced during our experimentation, it results to reducing both compile and run time of the

final code.

Compile time is reduced because there is no more need for applying the ad-Hoc and ex-

act simplification methods to the whole system produced by (3.1), but only to its subsystem

corresponding to the n outer loop indices.
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Run time is reduced because the combination of inequalities produced by (3.10) and (3.11)
are less than inequalities produced by (3.1). This is partly due to the fact that the exact
simplification method may not be able to detect the redundancy of an inequality in Z" if it is
not redundant in R™. On the other hand, inequalities originating from different systems (3.10)
and (3.11) are rarely redundant in respect to each other. Thus, it is almost improbable to have
an extra inequality in the final system due to not applying the simplification methods to the
combination of systems (3.10), (3.11).

In addition, when this modification is used, it is possible to check even less inequalities for
tiles that are not located near a boundary of the iteration space, at run time. If a tile crosses the
iteration space boundaries, then all inequalities produced by (3.10), (3.11) should be checked
during the scan of the interior of the tile. Otherwise, if a tile does not cross any iteration
boundary, only inequalities derived from (3.11) may be checked at run time. This simplification
presupposes the use of a method for distinguishing tiles into internal and boundary. As internal

we may characterize a tile with all its vertices in J".

Lemma 3.2 If all 2" vertices of a tile (€ = jo + > a:igTTlp'; forz; € {0,1}, i =1,...,n) belong
i=1

to the convex iteration space J", then all iterations of this tile belong to J".

Proof:  According to Lemma C.1, in order to prove this lemma, we may only prove that
every iteration inside a tile 7° may be calculated by an expression of the form (C.1).
In the proof of Lemma 3.1, we have written that every itemtion} can be expressed as the

sum of its tile origin ﬂ) and a linear combination of the column-vectors of the inverse tiling

matriz P:
J=do+ Y N (3.12)
i=1

where 0 < \; < g—gl for alli = 1,... ,n. Equation (8.12) can be equivalently rewritten as
follows

7 - Ai Ai - - -1

i= X [H [(1 - g_gl> (1— )+ g_glxz} (]0 +3 2 ; piﬂ (3.13)

vz, € {0,1} - i=1
1=1.n

since

1. The total multiplying factor of j_(; equals to 1.

2 e, € {0,1) ; [(1-34) @ =2+ ] =

1=1.n
) 11 [(1-29) (1 —z) + 28] +
Vr; € {0,1} ;=5 g-1 ' g-1™
i=1.n-—1

Tn =0



58

Automatic parallel code generation for tiled nested loops

b Va; € {0,1} 7:1 [(1_ 9-1

t1=1.n—1
T, =1
n—1 r .
i i A
Z V‘TZG{O 1} .1:‘[1 _(1_51—(]1) (1_'ri)+g_g1$i_ (1—9%) +
t=1.n—1
n—1 r Aig Aig q B
2 Va; € {0,1} ,Ll;ll _(1 N g—i) (1 =)+ g-1Ti| g=1 =
i=1.n—1
el Aig Aig |
2 e e 0.1y L _(1 - gﬁ) (1 =) + 245
1=1.n—1
Eliminating this way the rest of the variable x;, i =1,...,n — 1, we conclude that

) ﬁ Kl - gAigl> (I—a) + g/\iglxi] =1 (3.14)
vz, € {0,1} !
1=1.n

. The total multiplying factor of p;, (L =1,...,n) equals to \;.

. Ai Ai -1 _
> s € (0,1} AL [(1 — g_ﬁ) (1—z)+ 9@} =t =

g—1 g
1 =1.n
. _ g o Aig .. g=1
b vr; € {0,1} il;[1 [(1 9*1> (1—=i)+ 9*1%} T
1=1.n,0#1
T, = 0
n
_ g o Aig . g—1 _
> Vr; € {0,1} z’l;[1 [(1 9—1) (=) + 9—1%} g =
t=1.n,i#1
T = 1
Ai i 9 9— (3£4)
0 + Z V.Z'l c {07 1} Hi:l..n,i;ﬁl |:(1 - g—%) (1 - xi) + g—qlxi:| ﬁqT - >\l
i=1.n,i#1

From (8.13), (3.14), we conclude that iteration 7 can be expressed in respect to vertices
¢ by a formula of the type (C.1). Thus, if all vertices ¢ belong to J", then iteration j of this
tile also belongs to J"

Example 3.3: In order to scan the tiles enumerated by the code produced in Example 3.1, we

may use the 14 remaining inequalities of the system (3.2). Otherwise, we may use a combination
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of systems
1 0 39
1 ' 29
0 <
-1 0 J2 0
0 -1 0

4 -2 19
-1 3 11— 7 19
J.1 3.01 <
-4 2 J2 — Jo2
1 -3 0

corresponding to formula (3.11). The former system of inequalities has already the required
form and need not be converted through a Fourier-Motzkin elimination. An application of the

Fourier-Motzkin elimination method to the latter system of inequalities results to the equivalent

system:
1 0
—1 0 0
-1 3 ( J1— Jo1 ) < 19
-2 1 J2 — Jo2 0
2 —1 9
1 -3 0

Note that this way only 4 + 6 = 10 inequalities should be checked for each iteration, instead
of 14, as deduced from formula (3.1) in Example 3.1. In sequel, one can fill in the missing part
of the code produced in Example 3.1, according to the systems of inequalities described just

above.

for(jy=-3; jig <7; jf++)
48 428 , ) S S .
for (j5=max ([ 44]1 1, | 423]1 s g5 Smln(LMleJ , ng 23j1 1 g5+
/* Execute tile (j,j5) */
j01=6jig+4j25; /* Calculate j_(; = Pj5 x/
J02=2j7+85 ;
for (j1=max (0, jo1); 71 <min(39, jp1+9); 'j1-|‘-+)
for (jo=max (0, joa-9+2(j1 — jo1), Joo+[25"]);
19+(j1—7 . . . .
MJ s Jo2+2(j1 — jo1) )5 Ja++){

J2 <min(29, jo2+|
/* Execute iteration (j1,j2) */
A[j17j2]=A[jl - 17j2 - 2]+A[jl - 37j2 - 1]:
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A reduction of the run time can be achieved by distinguishing the tiles into internal and
boundary, according to Lemma 3.2. Such a discrimination implies a check whether all vertices
of the tile belong to J". This check is necessary to be conducted once for all 2" vertices of each
tile, while without this discrimination, the iteration space boundaries are checked once for each

iteration. Thus, the above code segment can be rewritten as follows;

for (jy=-3; ji <7; ji++)

for (j§=max ([~2], [ZH5H0]y; 4§ <min((MPE ], 080 |y sy
/* Execute tile (j7,j5) */
ﬂn=6jf+4j§; /* Calculate‘ﬂ;:apjé */
J02=277 +855 ;
/* Check whether tile (j{,j5) crosses the iteration space */
/* boundaries */
check=TILE_IN;
for(z1=0; z1 <1; z1++)

for(ze=0; my <1; wa++){

n
/* Calculate vertex &= jo+ > ap; for all x; € {0,1} */
i=1
c1=Jo1+6x1+472;
C2=Jo2+2x1+872;
/* Check whether ¢ &€ J" x/
if(c1<0 1] ¢1>39 |1 <0 || CQ>29){
check=TILE_CROSS;
break;

}

if (check==TILE_CR0OSS) break;
}
if (check==TILE CROSS) {
/* Execute tile (jf,jg) in case it may cross */
/* the iteration space boundaries */
for (ji=max(0, jo1); j1 <min(39, jo1+9); ji++)
for (jo=max (0, jo2-9+2(j1 — jo1), joo+[L5]);
J2 <min(29, j02+L19+(j3ﬂJ s Jo2+2(j1 — Jo1)) 5 Ja++d{
/* Execute iteration (ji,j2) */

Alj1, j2]=Alj1 — 1, jo — 2]+A[j1 — 3, jo — 1];

}
}
else {
/* Execute tile (j7,j5) in case it does not cross */
/* the iteration space boundaries */
for (ji=jor; J1 < jo1#9; Jji++) o
for (jo=max (jo2-9+2(j1 — jo1)» Jo2+[25 D)5
jo <min (oot ZEIATIOD | o042 (G — Goi))s jot+) |
/* Execute iteration (ji,7j2) */
Alj1, j2]=A[j1 — 1,52 — 2]+A[j1 — 3, j2 — 1];

}
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Note that the generation of the above code segment is completely automated, when the
initial iteration space and the tiling transformation are given. In addition, the loop bounds
generated in this example for the n innermost loop indices can be also combined with the loop

bounds generated for the n outermost loop indices in Example 3.2.

Reducing the run time overhead of tiling

In order to achieve a reduced run time complexity of the code generated automatically, as seen
in Example 3.3, one should reduce the complexity of the loop bounds, which are checked for all
tiles. That is, one should reduce the complexity of inequalities generated from formula (3.11). It
is achieved by applying a linear transformation to the initial iteration space, so as to transform

non-rectangular tiles into rectangular ones.

(a) a conventional approach (b) reducing the run-time overhead

Figure 3.6: Scanning the iterations of a tile.

(a) lterations of a tile are executed according to their lexicographic order, parallely to the axes.
(b) Iterations are scanned in such an order that traces to be parallel to the tile edges.

The method is based on the use of a non-unimodular transformation. The final goal is to
traverse the TS and then slide the points of T'1.S properly, so as to scan all points of J". In
order to achieve this, the T'IS is transformed to a rectangular space, called the transformed tile
iteration space (T'T'[S). The TTIS is traversed with an n-dimensional nested loop and then
the indices of the loop are transformed, so as to return to the proper points of the T'1S.

In other words, there is needed a transformation pair (P, H'): TTIS P rrs and 1S
TTIS (Fig. 3.7). Intuitively, P’ should be parallel to the tile sides, that is, the column vectors

of P’ should be parallel to the column vectors of P. This is equivalent to the row vectors
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of H' being parallel to the row vectors of H. In addition to this, we demand the lattice of
H' to be an integer space for integer loop indices to be able to traverse it. Formally, an n-
dimensional transformation H' : H' = V H must be found, where V is an n x n diagonal matrix
and L(H') C Z™. The following lemma proves that the second requirement is satisfied if and

only if H' is integral.

Transformed Tile Iteration

Space (TTIS)
HJ
J2
Tile Iteration Space 00000000
(TIS) O0OO0O@eO0OO0OO0OO®
LA 00000000
J2 0000000
- , 00000000
--"% 9 H b 0O®o0000®O0O0
a‘ /
-8 000,
——Pp Db 00O0Oe0O0O0Oe
,oooo,’
b ®@0000®@000
S oeoe e
, b 00e0000eO0
I....'
’ Ppooooeoooo
o2 00 0 0/
/ / —— DbO®0O0OO0OO@®@O0O
/e 0000
/ , p’ boooeooo0Oe®
moee0o0o0,
’ - b ®@0000®000
70 0 @~
- _ bo0OO0Oeo0O0O0OO0eO0
—r » Ppooooeoooo
)1 boeooooeo0oO
boooeooooe
D ®@0000®000
b 0O0O®e0000O0O0

Figure 3.7: Traverse the T'IS with a non-unimodular transformation.

In order to traverse the tile iteration space parallely to the tile edges, as indicated in Figure 3.6(b),
the non-rectangular tile iteration space should be transformed into a rectangular one, using a non-
unimodular transformation matrix H’. Since H’ is not unimodular, the transformed space may
include integer points with no integer coefficient in the initial space. They are depicted by white
dots.

Lemma 3.3 ]'7 = Aje Z"Vj e Z" iff A is integral.
Proof: If A is integral, it is clear that j7 € Z"j e Z".
Suppose that j_; € Z"™j € Z™. We shall prove that A is integral:
It holds ﬁ e Z" for ; = Uy, where uy, is the k-th unitary vector,

U = (Uk1y -y Ukn), Ukk = Liug; = 0,1 #£ k

Thus,

n n n T
by ~ T n
j = Aty = g A1iUki, E A2iUkis - - -5 E iUk = la1k, G2k, ... ank]” € Z
i=1 i=1 i=1

This holds for all iy, k = 1...n, therefore all elements of A are integer numbers. -
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Let us construct V in the following way: Every diagonal element vy is the smallest integer
such that vkkh_l; is integral, where h_;; is the k-th row of matrix H. Thus, both requirements for
H' are satisfied. It is obvious that H’ is a non-unimodular transformation. This means that
the transformed tile iteration space contains holes. In Figure 3.7, the holes in the TTIS are
depicted with white dots, while the actual points are depicted with black ones. So, in order to
traverse the T'1S, we have to scan all actual points of the TT'1.S and then transform them back
using matrix P’. We can apply any of the methods presented in [Ram92], [Ram95], [Xue94],
[Li93], [FLV95] to traverse the TT1S. However, we will avoid the application of Fourier-Motzkin
elimination method by taking advantage of the tile shape regularity.

We use an n-dimensional nested loop with iterations indexed by j7 = (34575 -+, Jh), in order
to traverse the actual points of the TTIS. Replacing j = P’f’ in formula (2.7), the boundaries
of TTIS are given by the system of inequalities: 0 < HP/j_; <ls0< V*1j_; <l&

0<jp,<wv—1, forallk=1,...,n (3.15)

The bounds of the indices j; are determined by formulas (3.15), without applying the Fourier-
Motzkin elimination method to the system of inequalities (3.11).

However, the increment step c;, of an index j; is not necessarily 1. In addition to this, if
index j;, is incremented by ¢y, indices ji , ..., j, should not be initialized at 0. Suppose that
for a certain index vector 37, it holds P’ j_; € Z". The first question is how much to increment
the innermost index j/, so that the next swept point isTalso integral. Formally, we search the
minimum ¢, € Z such that P’ ( oJh o bt ) € Z". After determining ¢,, the next
step is to calculate the increment step of index j/,_; so that the next swept point is also integral.
In this case, it is possible that index j/, should also be incremented by an offset Ap(n-1) : 0 <
Up(n—1) < Cn. In the general case of index Jr. we need to determine Chs A(k41)ks - - - » Ank SUCh
that: P’ ( Ji o JptCk e T Akie oo Jnt Onk )T € Z". Every index j; has k —1
different incremental offsets ax;, depending on each of the increment steps ¢; of the & — 1 outer
indices ji. These offsets are ay;, ... ; a(k—1)- The following lemma proves that increment steps
¢, and offsets ag;, (k=1...nandl =1...k—1), are directly obtained from the hermite normal

form of matrix H', denoted H'.

Lemma 3.4 If H' is the column HNF of H' and j = (41575, -+, g1, is the index vector used
to traverse the actual points of L(H'), then the increment step (stride) for index j; is ¢, = I

and the incremental offsets are ay = l?’kl, (k=1...nandl=1...k—1).

Proof: It holds L(H') = £(]7’) Thus, 0 € L(H') and the columns of H' belong to L(H").
Suppose T € Z”/{ﬁ} with the following properties: x; = 0 for i < k and 0 < z; < B ik for
k <1i<n. It suffices to prove that T = Ry
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Suppose that & € L(H'), which means that 3] € Z™ : H'j = . H' is a lower triangular
non-negative matriz and thus it holds: 1 = i?’lljl =0=j; =0. Similarly, j; =0 fori < k.
In the sequel, it holds: x) = ﬁ’kkjk. According to the above, it holds: 0 < xp = f?’kkjk <
Wik = 0 < jx < 1. In addition, 0 < 21 = W iywde + B ey (s 1) Jt1 < B (erayp- Since
f?(kJrl)(kJrl) > g’(kJrl)k = jrr1 = 0. Similarly, j; = 0 for i > k+ 1. Consequently, since
Z#0, & is the k — th column of H. -

'\ﬁ:;"ll:l

Figure 3.8: Steps and initial offsets in TT1S derived from matrix H

According to the above analysis, the point that will be traversed using the next instantiation
of indices is calculated from the current instantiation, since steps and incremental offsets are
added to the current indices. Special care is taken so that every time the index vector 37 =
(415 .-+, Jbh) is to be modified, the new index vector 47 is calculated as a sum of current j/ and
a multiple of a column-vector of . Thus, assuming that the current instantiation j7 e L(H),

we ensure that the next point to be traversed remains in L(H').

Theorem 3.1 The following n-dimensional nested loop traverses all points j_; eTTIS

for(ji=0, ey ];{L:O; ~]i <wi1-1; j£+=l'11111, RERE j;f":h/nl)
fOI‘(j;L+ == [7:/j2-| * hlng, e ,jé+ = |7:,]2—| * h/22; ]é S V22 — 1;
h22 h22 ~ ~
-/ — K -/ K
j2+_h22)"'7jn+_hn2)

for(j;z{— - [%1 * h/nn; ];L < Upp — 1; jrlz"' = h/nn){
Loop body

}

We now need to adjust the above loop, which sweeps all points in TT'1S, in order to traverse
the internal points of any tile in J°. If j_7 € TTIS is the point that is derived from the indices
of the former loop and j_é € J® is the tile, whose internal points ]’e J" we want to traverse, it
will hold: j = jo + P'j7 = PjS + P'j’, where jo = Pj% € TOS is the tile origin, and P'j’ € TIS
is the corresponding to 37 point in TIS. Since P = VP, the last equality can be equivalently
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rewritten as follows:

-

j=P(VjS+j) (3.16)

Special attention also needs to be paid so that the points traversed do not overcome the original
space boundaries. As we have mentioned before, a point ; € J™ satisfies the following set of

inequalities: Bj < b. Replacing j by the above equation (3.16), we have:
BP' (ViS5 +j)<b (3.17)

By applying the Fourier-Motzkin elimination method to this set of inequalities, we obtain proper
expressions for 377, so that we do not cross the original space boundaries. As deduced for systems

(3.10), (3.11), system (3.17) should be used in combination with inequalities (3.15).

Example 3.4: Let us consider the same algorithm as in the previous examples. We will now

sweep the internal points of tiles with the use of the method described just above. We need the
2 10 0

-1 0

—1
following matrices: H' = [ ; ] and V = . The

Ul= oYW

(SRS

. Accordingly, P’ =
o 1 0 2 -1 1 1

Hermite Normal Form of matrix H' is H' = = and thus, as
2 5 —1 3 1 2

shown in Figure 3.8, ¢; = 1?11 =1,c = f?gg =b5, a9 = 1?21 = 2. Consequently, the code that

traverses the indices inside every internal tile, according to Theorem 3.1, is:
/* Calculate j_’(; = Vj_é */
j(/n:loji:;
J02=2073 ;
for (j1=0,75=0; 75 <9; ji+=1j5+=2)
for (jh+=[=22]5; jh<19; jj+="5) {
/* Calculate f: P’(Vjs +j_7) x/
71=5 (o1 + J1)*5 (oo + 72) 5
J2=5(Jor + 71)+5 (i + 72) 5
/* Execute iteration (ji,j2) */
A[jlajﬂ:A[jl - ]-,j2 - 2]+A[]1 — 3,j2 — 1],
}

In order to exactly scan the internal of boundary tiles, we construct matrix

2139
mep=| 5 0%

_3 _11 9

5 5

1 2

-5 5|0
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The application of Fourier-Motzkin elimination method on this matrix gives:

1 0| 78
-1 0| 29
3 11195
121|145
-3 -1 0
-1 -2 0

Consequently, the code that traverses the indices inside tiles, which cut the iteration space

bounds, is:

—

/* Calculate j| = Vjtq */
J01=1057 5
j62=20j§?
| =max(0,—29 — j{1);
uy =min(9 /* vii-1 */, T8 — jo);
for (jj =1, 5 =0%2; §, <ul; ji+=1,j4+=2) {
 =max (0, —3(jhy + 1) — dbos [T — 1oy |
uy =min(19 /* wvoo-1 */, 195 — 3(jo; + 41) — Joos L%MJ —Jo2) s
for (jh+ =221 455 j4 <'bos jh+=5) {
/* Calculate ;: P’(VjS‘F,ﬁ) */
1=2 Gy + 31)* 3 (oo + 45) 5
J1=5 (o + 71)+5 (o2 + J2) 5
/* Execute iteration (ji,j2) */
Alj1, jol=Aj1 — 1, jo — 2]+A[j1 — 3,2 — 13

}
}

Using the tile space boundaries calculated in Example 3.2, and combining the code segments
produced just above for internal tiles and for tiles crossing the iteration space boundaries, we

get the final code segment:

for (j7 = —4; j7 <8; ji++)
. —4-3j7 7 r—4—j7 . .1 19357 14—57 )
for (j5 =max([—571], [ 1); j8 <min(|=5"%), 552 ])5 45+ |
/* Execute tile (j7,j5) */
/* Calculate jj=Vj% %/
j61=1()jig; /* This line could be placed outside loop 725 */
i1 =9045
Jo2=24Y]2 5

/* Check whether tile (j7,j5) crosses the iteration space */
/* boundaries */
check=TILE_IN;
for(z1=0; x1 <1; x1++){
c1=jo1+921;
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if(1<-29 || ¢1>78) { check=TILE CROSS; break; }
for(z9=0; w9 <1; wot++){
2= +1972;
/* Check whether ce& J" */
if (cp<max(-3cy, [=2]) |1 c>min(195-3cy, [M5-4])){
check=TILE_CROSS; break;
}

if (check==TILE_CROSS) break;

if (check==TILE_CROSS) {
/* Execute tile (j7,j5) in case it may cross */
/* the iteration space boundaries */
| =max(0,—29 — j(1);
wy =min(9 /* vi-1 */, 78 — j{;);
for (i =K.y =12 /i S5 fi+=Lip+=2) {
b =max (0, ~3(j5, + 1) — sbos [~25] — iy
u’2 =min(19 /* wv9o-1 */, 195 — 3(]61 +]i) - j(l)g, L 2
for Gyt = 9521 %55 j </ bos Jo+ =5) |
/* Calculate j = P’(Vj_:q +47) */
31=5 Gon + 71)+5 (o2 + )
J1=5(jor + J1)+5 (o2 + J2) 5
/* Execute iteration (ji,j2) */
Alj1, jol=Al — 1, j2 — 2]+A[j1 — 3,72 — 1];

145— (41 +41)

¥
¥
¥
else {
for (j1=0,j=0;5 j1 <9 jit=17jo+=2)
for (it =[21%5; j5<19; ji+ =5
/* Calculate j = P’(Vj_é —l—jﬂ */
=2 (o + 31)+5 (oo + 75)
J1=5 (Jor +J1)+= (o2 + 75)5
/* Execute iteration (ji,j2) */
A[j1, jo]=A[jr — 1, j2 — 2+A[j1 — 3,2 — 1];
¥
¥

IEFIF
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3.2.3 Comparison — Experimental Results

Both our method (in the sequel denoted as RI - Reduced Inequalities) and the one described
in [AI91] by Ancourt and Irigoin (denoted as AI), have been implemented as a software tool
which automatically generates tiled C code using any tiling transformation P. In this section,
we compare Al and RI methods both in terms of compilation time and generated code efficiency.
We generated several random 2— D and 3— D problems and measured the following: compilation
time, row operations performed by Fourier-Motzkin elimination and run time of the generated
code. In the sequel, we applied both AT and RI methods to three real applications: SOR, Jacobi
and ADI integration. We also applied the inequalities of AI method to the Omega calculator
[KMP195] and generated code for all problems. We then measured the compilation time and
run time obtained by Omega (the results are denoted as AI-Omega) and compared them with
the ones obtained by AI (using our tool) and RI. Table 3.1 shows the iteration spaces used as
examples in 2 — D and 3 — D problems. We applied several tiling transformations, in which the
non-zero elements of the tiling matrices were randomly generated. In 2 — D spaces we applied
three different tiling transformations (Py, P», P3) varying from the diagonal matrix P; to more
complex ones. In 3 — D spaces we applied seven different tiling transformations (P4, ..., Pi),
again here starting from the diagonal Py and adding non-zero elements (P contains no zero
element). We performed our experiments on a PIIT @ 800MHz processor with 128 MB of RAM.
The operating system is Linux with kernel 2.4.18. The generated tiled code was compiled using
gee v.2.95.4 with the -O3 optimization flag. We also experimented with lower optimization
levels, where the execution times were slower, but the relative results for all methods remained

the same.

Table 3.1: Example iteration spaces

J1 J2 Js

lower upper lower upper lower upper

bound | bound bound bound bound bound # of iterations
Spacel —1999 4999 —1999 4999 - - 48986001
Space2 —1999 4999 —1999 4999 + 24, - - 69983001
Space3 —4999 4999 —4999 + 331 | 4999 + 24 - - 99980001
Space4 0 399 0 399 0 399 64000000
Spaceb 0 399 0 399 + 41 0 399 95920000
Space6 0 399 —i1 399 + iy 0 399 127840000
Space7 —-99 149 —99 — i1 149 + i1 —-99 149 + 242 22904099
Space8 0 399 —i1 399 + 4y i1 79 4 2ia 117635018
Space9 -99 149 —99 — iy 149 + i1 —99 — i1 | 149+ 41 + 2o 31129399
Spacel0 0 59 —1i1 59 + i1 —i1 — 3t2 | 59 + i1 + 2ia 1994462

Row Operations - Compilation Time

Tables 3.2-3.4 summarize the results (row operations and compilation time) from the compila-

tions of all iteration spaces tiled with all candidate tiling matrices. We present here the number
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Table 3.2: Fourier-Motzkin row operations and compilation time for 2D algorithms

[ AT | RI || AT-Omega | AT | RI |

|  Row Operations il Compilation Time (ms) ‘
Spacel | 30 10 16.29 0.26 0.26
P; | Space2 | 30 10 19.53 0.27 0.26
Space3 | 34 10 20.82 0.29 0.26
Spacel | 37 10 22.56 0.28 0.27
P> | Space2 | 33 10 21.56 0.28 0.27
Space3 | 34 10 22.78 0.29 0.26
Spacel | 56 12 33.36 0.36 0.30
Ps | Space2 | 55 12 39.40 0.37 0.30
Space3d | 53 12 40.12 0.36 0.30

| Avg. Row Operations [| Avg. Compilation Time (ms) |
P, 31 10 18.88 0.27 0.26
Py 35 10 22.30 0.28 0.27
Ps 55 12 37.63 0.36 0.3

of row operations and compilation times of each matrix for each iteration space and the average

values of each matrix for all iteration spaces.

Run Time

In order to evaluate the run time overhead due to tiling, we executed all tiled codes of the previous
problems and measured their run time. We also executed the original untiled serial code for
each problem. We define the tiling overhead factor (TOF) as the fraction of the run time of the

. . . . . __ Run time of Sequential Tiled Code
sequential tiled code to the run time of the untiled code: TOF = Run fime of Untiled Code

Note that, the loop body in each case is a simple array assignment statement and, thus, the run
time measured is dominated by the time to compute the loop bounds. Since the array size was
small (20 x 20) and the tile sizes were not chosen to be optimal for cache locality, the sequential
tiled code does not present any improvement due to the exploitation of the memory hierarchy.
Thus, TOF indicates the overhead imposed by the evaluation of the new loop bounds, due to
tiling. If TOF is too large, it will aggravate the speedup obtained when we parallelize nested
for-loops using tiling. Tables 3.5-3.6 summarize the tiling overhead factors. Again here we
present the TOFs of all tiling matrices applied to each iteration space and the average TOFs
of all matrices P across all iteration spaces. Figure 3.9 shows the TOF of 3 — D problems as a

function of the number of non-zero elements in tiling matrix P.

Real Applications

In our last set of experiments, we applied AT and RI methods to tile three real applications: SOR,
Jacobi, and ADI integration. For the first two problems, there is a skewed and an unskewed
version, and for each version there are four (communication and scheduling) optimal matrices as

described in [HS02] and [Xue97al]. Table 3.7 summarizes the row operations, compilation times
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Table 3.3: Fourier-Motzkin row operations and compilation time for 3D algorithms.
In some cases the Fourier-Motzkin elimination method could not be completed in a reasonable
time, or was interrupted due to lack of memory or an overflow exception. In these cases, we have
denoted a — in the respective cells of the table.

L Row Operations u

[

Compilation Time (ms) ‘

{ Al { RI HAI-Omega { Al T RI ‘
Space4 70 22 27 0.41 0.43
Spaceb 70 22 30.7 0.42 0.43
Space6 74 22 33.39 0.44 0.43
Py Space7 80 22 42.5 0.49 0.44
Space8 117 22 84.14 0.62 0.44
Space9 87 20 55.8 0.53 0.43
Spacel0 116 22 89.54 0.63 0.44
Space4 82 22 36.3 0.45 0.44
Spaceb 86 22 45.58 0.48 0.43
Space6 96 22 51 0.53 0.43
Ps Space7 95 22 51.52 0.55 0.44
Space8 150 22 158.12 0.79 0.45
Space9 110 20 55.56 0.62 0.43
Spacel0 118 22 70.35 0.65 0.45
Space4 132 28 106 0.64 0.48
Spaceb 159 34 167.63 0.77 0.51
Space6 220 42 371.34 1.1 0.54
Ps Space7 199 38 213.76 1.03 0.54
Space8 470 42 397.13 3.91 0.54
Space9 316 38 284.81 1.91 0.54
Spacel0 360 42 382.33 2.32 0.55
Space4 264 28 235.55 1.33 0.49
Spaceb 578 34 367.78 6.0 0.52
Space6 508 42 1,188.72 4.24 0.55
Pr Space7 1411 38 911.38 40.78 0.54
Space8 1522 42 2,099.32 51.31 0.56
Space9 379 38 370.47 2.61 0.55
SpacelO 419 42 527.3 3.08 0.56
Space4 4,254 28 1,558.04 460.04 0.51
Spaceb 14,012 34 2,891.19 7,607.2 0.52
Space6 10,049 38 4,019.51 3,022.46 0.54
Ps Space7 1,752 36 1,846.78 73.16 0.54
Space8 6,031 40 3,201.75 1,040.44 0.55
Space9 637 36 3,889.58 7.27 0.54
SpacelO 936 40 15.95 0.55
Space4 6,933 46 1,984.67 1,280.34 0.56
Spaceb 10, 569 42 2,775.25 3,234.86 0.56
Space6 5,655 40 3,662.66 855.78 0.55
Py Space7 751 40 5,132.84 9.77 0.55
Space8 1,907 36 1,943.71 83.53 0.54
Space9 259 22 2,308.23 1.37 0.51
Spacel0 295 22 2,640.29 1.65 0.49
Space4 6,477 46 1,629.59 1,034.07 0.58
Spaceb 27,763 44 2,612.24 45,342.36 0.56
Space6 12,533 40 2,484.32 5,351.28 0.55
Pio | SpaceT 95,712 40 2,428.64 638,417.48 0.56
Space8 83,025 40 1,014.64 450, 599.44 0.56
Space9 71,119 40 3,215.22 328,971.3 0.57
Spacel0 | > 120,309 40 4,336.41 > 1,025,846.41 | 0.57
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Table 3.4: Average row operations and compilation time for 3D algorithms

Avg. Row Operations u Avg. Compilation Time (ms) ‘

AT | RI [ Al-Omega | AT | RI |
P, 88 22 51.87 0.51 0.43
Ps 105 22 67.2 0.58 0.44
Pg 265 38 276.14 1.67 0.53
Py 726 38 814.36 15.62 0.54
Psg 5382 36 2,901.14 1,746.64 0.53
Py 3767 35 2,921.1 781.04 0.53
Pio | 59563 41 2,531.58 356,508.91 | 0.56

Table 3.5: Tiling overhead factors (TOF) for 2 — D problems

TOF (2D) il Avg. TOF (2D) |

AI-Omega | AT | RI [[ AI-Omega | AI [ RI |
Spacel 2.59 0.96 | 1.24

P; | Space2 2.73 1.01 | 1.27 2.85 1.03 | 1.31
Space3 3.22 1.13 | 1.43
Spacel 6.27 4.55 | 1.61

P> | Space2 6.12 4.62 | 1.63 6.62 4.78 | 1.69
Space3 7.45 5.16 | 1.82
Spacel 8.00 6.10 | 3.58

Ps | Space2 7.75 6.21 | 3.63 8.23 6.41 | 3.75
Space3 8.95 6.92 | 4.04

and TOFs for each case. Figure 3.10 shows the TOFs obtained by each method, in each case.

Overall Evaluation Comments

As far as compilation time is concerned, RI method clearly outperforms AT method. This is due

to the fact that RI method feeds Fourier-Motzkin elimination with the system in (3.8), which

consists of 2n inequalities with n variables, while Al method feeds Fourier-Motzkin elimination

with the system in (3.1), which consists of 4n inequalities with 2n variables. Recall that Fourier-

Motzkin elimination is a doubly exponential algorithm and thus the reduction in its input size

TOF

16

Avg. TOF in 3D problems

14

T T T T
using Omega calculator —+—
using Al method ---<--

12

using RI method 4=~

10

5

6 7

# of non-zero elements in P

Figure 3.9: Average tiling overhead factors for 3 — D problems
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Table 3.6: Tiling overhead factors (TOF) for 3 — D problems.
In case the compilation time could not be calculated in Table 3.3, then, the run time can not be
calculated, either. These cases have been indicated by a — in the respective cells of this table.

TOF (3D) Il Avg. TOF (3D) |

Al-Omega | AI | RI [ AI-Omega [ AI | RI |
Space4 1.33 1.21 1.18
Spaceb 1.36 1.23 | 1.17
Space6 1.39 1.23 | 1.17

P, | Space7 2.19 1.21 | 1.11 1.99 1.26 | 1.17
Space8 2.45 1.16 | 1.19
Space9 2.44 1.28 | 1.10
SpacelO 2.75 1.48 | 1.30
Space4 5.39 3.57 | 1.97
Spaceb 5.57 3.59 | 1.98
Space6 5.72 3.63 | 1.91

P, | Space7 4.33 3.20 | 1.77 4.96 3.44 | 1.88
Space8 4.57 3.20 | 1.85
Space9 4.51 3.33 | 1.77
Spacel0 4.61 3.53 | 1.90
Space4 10.90 7.55 | 4.05
Spaceb 10.77 7.52 | 4.38
Space6 11.17 7.65 | 4.51

P, | Space7 8.33 6.67 | 4.13 9.55 7.16 | 4.62
Space8 8.44 6.68 | 4.01
Space9 8.52 6.89 | 4.61
Spacel0 8.75 7.18 | 6.67
Space4 15.50 9.86 | 4.65
Spaceb 16.09 10.05 | 5.14
Space6 16.20 10.10 | 5.29

Pr; | Space7 12.67 9.04 | 4.80 13.90 9.47 | 5.17
Space8 12.72 8.92 | 4.65
Space9 11.80 8.95 | 4.84
SpacelO 12.29 9.38 | 6.84
Space4 12.94 9.81 | 3.51
Spaceb 12.40 9.88 | 3.61
Space6 12.27 9.92 | 3.68

P, | Space7 9.87 8.39 | 3.29 11.24 9.14 | 3.60
Space8 10.08 8.36 | 3.16
Space9 9.87 8.60 | 3.48
SpacelO 8.98 | 4.46
Space4 12.68 9.63 | 6.10
Spaceb 12.52 9.61 | 6.05
Space6 12.68 9.75 | 6.09

P, | Space7 9.21 7.96 | 5.05 10.74 8.78 | 5.51
Space8 9.75 7.89 | 4.39
Space9 9.51 8.15 | 4.57
SpacelO 8.86 8.46 | 6.33
Space4 16.07 11.70 | 5.17
Spaceb 16.55 11.75 | 5.04
Space6 16.24 11.57 | 5.09

P, | Space7 12.30 10.48 | 5.11 13.62 11.07 | 5.62
Space8 11.20 10.14 | 3.83
Space9 11.26 10.77 | 5.67
SpacelO 11.72 - 9.44
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Table 3.7: Performance for real applications

Row Operations H Compilation Time (ms) H TOF J
Al { RI H AI-Omega { Al { RI H ATI-Omega { Al { RI ]
Py 99 22 53.03 0.50 0.42 1.47 1.20 | 1.05
SOR P, 107 22 50.27 0.53 0.42 1.50 1.21 | 1.01
Ps 118 22 49.01 0.57 0.42 1.75 1.63 | 1.05
P, 165 40 90.04 0.77 0.5 1.80 1.78 | 1.30
P 99 22 42.09 0.53 0.41 1.59 1.29 | 1.06
SOR P, 107 22 40.60 0.53 0.42 1.60 1.29 | 1.06
skewed || P3 118 22 57.9 0.57 0.42 1.90 1.73 | 1.12
Py 165 40 91.97 0.77 0.51 1.95 1.86 | 1.34
Py 645 28 346.99 5.3 0.46 2.08 1.91 | 1.57
Jacobi || P2 645 28 347.96 5.26 0.47 2.09 1.92 | 1.60
P3 800 28 362.5 8.86 0.47 2.06 1.90 | 1.56
Py || 3207 46 1,353.55 194.88 | 0.53 5.58 5.09 | 2.10
Py 645 28 251.885 4.93 0.48 1.99 1.88 | 1.44
Jacobi || P2 645 28 248.27 4.98 0.47 1.98 1.87 | 1.46
skewed || P3 800 28 229.34 8.19 0.48 2.02 1.89 | 1.45
P, 691 28 238.82 5.95 0.47 2.01 1.88 | 1.43
ADI [[ P [[ 180 | 28 [ 4742 0.85 [ 0.46 ] 146 [ 1.47 [ 1.07 |
3,5
3
2,5
w 2 m Omega
e 15 mAl
1 aRl
0,5
0
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Figure 3.10: Tiling overhead factors for real applications

imposed by our method causes significant reduction in the method’s execution steps, as clearly
seen by the number of row operations. Note also that the exact simplification method of Fourier-
Motzkin elimination was not applied in the presented experiments, since the gain in run time
by the application of the method was inadequate to justify the vast increase in compilation
times, especially in the case of AT method (3% average and 10% maximum gain in run time). In
particular, while RI compilation times remained in the order of milliseconds when using exact
simplification, AT compilation times increased dramatically (reached the order of an hour). This
means that we can practically apply exact simplification to RI, in order to further improve the
efficiency of the generated code.

Despite the reduction in compilation time imposed by RI, it seems that both AT and Al-
Omega perform well in almost all 2 — D and 3 — D problems (compilation times are less than
one second). However, in problems of larger dimensions, both AT and AI-Omega present several

problems. We executed a number of randomly generated 4 — D algorithms and observed that,



74 Automatic parallel code generation for tiled nested loops

at first, the compilation time of AI becomes impractical (several hours or even days). More
importantly, Al failed to generate code for almost half of the problems due to lack of memory.
Note that Fourier-Motzkin elimination is also doubly exponential in space, so in several 4 — D
problems even 1GB of virtual memory was not sufficient to cover the needs of the method. On
the other hand, AI-Omega also faced some problems with memory space (to a smaller extent
than AI) but here again, in almost half of the problems, the system rose an overflow exception.
Apparently, after a large number of row operations in 4— D algorithms, some coefficients exceeded
the system’s MAXINT. In all cases RI method succeeded in generating code, within some seconds

in the worst case.

Note, also, that, since we do not know all details about the implementation of Omega, we
cannot be sure why the AT-Omega implementation gives higher implementation times than our
implementation. However, as deduced by tiling matrices Ps, Pig, Omega is more stable and one

can more accurately predict the time needed for the generation of serial tiled code.

Asg far as run time is concerned, RI also exhibits a significant improvement in performance in
all problems. In particular, as shown in Figure 3.9, as the number of non-zero elements in matrix
P increases, the improvement of RI method becomes much more obvious. This means that RI
method performs very well in complex problems where the tiling matrices contain many non-
zero elements and the iteration spaces are non-rectangular. In addition, as shown in Figure 3.10,
RI’s performance is nearly optimal in simpler algorithms such as SOR, Jacobi and ADI, since
the TOF in these cases is very close to one. Thus, RI performs very well in easy problems and
sustains a remarkably good performance even when the tiling transformations and the shape of

the iteration spaces become increasingly complex.

The improvement in the quality of the generated code caused by RI, is due to the fact
that, although the code to enumerate the tiles is essentially similar in Al and RI, the code to
traverse the internal points of the tiles is completely different. Our tool makes a distinction
between boundary and internal tiles and generates different code to scan the internal points for
both AI and RI (as in Examples 3.3, 3.4). In the case of boundary tiles, RI method results
in fewer inequalities for the bounds of the tile space. Consequently, fewer bound calculations
are executed during run time. In the case of internal tiles, which are the vast majority in most
problems, the code of RI consists of a loop with constant bounds 0 < j/ <wv;—1fori=1,...,n
(see formula (3.15)), while the code of AT includes a loop whose bounds are derived from the

.. . . . . gH - = (9 — 1)T
application of Fourier-Motzkin elimination to the system = (7 —Jo) < .
—g 0

(see formula (3.11)). It is clear that the calculation of loop bounds in the first case is much
more efficient. Finally, note that the enumeration of some redundant tiles does not impose
any significant overhead, since the number of redundant tiles is negligible. The same holds for
the non-unimodular transformation used to access the internal points of the tiles. In this case,

the additional operations due to the transformation are simple integer multiplications, while
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operations on extra variables are integer additions and assignment statements, which are all
efficiently executed by modern processors and optimized by any back-end compiler like gcc.

Note, also, that, the run time overhead imposed by Omega, in comparison to our implemen-
tation for AT inequalities, is due to the fact that Omega is a general purpose code generation
tool, while our implementation is aimed at tiled nested loops. Thus, Omega cannot take into
account the discrimination of internal and boundary tiles, as in Examples 3.3, 3.4. It uses the
system of inequalities (3.1) for both enumerating the tiles and scanning their interior. Although
the optimization described in this section could not be incorporated into Omega, the respective
columns have been used in Tables 3.2-3.7 as a measure of efficiency of the code produced by our
tool.

Summarizing, the compilation time reduction is due to the method used to enumerate the
tiles of the tile space, while the run time reduction is mainly due to the transformation of a

non-rectangular tile to a rectangular one.

3.3 Parallelization

In this section, we refer to some parallelization aspects of the sequential tiled code. Recall from
Figure 3.1 that the parallelization of an arbitrarily tiled algorithm involves two separate tasks:
first, the generation of the sequential tiled code and, second, the parallelization of this code.
§3.2 focused on the first task. This section will focus on the second one. Parallelization can
be separated in sub-tasks such as iteration distribution, data distribution and data transferring
code generation. Tang and Xue in [TX00] addressed the same issues for rectangularly tiled
iteration spaces. In this section, as in [GDAKO02a], [Gou03], efficient data parallel code for
non-rectangular tiles will be discussed, without imposing any further complexity.

When executing an algorithm on a distributed memory machine, the original data space of
the algorithm is distributed to the local memories of the processing nodes. The local data space
of each node is in general a non-rectangular subset of the original data space, even if rectangular
tiling is applied [AKN95]. However, applying the transformations proposed in §3.2.2, each
processor can iterate over a rectangular local iteration space (TTIS) and access rectangular
data spaces as well. In this way, each processor can allocate exactly the required amount of
memory. Rectangular data spaces also allow for straightforward addressing schemes of array
elements and thus a direct way of sweeping data by the generated code.

Another very important benefit in parallelization using rectangular local iteration spaces
(TTIS) is the convenient determination of the communication sets. Each communication set
contains the communication points, i.e. the points that are written in the local memory of
a processing node and are needed by another. The communication points have the following
property: if we add one dependence vector to them, then the resulting point lies in a tile assigned

to a different node. Figure 3.11 shows the communication points and sets when determined in
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Figure 3.11: Determining communication sets in the TIS and TTIS.

In case the following tile along a dimension has been assigned to a different processing node,
then the data calculated by the iterations of the corresponding grey area should be transferred
to it.

the TIS and in the TTIS. d; and dy are the dependences of the original algorithm, while d_’;
and d_’; are the transformed dependences in the TT'1S. It is obvious that, when working with
the rectangular TT'1S, the communication sets are much more easily determined since they are
rectangular as well. Note that these sets, indicated by grey areas should be transferred at run-
time only in case the following tile is assigned to a different node, according to the allocation

schemes that will be explored in detail in Chapters 4, 5.

3.3.1 Some more algorithmic assumptions

In addition to the restriction imposed by our algorithmic model in §2.2 and summarized in
Appendix B, in this section we also consider that the body of the perfectly nested loops is
consisted of a statement of the form:

-,

Alfu(7)] = F(AlfulG = V)]s, Alfu(F = dg)));

where:
1. j= (J1,-..,Jn) is the current iteration
2. d; = (di1y...,din), i = 1,...,q are the uniform and constant dependences of this code

segment, and

3. F, f, are functions.

In order to simplify the model, single assignment statements with one array variable have been

considered. Note, however, that this is only a notational restriction, since all of the techniques
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presented in this section can be adapted to multiple statements on multiple arrays. In addition
to previously defined spaces, in this section we shall use the data space, denoted DS, defined

as:
DS = {fu,(j)lj € J"}

where f,, is the write array reference.

The underlying architecture is considered a (n — 1)-dimensional processor mesh. Thus, each
processor is identified by a (n — 1)-dimensional vector denoted p;d. Note, however, that this is
not a physical restriction, but a convention for processor labelling. More generally, a bi-level
parallel architecture may be considered as a (n— 1)-dimensional mesh of SMP nodes (Symmetric
Multi-Processors). Each SMP node is identified by a (n— 1)-dimensional vector denoted smp_id.
In addition, we consider that each SMP node is consisted of a (n — 1)-dimensional mesh of CPUs
(processors) with m, CPUs along the z-th dimension. Each CPU is identified by a (n — 1)-
dimensional vector denoted cpvj,id (0 < epuid, < m, —1). Apparently, there is an one-to-one
correspondence between the global labels of processors and their labels inside a node. It holds
that

pid, = cpu_idy, + smp_id,m,

Inversely, it holds that
epu_idy = pid,%omy

smp_idy = |pidy/my |

The memory is physically distributed among nodes. Processors perform computations on local

data. In order to use data calculated by a different processor,

1. if they reside in the same node, they should only synchronize with each other in order to
make sure that the data neede have already been written to shared memory before used,

or

2. if they reside in different nodes, they should communicate with each other via message

passing or remote DMA, in order to exchange data that reside to remote memories.

The general intuition in the presented approach is that, since the iteration space is trans-
formed by H and H' into a space of rectangular tiles, each processor can work on its local share
of rectangular tiles and, following a proper memory allocation scheme, perform operations on
rectangular data spaces as well. After all computations have been completed, locally computed
data can be written back to the appropriate locations of the global data space. In this way, each
processor essentially works on iteration and data spaces that are both rectangular, and properly

translates from its local data space to the global one.
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3.3.2 Computation Distribution

Computation distribution determines which computations of the sequential tiled code will be
assigned to which processor. The n innermost loops of the sequential tiled code that access
the internal points of a tile will not be parallelized, and thus parallelization only involves the
distribution of tiles (traversed by the outermost n-dimensional loop) to processors. Hodzic
and Shang in [HS98] mapped all tiles along a specific dimension to the same processor and
used hyperplane IT = [1,...,1] as time scheduling vector. In addition to this, previous work
[AKPT99] in the field of UET-UCT task graphs has shown that if we map all tiles along the
dimension with the maximum length (i.e. maximum number of tiles) to the same processor,
then the overall scheduling is optimal, as long as the computation to communication ratio is
one. This conclusion will also be verified in §4.4.4 for a bi-level parallel architecture. However,
all research works resulting to this conclusion have assumed the existence of an infinite number
of processors. We will keep on this assumption in this section also. In Chapter 5 we shall propose
some allocation schemes in case there are fewer processors available than needed.

Let us denote the i-th dimension as the one with the maximum total length. According to the
above, all tiles indexed by j_é = (j7,...,57, ..., 75), where ji = const, k= 1,...,i—1,i+1,...,n
and lf < jZS < uf are executed by the same processor. The n—1 coordinates of a tile (excluding
j2) will identify the processor that a tile is going to be mapped to (pfd). All tiles along j?
are sequentially executed by the same processor, one after the other, in an order specified by
a linear time schedule. This means that, after the selection of index jZS with the maximum
trip count, we reorder all indices so that jZS becomes the innermost index. This corresponds to
loop index interchange or permutation. Since all dependence vectors d5 in JS are considered
lexicographically positive, the interchanging or reordering of indices is valid (see also [PW86]).
The boundaries of the reordered loop indices, in case of a non-rectangular tile space, can be

calculated by an application of the Fourier-Motzkin elimination method [BW95].

3.3.3 Data Distribution

In a NUMA architecture, the data space of the original algorithm is distributed to the local
memories of the various nodes forming the global data space. Data distribution decisions affect
the communication volume, since data that reside in one node may be needed for the computation
in another. In our approach we follow the computer-owns rule, which dictates that a processor
owns the data it writes. It means that data computed by a processor are directly written to
the local memory of the respective node. Communication occurs when a processor residing in
another node needs to read data computed in the former one. Substantially, the memory space
allocated by a node represents the space where computed data are to be stored. This means
that the processors of each node iterate over a number of transformed rectangular tiles (T'T15)

and can locally store their computed data to a rectangular data space. At the end of all their
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computations, the locally computed data can be placed to the appropriate positions of the global

data space (DS). Thus, concerning the data writes, we can distinguish the following phases:

1. Data (initial and boundary values) are distributed to the local memories of the nodes,

according to the computer-owns rule.

2. Data are locally computed by the processors of each node. Communication is interleaved
between the execution of two tiles in order to receive data from neighboring nodes needed

during the execution of subsequent tiles. The data received are locally stored.

3. At the end of all computations, locally computed data are written to the global data space
(DS).

A simplified version of this procedure, concerning single CPU nodes, is extensively described in
[GDAKO02a], [Gou03].

The data space computed by a tile could be an exact image of the T'T'S, but in this case
the holes of the TT'1.S would correspond to unused extra space. In addition to the space storing
the computed data, each node needs to allocate extra space for communication, that is memory

space to store the data it receives from its neighbors. This means that we need to
1. condense the actual points of the T'T'1.S and
2. provide further space for receiving data.
Since, after all transformations, we finally work with rectangular sets, this local data space

(denoted LDS) allocated by a node, is given by the following definition.

@® Computation Storage
© Communication Storage
O Unused Space

Data that should be transferred

LDS to the neighboring node TTIS

P I
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Figure 3.12: Local data space LDS and transformed tile iteration space TTI1S
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Definition 3.1 The local data space (LDS) is defined as:

0 <l < of fx + mpvr/Wpr k=1,...,nk #i

N0 < 5 < of fi + [tvi /Wi

LDS = j" e Z"|

where |t| denotes the mazimum number of tiles assigned to a processor of the particular node.

As shown in Figure 3.12, the LDS of a processor consists of the memory space required for
packing computed data (black dots) and for unpacking received data (grey dots) of a tile, multi-
plied by the number of tiles assigned to the particular processor. White dots depict unused data.
The offset of fi, which expands the space to store received data, derives from the communication
criteria of the algorithm, as shown in §3.3.4. Recall that each processor iterates over the TT1S
for as many times as the number of tiles assigned to that processor. Lemma 3.5 determines the
translation function from TTIS to LDS, while Lemma 3.6 determines the inverse translation
function from LDS to TTIS.

Lemma 3.5 If ]T; € TTIS, then its corresponding point in LDS is given by the following

ETPTESSLONS:

gt = [(cpu_idyvgy + 31) /W k) + of frk # i
g = [(tvi + jz{)/}?iij +offi

where t is the current tile. We call this transformation function as map(): j7’ = map(f;,t).

Proof: In order to prove the validity of this transformation, we need to prove that the
resulting point j7’ € LDS.

-/
1. For each k # i it holds that 0 < j; < vg, = 0 < L»}{/’“J < Z’f’“ ém;M—i-
kk

of fr < w + L Ji J +of fr < W’i%,w + of fr. Taking into account that
kk

0 < Cpufl k < my 5 th p vious Znequllll’ty gl"l}es Of }k < cuhi /[//kvkk C.} fk‘ <— -7]{} <
]l — e pre kk

/ /
h‘kk hkk

-/
2. In addition, 0 < ji <v; = 0 < | 2] < 20 = Qo 4 of f; < St 4 L J +offi <
(Hl Yt of f;. Taking into account that O <t< \t| — 1, the previous mequality gives
. t+1)vi; t|vig
Offi < W toffi <l < %4'0,}0]}' < %‘}'Offi-

Therefore, it holds that j" = map(j_;,t) € LDS. In addition, the proof of item (1) gives that
the corresponding parts of LDS for each CPU of a node have no common elements, but they
are neighboring iff CPUs are neighboring. The proof of item (2) gives that the corresponding
parts of LDS for each tile of a processor have no common elements, but they are neighboring

iff tiles are neighboring. -
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Lemma 3.6 If j7’ € LDS, then its corresponding point in TTIS is given by the following

exTPTession:
j_; = H'%
where X is given by:
= ji — of fr — epusidyvr/ Wik — (O /i) /W g ), ke #
=1

i—1
wi = = of fi — tvia/ W — | (O wmilu) /Wi
=1

where t = |(ji — of fi)h P iivii| is the current tile. We call this transformation function as

map~*(): (7', ) = map~' (j7).

Proof:  We need to prove that map and map~"' are indeed inverse functions. Equivalently,
we should prove that

1. (Jﬁ/at) = map_l(map(jﬂ',t)) and

2. j" = map(map (j")).

’ L“Lf“”“woffn —of fi)l,

: | @
1. (§7,t) = map~*(map(7’, 1)) = \ :
?
= Z lk;yk (b)
- kz—:lﬁ/
. k1Yl
ye = ([P | L of fi) — of fi — Ptk | Eo— | ki
where: kk iy kR
tv“+ 3! tv“ z; P
yi = (l=— J+0ffz) of fi — )*LT
k71~ 1
i 121 P
J— k _ = _
tv”+J = il T
. (L ZJ‘*‘Offz) of fi)h}; 2 L;T_Z_Jhu‘
(a} Howe/uer} t - \‘ Vis J = t = t + L i J FTOm 0 S jfz <
vii:OSL%J<%:>O§H—ijh;i<vii:>0§L%j<1:>
|2 )R |- J ki, )
| —i—] = 0. Thus, t—t—f—L — | & t =t + 0, which is always valid.
k—1_ k—1_
> b Z hi vt
(b) In addition, from y, = L%’“J | =% L —| =
) . h}, R hkk
l; ﬁ;“lyl T zglﬁ;dyl ./ 121 hklyl T
_E;Ck J - hkkL _ﬁ; J <Jp < kkLTJ + hkk — 1. In this interval,
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there is exactly one actual point j;, (as %;@k is the step of j;. in order to meet another

k ko
actual point), which is Y hy,y;. Therefore, it holds that j;, = > hi,u.
I=1 =1

2.
k 3\
R cpuidpvge+ Y hi,z
R S of k£
J7 = map(map™' (7)) A (3.18)
2 tvzz"l‘z hllzl
]z{,: LTJ+OffZ )
-1
-1/ cpu_id;v kzl w2 :
a =gy —of fy— iy _ i g
where: . i U =
-1/ tvi; kgl h;ka
zi=Jji —offi— 5+ — [*=5—]
[
-1/ cpu 1d v Z hEka .
= of i+ e =T g
i (3.19)
¢ Z h ik Pk
= Offl 'Uzz + {k 1h/ J
Therefore, (3.18) < @19
k _ k
» Y hga o, cpudidpvget D hiyz
of fi+ Wutv | ET Lo B of ki
R kg kk hkk
A
t i: ~1kzk 2 tvzri’z h
offi+ i | L T o

which is apparently always valid, taking into account that vgy is always a multiple of
Ry, Vk=1,...,n

After proving both claims (1) and (2), it turns out that this lemma is always valid. =

Function map( t) determines, according to Lemma 3.5, the memory location in LD.S where
computation for iteration j' € TTIS is to be stored (Figure 3.12). Function loc(j) in Table 3.8
uses map(f’, t) in order to locate the processor pZd and the memory location j7’ € LDS, where
the computed data of iteration point j € J" is to be stored. Inversely, Table 3.9 shows the series
of steps in order to locate the corresponding ; € J" for a point j7’ € LDS of processor pfd. Thus,
loc™1() is called by a processor of each node at the end of the node’s computations in order to
transit from their LDS to the original iteration space J™. In the sequel, the corresponding point

in the data space DS is found via f,, (Figure 3.13).



3.3 Parallelization 83

Y

LD5(pid,)

W,

j"

LDS(pid,)

Figure 3.13: Relations between DS, J" and LDS

Table 3.8: Using function loc() to locate j € J™ in the LDS of a processor

= =

j" = map(j’, t):
Jr = [(epu-idivir + ji) /W er) + of fu, k # i
Ji = (tvis + ji) /W] + of fi

75 = | Hj]
j'=H'(j — Pj®)
jq’ = map(f’,jis — mm{lf )
pd = (]iga a]ila]gla a]g)

Under this scheme, each node allocates exactly the amount of local memory needed for
computation and communication (minor over-allocation occurs in the few boundary tiles). Note
that direct allocation of a node’s share in the original DS would lead to a waste of memory
space, since this generally non-rectangular share would lead to the allocation of the minimum
enclosing rectangular memory space. Note, also, that each node’s share in the original DS
(the footprint of a tile because of f,,) is in general non-rectangular, even if a rectangular tiling
transformation is applied. This method, however, forces the local data space of each node to be
rectangular, allowing thus more efficient memory management. In addition, if we also take into
account that data spaces for common computationally intensive algorithms are very large, and
will probably not fit in each node’s memory, the compression of the local space to the LDS is in
most cases necessary. Eventually, this leads to a trade-off between computational complexity and
allocated memory space, since extra expressions are needed to address the LD.S, but this minor
overhead does not significantly affect performance, as indicated by the experimental verification
of [GDAKO2a]. Finally, note that storing data accessed by a non-rectangular tile to a dense

rectangular data space also exploits cache locality.
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Table 3.9: Using function loc™!() to locate j" € LDS of processor p?d in J"

(7.£) = map”*(j7)
t =[] — of fi)lii/vii)

- k—1 -
Ty = Jp — of fx — cpuidpvgr /P ke — (32 b/ wa) /W k), k # i
=1
~ -1
x; = ji —of fi —tvi/Wi — (3 xih/sy) /W i)
=1

— H'Z

=y

=

7 =loc ' (5", pid):
J' = map~t (")
§% = (pidy, ..., pids_1,t + min{IS}, pidsss, .., pidy)
j=PVi5+ )

3.3.4 Communication sets

Using the iteration and data distribution schemes described before, data that reside in the local
memory of one node may be needed by another due to algorithmic dependences. In this case,
the nodes need to communicate via message passing or remote DMA. The two fundamental

issues that need to be addressed regarding communication are
1. the specification of the processors each processor needs to communicate with, and
2. the determination of the data that need to be transferred.

As far as the first issue is concerned, each processor needs to exchange data with its neighbors
only in case they reside in a different node. That is, processors with cpu_id, = 0 < pid,%m, = 0
need to receive data from processors with pid!, = pid, — 1. Similarly, processors with cpu_id, =
my — 1 < pid,%m,; = m, — 1 should send data to neighboring processors with pid., = pid, + 1
(see Figure 3.14). When neighboring processors reside in the same node, they should only
synchronize with each other, in order to make sure that data have been written to the shared
memory of the node before used.

As far as the communication data are concerned, we focus on the communication points, as

defined below:

Definition 3.2 Let i be the mapping dimension. Let d5 € DS be a tile dependence that implies
processor dependence, that is 3l # 1 : dls #0. A point j_; € TTIS is considered a communication
point respective to 5 iff the computed data at iteration ; = P’(Vj_é+j7) is needed by tile j_é—kd_é,
where j_é e JS and j_:q + 5 ¢ J%, and j_é + d5 has been allocated to a different node than j_é.
Note that a communication point is only defined in respect to a specific tile dependence ds.

In other words, communication points in the TT 1S correspond to iterations at which data are

computed by one node and need to be sent to another node in tile direction d>.
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Figure 3.14: Communication among processors.

Only processors with neighbors in a different node need to transfer data among them. Neighboring
processors within the same node should only synchronize with each other, in order to make sure
that data have been written to the shared memory of the node before used.

We further exploit the regularity of the TT1S and LDS to deduce simple criteria for the

communication points at compile time. The following lemma is useful:

Lemma 3.7 A point j_7 = (44,...,J) € TTIS corresponds to a communication point respective

to a tile dependence d5 = (dsg, ..., dﬁ) e D% iff it holds:

Ji > di (vp — max {d}})
dep’

where k = 1,...,n,d € D', D' = H'D, and tile j_‘é + d5 has been allocated to a different node

than j_é.

Proof: For j_; to be a communication point according to the k-th dimension, we distinguish
two cases:

1. df = 0. Since no tile dependence is enforced in this case, no limitation for jj. is defined.
So it holds 0 < j;. < vgg — 1.

2. df = 1. In this case, there must exist a data dependence in the TTIS deD such, that
the k-th component of j7 +d exceeds the respective bound of the TTIS, thus incurring
need for communication according to the k-th dimension. According to the above, it
must hold

Jrtd, > ver — 1= i +dj, > vk = i, > vpk — d,
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for some d eD or equivalently
Jr. > Vg — max {d}}
d'eD’
The unification of both cases leads to the given condition. o
Thus, it is advantageous to identify the communication data in the TTI1S, as opposed to the
other possible alternatives (e.g. the initial iteration space, the T'1S etc.) which would complicate

the communication procedure. Also, note that the offsets in LDS referenced in §3.3.3 can easily

arise as follows:
of fr = [max{d}} /W], Vk=1,...,n (3.20)
deD’

The instances of LDS corresponding to the communication points, as defined by Lemma 3.7,

can be calculated by the expression:
= Mo/ W (3.21)

for each tile dependence d% with df # 0.

Example 3.5: Continuing Example 3.4, we consider that the tiled nested loops will be
executed by a cluster of SMP nodes with 4 processors each. According to Figure 3.2, the
maximum total length corresponds to dimension jf. Thus, according to §3.3.2, jf should be

selected as the mapping dimension of this example.

) , , 2 —1 3 1 5 0
Since D' = H'D = = , the offset parameters of LDS are
-1 3 1 2 0 5

given by formula (3.20) as follows:
of fi = [max{d}}/h'1] = [5/1] =5
d'eD’

of f2 = [max{dy} /W3] = [5/5] = 1
d'eD’!

According to Definition 3.1, as depicted in Figure 3.12, the local data space LDS is defined as

follows:
LDS = {j" € Z"0 < j{ <5+ t]10/1 =5+ 10/{{ A0 < j§ < 1 +4-20/5 =17}

where |t| denotes the maximum number of tiles assigned to a processor of the particular node.

According to formula (3.21), as indicated in Figure 3.12, the data that are computed in this
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node and should be transferred to a neighboring one, reside in the positions of LDS with
jé, Z mgvgg/}?gg =4. 20/5 = 16.
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Execution of tiles onto clusters of
Symmetric Multiprocessors (SMP

nodes)

In this chapter, the execution policies of non-overlapping and overlapping commu-
nication with computation, are gemeralized, in order to be applied onto PC clusters
with more than one CPUs each. In order to achieve this generalization, we introduce
the technique of grouping, which is a tiling transformation applied onto tiles. Af-
terwards, we produce a linear time scheduling of groups, which seems to be optimal,
while any linear scheduling of tiles would be suboptimal, since the communication re-
quirements among tiles are different. We also indicate how computation tasks should
be allocated to the processors and we determine the guidelines for the selection of
the grouping parameters. Finally, we theoretically and experimentally validate the

techniques proposed.



90 Execution of tiles onto clusters of Symmetric Multiprocessors (SMP nodes)

4.1 An Intuitive Approach

Before starting with the full demonstration of the proposed techniques, we will intuitively illus-
trate the basic concepts of our method, using an example. Let us consider the following scenario:
A 2-dimensional nested loop is to be executed onto a cluster of 3 identical single CPU nodes.
We tile the iteration space of the code segment and assign each row of tiles to a CPU node. In
order to achieve an easy allocation of tiles to CPUs, the size and shape of tiles should be selected
so that the iteration space is partitioned into 3 rows of tiles (since 3 CPUs are available). Then,
the tiles can be computed using either the overlapping, or the non-overlapping scheme presented
in §2.7.

Figure 4.1: Execution of tiles on single-CPU nodes.

If the cluster consists of 3 single-CPU nodes, the initial iteration space is partitioned into 3 rows
of tiles.

In the sequence, each single CPU node is replaced by an SMP node, with 2 CPUs. The
first solution one may think of, is tiling the initial iteration space from scratch, selecting the
tile size so as to get six rows of tiles. Then, a row of tiles may be assigned to each CPU and
executed as if there were six single CPU nodes. This would mean that even CPUs inside the
same SMP node should communicate with each other via message passing, in order to exchange
the data needed. The result of such a consideration may be unnecessary transfers from the
processing unit to the network card and vice versa, which will consume a portion of the intra-
node communication bandwidth. In the best case, when the compiler can detect and prevent
such unnecessary communication between the processor and the network card, it will not evict
unnecessary transfers among the shared and private space of threads inside the same SMP node
[DKO04]. In fact, they can simply write and read the data needed directly to and from shared
memory. Then, they should only synchronize with each other using a barrier or a semaphore.

The above consideration leads to the conclusion that iterations assigned to the same SMP
node should be more tightly connected to each other, than simply being mapped to neighboring
tiles. Maybe they can belong to the same tile, or to an entity inheriting some properties of
tiling,.

In order to adjust the tile space of Figure 4.1 to this computing architecture, we can split
each tile into two subtiles and assign each subtile to one of the CPUs of the corresponding SMP

node, as indicated in Figure 4.2. Then, one may schedule tiles as if they were unsplit and take
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care so as to execute subtiles of a tile at the same time.

.S
J2
node 2 H

node 1 } H : H : : : : H :

node 0 L = H H H H H . = .

—uvy

J
Figure 4.2: Execution of tiles on SMP nodes with 2 CPUs each.

Each tile of Figure 4.1 is divided into 2 subtiles and each CPU undertakes a subtile during each
time step.

Equivalently, the initial iteration space may be tiled from scratch, selecting the size of tiles
so as to form six rows of tiles. Then, one row of tiles is assigned to each CPU of the SMP
nodes neighboring tiles, assigned to the same SMP node, are grouped together, as in Figure 4.3.
Because of tile dependences, the tiles grouped together by this scheme cannot be simultaneously
executed, unless they are split into subtiles. Thus, additional synchronization overhead is nec-
essary due to dependences among subtiles, which have been assigned to different CPUs of the

same node, but should be executed during the same time step.

\
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node 0

Figure 4.3: Vertical grouping.

Neighboring tiles should be executed at the same time by CPUs of the same node. There are
dependences among tiles executed during the same time step.

A more efficient scheme can be obtained if the tiles assigned to the same SMP nodes are
grouped as indicated in Figure 4.4. Then, both tiles belonging to the same group can be
simultaneously executed by the CPUs of an SMP node, without a need for communication or
synchronization. Only one synchronization per tile is required, in order to certify that the data
needed are located in the shared memory. This synchronization (implemented by a barrier or a
semaphore) can be contemporary with the communication with CPUs of different SMP nodes.

In the rest of this thesis, we shall call this grouping scheme as hyperplane grouping.

On the contrary, any other grouping scheme along a specific dimension, such as the one pre-
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Figure 4.4: Hyperplane grouping.

There are no dependences among tiles executed during the same time step.

sented in Figure 4.3, will be called vertical grouping. Vertical grouping imposes additional

synchronization overhead, due to dependences among tiles of the same group.

4.2 Grouping Transformation

As shown in §4.1, efficient scheduling of tiled iteration spaces onto a parallel architecture con-
sisting of SMP nodes, is not a straightforward task. In order to generate an appropriate time
schedule, we need to group together the tiles of J° that can be concurrently executed by the
CPUs of the same SMP node. It can be achieved by applying an additional supernode, or tiling
transformation to the tile space J°. We name this supernode transformation as grouping

transformation.

Thus, from the tile space J° we produce the group space
J¢ = {5%15¢ = |H9%), 55 € I%} (4.1)

in correspondence to formula (2.4) for tiling. This grouping transformation is defined by the
n X n non-singular matrix H® (similarly to matrix H defining tiling transformation). In cor-
respondence to the tiling matrix H, the n x n matrix H® is called grouping matrix. Each
row-vector of H is perpendicular to one of the families of hyperplanes that define the bound-
aries of the groups in J°. The n x n matrix P¢ = (H%)~! is called inverse grouping matrix.
The matrix P should consist only of integer elements and its column-vectors are parallel and
equal in size to the edges of a group-hyperparallelepiped in J*.

In order to be valid, a grouping transformation should preserve the constraint of atomicity
of groups (HED® > 0 in correspondence to HD > 0 for tiling). In addition, since within a
group all tiles are concurrently executed by the CPUs of an SMP node, in order to preserve

data consistency, there should be no direct or indirect dependence among them. Equivalently,
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for each dependence vector df in the tile space, vector H Gdf should have at least one element

greater than or equal to 1.

4.3 Intuition of our algorithm

Thus, just as tiling transformation is used to summon iteration points into tiles, grouping trans-
formation is applied after tiling transformation, in order to form suitable groups of tiles. A
desirable tiling transformation is the one that minimizes communication overhead [Xue97a],
[AKN95], [RR02], [RS92], [BDRR94], or total execution time [HCF97], [HCF99], [DDRR97]
[XCO02]. Respectively, in the following paragraphs, we shall define the criteria for an efficient
grouping transformation and we shall propose a theory for determining it.

Let us consider a 3-dimensional tile space J°. We want to assign all tiles along dimension
§1 to the same CPU of an SMP node. Since all CPUs within a node have access to the shared
memory, neighboring rows of tiles, which exchange data, are assigned to the CPUs of the same
node. In this way, the part of the tile space assigned to a node will be of a rectangular shape,
as depicted in Figure 4.5.

isA cruna) cru@i)
o o

CPU(0,1) e CPU(3,1)

o ® o
*— *— *———h
° . I2

® ° )
o o

. °

CPU(0,0) é
CPU(2,0)
S CPU(1,0) CPU(3,0)

Ih

Figure 4.5: Set of tiles assigned to an SMP node.

All dots along a grey arrow correspond to tiles, which are assigned to the same CPU of the SMP
node. They are executed one after the other, during consecutive time steps.

We seek for an appropriate transformation matrix that will group together the tiles of Fig-
ure 4.5, which can be executed simultaneously by different CPUs. The execution of the portion
of the tile space, which has been assigned to an SMP node, resembles the execution of a UET
grid, as described in [AKPT99]. According to [AKPT99], the optimal valid linear scheduling
vector for an iteration space (or tile space) with unitary dependence vectors (as imposed by
§B.5), is (1,1,1), when the time required for communication is minimal. In our example, the

communication among CPUs of a node recoils to a synchronization. Thus, it may be considered
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conformal to the UET communication model. So, we shall group together the tiles that belong

to the same plane which is perpendicular to the vector (1,1, 1), as indicated in Figure 4.6.

Figure 4.6: Groups of tiles executed simultaneously in an SMP node.

The tiles of the same grey plane belong to the same group and will be executed at the same time
by different CPUs of the same node. Subfigures correspond to consecutive time steps.

The column-vectors of the inverse grouping matrix P define a hyper-parallelepiped (in
general) that contains the tiles of a group, similar to the way the columns of P define a tile.
Thus, vectors p;é and p;)é should be parallel to the plane jls + jQS + jg? = const and, at the same
time, they should be parallel to one of the planes defining the bounds of the set allocated to
this SMP node. That is, they should be parallel to the planes jg? =0 and jg = 0 respectively.
Therefore, the appropriate vectors are

-

pQG = >\(_17 17 0) and p_:),é = (_17 07 1)
(In Figures 4.5-4.7 it holds A = 4, u = 2.) In addition, in order to cover exactly the part of the
tile space allocated to an SMP node using a series of successive groups, vector plG should be

constructed parallel to both the planes jf =0 and qu = 0. Therefore, the appropriate vector is

p§ = (1,0,0)
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Thus, the appropriate inverse grouping matrix is

1 =X —pu
PS=10 X 0
0 0 u

where \, 4 € N. The maximum number of tiles grouped together will be det(P%) = Au and this
product must be equal to the number of CPUs inside a node, so as to assign one tile to each

CPU during each time step.

Figure 4.7: Constructing the inverse grouping matrix.

Vectors p§’ should be parallel to the edges of a group-parallelepiped. Their norm should be equal
to the length of the corresponding edge.

4.4 Determining P“ according to the number of CPUs within
an SMP node

Consider now the general case: We have an n-dimensional tiled iteration space and an homoge-
neous cluster of identical SMP nodes, each with m processors inside. Our objective is to assign
the tiles of J° along the first dimension to the same CPU of an SMP node. The natural number
m can be written as m = mo Xmg X - -+ Xm,,, where mo, ms,...,m, € N. The grouping matrices

are selected to be

1 —mg ... —my, 1 1
0 me ... 0 0o L ... 0
PG = ? o | and HG =(PO) L= | M2 T (4.2)
(0 0 m, | [0 0 ,;n |
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The maximum number of tiles contained inside a group is det(P%) = m, exactly equal to the
number of CPUs inside each SMP node.

Theorem 4.1 In the algorithmic model, which is summarized in Appendiz B, matrizc HC, de-

fined by formula (4.2), defines a legal grouping transformation.

Proof: In order to prove that HS defines a legal grouping transformation, it suffices to

prove that

1. HED?® >0, where D¥ is the dependence matriz of the tile space J°

2. any two tiles j_é,jsl within the same group are independent.

We have assumed (see §2.6.3 and restriction B.5) that the dependence matriz DS contains
only 0’s and 1’s. Consequently, the first condition is apparently valid.

In order to prove the second condition, we assume that the dependence matriz D° is equal
to the unitary matriz. FEven if there is a dependence vector with more than one 1’s, it is the
sum of more than one unitary dependence vectors. So it will be included in the following
proof as an indifect dependence:

If tiles jg,jsl € J® belong to the same group j?;, then it holds that:

. . . .q/ .q/ .ql
g5+t F T R R
.S .S/
- o 2 e 133 ]
[H™j%] = [H"j5 | = . = . =
s 5
L] L]
. . . . .g/ .q/ . !’ .ql
FAGE e =00 A0 et dn i
In addition, if there is a direct or an indirect dependence from j_:g to j5', it holds that

—

n
5 =35+ Nidi,
i=1

where \; € N and d; is a unitary dependence vector. The previous equality can be rewritten
as follows: 75" = j5 + X, where X = (A1,..., \n). Thus,

i =i+ i=1,..n

Therefore, the equality j3 + j5 +- - ~+j;5;_1 +45 = jf/+j§/+~ . ~+j;f_1/ +j§/ can be rewritten
as follows:
AM+A++ A, =0

As M, ..., \n € N, it holds that

Consequently, there is no direct or indirect dependence between two tiles belonging to the
same group j¢ € JE and all tiles of a group in JC can be computed simultaneously by the
CPUs of an SMP node. Thus, the above grouping transformation is valid according to our

algorithmic model. o
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Example 4.1:  We afford a cluster of SMP nodes with 2 CPUs and one NIC (Network
Interface Card) each. The NICs provide the facility of Direct Memory Access (DMA). Thus, the
overlapping execution policy can be implemented. We assume a 2-dimensional rectangular tile
space JS. Let us assign the tiles along dimension jls to the same CPU, as indicated in Figure 4.8

by the grey arrows. The CPUs of the same SMP node will process two neighboring rows of tiles.

Then, during the time step t=0, CPU 0 of SMP node 0 computes tile (0,0). During the time
step t = 1, CPU 0 of node 0 computes tile (1,0), while CPU 1 of the same SMP node computes
tile (0,1). Similarly, during the time step t = 2, CPU 0 computes tile (2,0), while CPU 1
computes tile (1,1). At the same time, the data computed in tile (0, 1), which are necessary for
the computation of tile (0,2), can be sent to node 1. During the time step t=3, the CPUs of
node 0 can continue the execution as above, while the CPUs of node 1 start executing the same

routine with the rows of tiles (e,2) and (e, 3).
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i S tile(1,2)
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Figure 4.8: Example 4.1 - Tile space.

Grey dots correspond to tiles. Tiles along the same grey arrow will be executed by the same CPU
during consecutive time steps. The grey rounded rectangles indicate which tiles will be executes
by the CPUs of the same SMP node. The ovals indicate tiles that are grouped together and
will be executed by different CPUs of the same node, during the same time step. The black
arrows indicate dependences between tiles that will be executed in different SMP nodes and,
thus, require a data transfer. The labels in the ovals-groups or besides black arrows-dependences
indicate during which time step each group will be executed and each data transfer will take
place, according to the overlapping execution policy.

In order to construct a time schedule for this example, we group together the tiles that
should be concurrently executed by the same SMP node. In particular, we apply grouping to
the tile space J°, as indicated in Figure 4.8 and derive the group space J¢ (Figure 4.9). The

appropriate grouping matrices, according to formula (4.2), for this case are

1 -2
0 2

1
0

PC =

] and H® = (P%)~1 = [

N[—= =
| S
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JS group(3,1)
3 4 5 6 7 8 9 10
nodel O o
2 3 4/ 5 6 7 8
node0 75
0 1 2 3 4 5 6 7 J
group(3,0) 1

Figure 4.9: Example 4.1 - Group space.

Grey dots correspond to groups arising when applying the selected grouping transformation to
the tile space of Figure 4.8. Groups along the same grey arrow will be executed in the same SMP
node during consecutive time steps. As in Figure 4.8, the black arrows indicate dependences
between groups that will be executed in different SMP nodes and, thus, require a data transfer.
The labels besides the dots-groups or black arrows-dependences indicate during which time step
each group will be executed and each data transfer will take place, according to the overlapping
execution policy.

In this way, tiles (1,0) and (0,1) which, as we have already mentioned, are simultaneously
executed by the same SMP node, are grouped together in j_é = |HY(1,0)T] = |[HY(0,1)T]| =
(1,0)”. Similarly, tiles (2,0) and (1, 1) are grouped together in j_é = (2,0)T. In Figures 4.8-4.9,

the time step, when each group will be computed, is shown, together with the time step, when

each data transfer will take place.

Table 4.1: Example 4.1

The columns labelled as “CPU x” indicate which tile will be executed by each CPU of an SMP
node during each time step, according to the overlapping execution policy. The columns labelled
as “group” indicate the group corresponding to the tiles executed by both CPUs of an SMP node
at the same time.

Time node 0 node 1

Step | CPUO CPU 1 | group | CPUO0 CPU 1 | group
0

ke

1

o= W= N
N N N

S N ) N D L N N N

O OO UO =[O WO NO +HO O

S N ) N O N N Ny

w

N N N N N N N
O OO UO O WO NO —HOO
N N N N N N

O = = W N == O

N N | N N N N
N N N N N N N
N N NN

N W NN =D O

N NP
N N NN

D)

In Table 4.1, we indicate the tiles of the tile space J° that will be executed by each CPU

of the first 2 SMP nodes during a time step and their corresponding group coordinates. It

can be easily deduced that a group j_é = (jlc,jg) € JE will be executed during the time step

t(jé) = j¥ + ;¥ in the SMP node j§. Therefore, the linear time scheduling vector for this
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example is TI¢ = (1,1).

Example 4.2: In case the NICs of our cluster do not support DMA, then Example 4.1 should
be modified as follows: During the time step t=0, CPU 0 of the SMP node 0 computes tile (0, 0).
During the time step t = 1, CPU 0 of node 0 computes tile (1,0), while CPU 1 of the same SMP
node computes tile (0,1). Just when the computation of both tiles is completed, data needed
for the computation of tile (2,0), which have just been computed in node 0 are transferred to
node 1. During the time step ¢t = 2, the CPUs of node 0 can continue the execution as above,

while the CPUs of node 1 start executing the same routine with the rows of tiles (e,2) and (e, 3).
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Figure 4.10: Example 4.2 - Tile space.

As in Figure 4.8, the labels in the ovals-groups or besides black arrows-dependences indicate
during which time step each group will be executed and each data transfer will take place,
according to the non-overlapping execution policy.

group(3,1)

::::: X{X///L

Figure 4.11: Example 4.2 - Group space.

As in Figure 4.9, the labels besides the dots-groups or black arrows-dependences indicate during
which time step each group will be executed and each data transfer will take place, according to
the non-overlapping execution policy.

In order to construct a time schedule for this example, as in Example 4.1, we group to-
gether the tiles that should be concurrently executed by the same SMP node. In particular,
we apply grouping to the tile space J°, as indicated in Figure 4.10 and derive the group space
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JC (Figure 4.11). The grouping matrices are identical to the ones used in Example 4.1. In
Figures 4.10-4.11, the time step, when each group will be computed, is shown, together with the

time step, when each data transfer will take place.

Table 4.2: Example 4.2

As in Table 4.1, the columns labelled as “"CPU x" indicate which tile will be executed by each
CPU of an SMP node during each time step, according to the non-overlapping execution policy.
The columns labelled as “group” indicate the group corresponding to the tiles executed by both
CPUs of an SMP node at the same time.

Time node 0 node 1

Step | CPUO CPU 1 | CPU O CPU 1 | group
0
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=
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In Table 4.2, we indicate the tiles of the tile space J° that will be executed by each CPU

of the first 2 SMP nodes during a time step and their corresponding group coordinates. It
can be easily deduced that a group ja = (¢, 4§) € JY will be executed during the time step
t(j_é) = j% in the SMP node j$'. Therefore, the linear time scheduling vector for this example is
¢ = (1,0). Thus, we may equivalently schedule tiles, instead of groups, using the linear time

scheduling vector IT = (1, 1).

4.4.1 Linear time schedule

Theorem 4.2 When applying the overlapping execution policy, the appropriate linear time
scheduling vector for the group space derived by grouping, as defined in formula (4.2), is TIC =
(1,1,...,1).

Proof:  Applying the grouping transformation defined by formula (4.2), the 1-st column-

vector of the dependence matriz DS = I is transformed to the vector d?l = HGal_*i9 =
(1,0,...,0)T. In addition, the j-th column-vector of the dependence matriz DS =1 j=

2,...,n, is transformed to the vector

. 1
HGdf:(1,0,“.;07770’,,,’0)T.
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Thus, it imposes group dependences
1
(1,0,...,0, LEJ,O,...,O)T =(1,0,...,0,0,0,...,0)T

and

11 ... 1
1 0 0
DY =
00 ... 10
0 0
We are searching for an appropriate linear time scheduling vector TI¢ = (7§, ... ,Wg)

such that each group j_é € JC is computed during the time step t = HGj_é. Consider the
last (n— 1) coordinates of a group indicating which SMP node of the cluster will exzecute this
group. Then, groups j_é = (5%,...,59) and ja' = (3% +1,5§,...,7%) will be successively
computed within the same SMP node. There is a dependence between them, as indicated by
the first column of D, but there is no need for a communication step between their successive
computation steps, because the necessary data are already l_{)cated in the local shared memory
of the SMP node. Consequently, their time distance I1¢ G’ — HGja = 7 may be equal to
1. Thus, 7 = 1. In addition, the i-th column of D¢ (i = 2,...n) imposes a dependence
between groupsj_é = (¢, ..., 5% andja/ = (F+1,58, . 8,08 +1,58 .., 5S). These
groups are executed in neighboring SMP nodes, thus a communication step is required between
their computation steps. It means that their time distance HGjGI—HGjE; =7 + 7 must be
equal to 2. Consequently, 7& =1, i =2,...,n. So, the vector 11 = (1,1,...,1) is selected

K2

for the linear time scheduling of our group space JC. -

Notice that, in [GSKO01], [STKO02], for the single CPU pipelined schedule, IT was (1,2,...,2)
according to the UET-UCT theory [AKPT99]. In other words, the optimal overlapping schedule
could be achieved when we had equal computation to communication times, so that all commu-
nication could be hidden (overlapped) with the computation phase. Nevertheless, in the SMP
case presented here, the labeling of coordinates of groups, that is the grouping transformation
P%, slightly skews the space (see Figure 4.8 and the resulting group space in Figure 4.9, the
relative positions of groups (3,0) and (3,1)). So the optimal overlapping schedule is achieved
by (1,1,...,1). Notice, also, that this scheduling vector is not the same with Hodzic’s [HS98]

scheduling vector, since we are now referring to groups, while Hodzic was scheduling tiles.

Theorem 4.3 When applying the non-overlapping execution policy, the appropriate linear time
scheduling vector for the group space derived by grouping, as defined in formula (4.2), is TIC =
(1,0,...,0).
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Proof:  As in the proof of Theorem 4.2, the dependence matrixz of the group space is:

We are searching, agam for an appropriate linear time scheduling vector 1€ = (7§, ... 7€)
such that each group j¢ € JC is computed during the time step t = I1¢ iG. Consider the last
(n—1) coordinates of a group 'mdzcatmg whzch SMP node of the cluster will execute this group.
Then, groups jG = (3%,...,39) and jG" = (¢ + 1,55, ..., 7<) will be successively computed
within the same SMP node. Consequently, their time distance HGjal — HGj_é =7 may be
equal to 1. Thus 7 = 1. In addition, the i-th column of DY (i = 2,...n) imposes a depen-
dence between groups j& = (G, ...,59) andjél =Y +1,48, . 0808+ 1,55, . 08).
These groups are executed in neighboring SMP nodes, thus a data transfer should take place
between the respective computations. In contrast to the overlapping execution policy, this
data transfer may take place during the time step, when data are computed just after the
completion of computation. Thus, their time distance 11¢; G’ — 115 G = =7+ 7r may be
equal to 1. Consequently, 7¢ =0, i = 2,...,n. So, the vector 1% = (1,0,...,0) is selected

or the linear time scheduling of our group space JC. =
[ g group sp

As in Example 4.2, notice that linear scheduling of groups, using vector II = (1,0,...,0),
is equivalent to linear scheduling of tiles, using vector IT = (1,1,...,1). Thus, the only reasons

for grouping tiles, when an overlapping execution is not possible, or not desired, are
1. comparison with the overlapping execution

2. emphasizing the fact that data originating in the same group, albeit in different tiles, may

be transferred in a single message.

Example 4.3: Consider a rectangular n-dimensional tile space J%: 0 < jf < uf, i=1,...,n

and uf > uS 1 =2,...,n. We apply grouping transformation, according to the formula (4.2).
S

Thus, tile j5 belongs to group j& = (Z 37, Lm2J o L )T

Accordlng to the overlapplng executlon policy, it will be executed during the time step

t(j ) Z]Z ZL + ZL]Z | (according to the linear time scheduling vector II¢ =

(1 1,. 1)) Group (O 0, 0) w1ll be executed during the first time step tmm = 0. Group

S
(Z u?, R i = |) will be computed during the last time step tpe. = Z uf + EL J
=1 =2
Thus, the number of time steps required for the completion of the execution (makespan), is:
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poverlap:1+tmaw_mzn—zu +ZL J Z(wf_l)'FZLwlT:lJ_Fl =

overlap Zw + Z[ —2n+2 (43)

where w; = uj + 1,4 =1,...,n is the width of the tile space along dimension 1.

Similarly, following the non-overlapping execution policy, group
~ .5 J3 Jn T
G = B — “ e 7”
SIEATARE)

N n
will be executed during the time step ¢(j¢) = j1G => jis (according to the linear time scheduling

i=1
vector HG (1,0,...,0)). Group (0,0,0) will be executed during the first time step ¢, = 0.
n
Group (z u?, LmQJ ce L%J) will be computed during the last time step tyar = Y, u?.
’ i=1

Thus, the number of time steps required for the completion of the execution (makespan), is:

n
pnonoverlap =1+ tmaz — tmin = Z UZS +1=
i=1

nonoverlap Z w; —n +1 (44)

4.4.2 Assigning Tiles to CPUs

For node labelling reasons, consider that the available SMP nodes form a virtual (n — 1)-
dimensional mesh. Thus, each node is identified by a (n — 1)-dimensional vector. Note, however,
that it is not a physical layout restriction, but a convention to give each node a unique tag. Then,

the last (n — 1) coordinates of a group indicate the SMP into which it will be executed. The

first coordinate affects only the time of its execution. Thus, a tile j_:9 = (7,... ,jn) belonging
S s
to group j& = (j7, ..., j5), will be executed in node (55, ...,j5) = (|2% ], ..., LWJTT:LJ)

Similarly, inside each SMP node we consider a (n — 1)-dimensional CPU virtual mesh con-

taining labels {cpu € Z"7 10 < epuy < myi1,1 < x < n—1}. Then, a tile ij = (57,...,72)
.S

will be executed by CPU (j5 %ma, . .., ji; %omy) of SMP node ([ 2], ...,

only tiles with the same coordinate jf will be assigned to the same CPU of the same node.

j ). So, apparently,

mn

In addition, note that, if one of the diagonal elements of the inverse grouping matrix m.,

equals to 1, then the corresponding coordinate of the CPU identification vector can be omitted,



104  Execution of tiles onto clusters of Symmetric Multiprocessors (SMP nodes)

as it will always equal 0.

4.4.3 Generalization: Grouping tiles along an arbitrary dimension of J°

If we want to assign the iterations along the i-th dimension of J° to the same CPU of an SMP

node, then it can be similarly proven that the appropriate grouping matrices are

[ 0 0 0 0 ]
0 oo mi—1 0 0 . 0
PG - -mi ... —MmM;—_1 1 —Mi4+1 ... —Mp
0 0 0 0 my,
B ) TS (4.5)
. 0 0 O 0
1
0 v 0 O 0
HE =(PH=t=| 1 1 1 1 1
0 ... 0 1 0
mi+1
1
I 0 0 0 O e
where mq X -+ X m;_1 X myy1 X -+- X m, = m. As previously, the time scheduling vector is

% = (1,...,1) if the overlapping execution policy is followed, or II¢ = (0,...,0,1,0,...,0)
otherwise. In addition, tile qu = (j7,...,42) belonging to group jé = (§¢,...,45), will be
executed within node (jC,..., 5%, 7% ,,...,4¢) by CPU (¥ %mu, ..., 55 %omi—1, i, Yomiya,
.y 5%my). As previously, if one of the diagonal elements of the inverse grouping matrix
my; = 1,x # i, then the corresponding coordinate of the CPU identification vector can be

omitted.

Example 4.4: We have a cluster of SMP nodes with 2 CPUs and a NIC each. We assume a
3-dimensional rectangular tile space J°. Let us assign the tiles along dimension j§ to the same
CPU, as indicated in Figure 4.12 by the grey arrows. The CPUs of the same SMP node will
execute two neighboring rows of tiles, which belong to the same jf — jf plane. In respect to the

formula (4.5), we choose the grouping matrices to be:
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2 0 0 3 00
P=] 0 1 0|andH =P =01 0
-2 -1 1 111

node(1,0)

Figure 4.12: Example 4.4 - 2 x 1 CPUs per SMP node - Overlapping execution.

All tiles along the same grey arrow will be executed by the same CPU during consecutive time
steps. The grey areas indicate which tiles will be executes by the CPUs of the same SMP node.
The ovals indicate tiles that are grouped together and will be executed by different CPUs of the
same node, during the same time step. The black arrows indicate dependences between tiles
that will be executed in different SMP nodes and, thus, require a data transfer. The labels in
the ovals-groups or besides black arrows-dependences indicate during which time step each group
will be executed and each data transfer will take place, according to the overlapping execution

policy.

In Figure 4.12 we show the grouping of tiles and when each computation step and each
communication step will take place, according to the overlapping execution policy. In Table 4.3,
we indicate the tiles of J° that will be executed by each CPU of the 3 neighboring SMP nodes
(0,1), (0,0), (1,0) during each time step. It can be easily deduced that a group (j¢, 5§, 5§) € J¢
will be executed in node (57, ;$) during the time step t(j_é) = j + 5§ + j§. Therefore, as

expected, the linear time scheduling vector for this example is I1¢ = (1,1, 1).

Similarly, in Figure 4.13, we show the grouping of tiles and when each computation step and
each communication step will be executed, according to the non-overlapping execution policy.
In Table 4.4, we indicate the tiles of J° that will be executed by each CPU of the 3 neighboring
SMP nodes (0,1), (0,0), (1,0) during each time step. It can be easily deduced that a group
(55,48, 35) € JE will be executed in node (5{, j§) during the time step t(j_é) = j$'. Therefore,

as expected, the linear time scheduling vector for this example is TI¢ = (0,0, 1).
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Table 4.3: Example 4.4 - 2 x 1 CPUs per SMP node - Overlapping execution

Time node (0,1) node (0,0) node (1,0)
Step | CPUO CPU 1 ‘ group | CPU 0 CPU 1 ‘ group | CPU 0 CPU 1 ‘ group
0 0
0 0 0
0 0
0 1 0
1 0 0 0
1 0 1
0 0 0 1 0
2 1 1 0 0 0
0 1 2 1 2
0 1 0 0 1 0 2 1
3 1 1 1 0 0 0 0 0
1 ) 0 ) 2 3 2 3 0 ( 2
0 1 0 0 1 0 2 3 1
4 1 1 1 0 0 0 0 0 0
2 1 3 4 3 4 1 0 3
0 1 0 0 1 0 2 3 1
H 1 1 1 0 0 0 0 0 0
3 2 4 5 4 5 2 1 4

.S
J2 node(0,1) node(1,1)
T o) 2 3 o)

node(1,0)

Figure 4.13: Example 4.4 - 2 x 1 CPUs per SMP node - Non-overlapping execution

Example 4.5: We have a cluster of SMP nodes with 4 CPUs and a NIC each. As previously,
we assume a 3-dimensional rectangular tile space J°. Let us assign the tiles along dimension j§
to the same CPU, as indicated in Figure 4.14 by the grey arrows. The CPUs of the same SMP

node will undertake 4 neighboring lines of tiles which belong to the same j{ — qu plane.

According to formula (4.5), we choose the grouping matrices to be

4 0 0 $ 00
PC=| 0 1 0|andH =P '=|0 1 0
-4 -1 1 111

In Figure 4.14 we indicate the grouping of tiles and during which time step each computation
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Table 4.4: Example 4.4 - 2 x 1 CPUs per SMP node - Non-overlapping execution

Time node (0,1) node (0,0) node (1,0)
Step | CPUO CPU 1 | group | CPUO CPU 1 | CPU 0 CPU 1 | group
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step and each communication step will take place, following the overlapping execution policy. In
Table 4.5 we indicate which tiles of the tile space J° will be executed by each CPU of the first 3
SMP nodes of our cluster during a time step. In addition, we indicate which is the corresponding
group of JY. Tt can be easily deduced from Table 4.5 that a group (¥, j¥,j§) € J will be
executed in the SMP node (5§, j5) during the time step t(j_é) = j¥ + 5§ + j$. Therefore, the

linear time scheduling vector for this example is I = (1,1, 1).

Similarly, in Figure 4.15 we indicate the grouping of tiles and during which time step each
computation step and each communication step will take place, following the non-overlapping
execution policy. In Table 4.6 we indicate which tiles of the tile space J° will be executed
by each CPU of the first 3 SMP nodes of our cluster during a time step. In addition, we
indicate which is the corresponding group of J&. It can be easily deduced from Table 4.6 that
a group (j,5¢,5§) € J¢ will be executed in the SMP node (j¥,j$') during the time step
t(jé) = j3G = 7+ jg + j35 Therefore, the linear time scheduling vector for this example is
1% = (0,0,1).

Example 4.6: We have a cluster of SMP nodes with 4 CPUs and a NIC each. As previously,
we assume a 3-dimensional rectangular tile space J°. The CPUs of the same SMP node under-

take 4 neighboring lines of tiles whose projection on the jig — jg plane forms a square. Thus,
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7

node(O,jI)

node(1,0)

Figure 4.14: Example 4.5 - 4 x 1 CPUs per SMP node - Overlapping execution.

As in Figure 4.12, the labels in the ovals-groups or besides black arrows-dependences indicate
during which time step each group will be executed and each data transfer will take place,
according to the overlapping execution policy.

according to formula (4.5), the grouping matrices are

2 0 0 30
PS=| 0 2 0| andHS=(P% = 0 L 0
-2 -2 1 111

In Figure 4.16, we indicate which tiles of JS will be undertaken by each SMP node. In
Figure 4.17, we have zoomed to the part of J° assigned to an SMP node and we indicate which
tiles of this part will be executed simultaneously by different CPUs. These tiles belong to the
same grey plane. In Table 4.7 we indicate which tiles of the tile space J° will be executed by
each CPU of the first 3 SMP nodes of our cluster during a time step, following the overlapping
execution policy. In addition, we indicate which is the corresponding group of J“. As in
Examples 4.4 and 4.5, it can be deduced that a group (le,jg,jg) e JC will be executed in
SMP node (5¢,5§) during the time step t(j_é) = j¢ + 3§ + j§. Therefore, the linear time
scheduling vector for this example is II¢ = (1,1, 1).

Similarly, in Table 4.8 we indicate which tiles of the tile space J° will be executed by each
CPU of the first 3 SMP nodes of our cluster during a time step, following the non-overlapping
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Table 4.5: Example 4.5 - 4 x 1 CPUs per SMP node - Overlapping execution.

Since CPUs inside an SMP node form a 4 x 1 mesh, we have omitted the second dimension when

labelling CPUs. It would be always equal to 0, as explained in page 104.

Time node (0,0)
Step | CPUO CPU1 CPU2 CPU 3 | group
0 0
0 0 0
0 0
0 1 0
1 0 0 0
1 0 1
0 1 2 0
2 0 0 0 0
2 1 0 2
0 1 2 3 0
3 0 0 0 0 0
3 2 1 0 3
0 1 2 3 0
4 0 0 0 0 0
4 3 2 1 4
0 1 2 3 0
5 0 0 0 0 0
5 4 2 5
Time node (0,1)
Step | CPUO CPU1 CPU2 CPU 3 | group
0 0
2 1 1
0 1
0 1 0
3 1 1 1
1 0 2
0 1 2 0
4 1 1 1 1
2 1 0 3
0 1 2 3 0
5 1 1 1 1 1
3 2 1 0 4
Time node (1,0)
Step | CPFUO CPU1 CPU2 CPU 3 | group
4 1
5 0 0
0 4

execution policy. Once again, it can be deduced that a group (jf,jgjg) € JC will be executed

in SMP node (5, j$) during the time step t(j_é) = j§ = j§7 + 45 + 55

time scheduling vector for this example is TI¢ =

(0,0, 1).

Therefore, the linear
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node(O,jI)
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Figure 4.15: Example 4.5 - 4 x 1 CPUs per SMP node - Non-overlapping execution

4.4.4 Optimal selection of m;s

Considering the minimization of the makespan

Let us consider (as in Example 4.3) a rectangular tile space J°: V5 € J° it holds 0 < j& < u?,
0 <i < n. We apply grouping transformation, according to formula (4.5). Similarly to formula

(4.3), it can be proven that the makespan of the execution will be

n S
w
o => wi+ Y [-E]- 4,
overlap Wy, + / [mk—l 2n +2 ( 6)
k=1 ki
where wj =uj +1,7=1,...,n is the width of the tile space along dimension 7.

In order to minimize the total completion time, we should apparently choose the i-th dimen-
sion, along which we allocate the tiles to the same CPU, so that it holds wf > w,f, Vk=1,...,n,
as wy is the only dimension of J° which is involved in (4.6) only once.

After the selection of the i-th dimension, the ceiling functions involved in the expression
(4.6) can be eliminated as follows:

S k S k
Zwk +Zm7k—2n+2§ poyerlap<zwk +Zm7k‘_n+1
k=1 k#1 k=1 k#i

Thus, we can assert that the completion time of the algorithm is approximately minimum when
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Table 4.6: Example 4.5 - 4 x 1 CPUs per SMP node - Non-overlapping execution
Time node (0,0)
Step | CPUO CPU1 CPU2 CPU33 ‘

o
—
)
=

ke

) ()
b)) [4)
S IONONO Y
SIOHOEONONY
BIOEOEONOIH
o) ) G) G

L))
AIOHONONY

Time node (1,0)
Step | CPFUO CPU1 CPU2 CPU 3 | group

() (1)

SO = = =] k=R
N N N
N === == O
L~ N N
B = OW R ON RO~ = O
N N N

== NO =N

S
the expression ) % is minimized. According to Lemma C.3, this condition is valid when
ki
1
m n—1
mk:w,‘j S S 3 Jk=1,...,n,k#1 (4.7)
Wy WP WPy Wy

Of course, it is not always feasible because the numbers m; should be natural. But it always
applies an approximate criterion for the selection of parameters my. Intuitively, it means that

S
. wr. .
parameters mj should be chosen so that ratios m—’; are as close to each other as possible.

Example 4.7: Let us consider a cluster of SMP nodes with m = 4 CPUs each and a 3-

dimensional space J° with size 20 x 100 x 20. It means that wf = 20, wg = 100, w?? = 20.
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Figure 4.16: Example 4.6 - 2 x 2 CPUs per SMP node.

Neighboring tiles depicted using dots of the same color are assigned to the same SMP node.

Then, according to our previous analysis, the best choice will be: ¢ = 2, m; = 20 <2();1720> - 2,

mg = ot = 2. If we apply these values in expression (4.6), we get that the number of steps

required for the completion of the execution will be §pyei0p = 156. In contrast, if we chose
my = 4, mg = 1, then the expression (4.6) would get the value §yy¢piap = 161 > 156.
If the size of J° is 20 x 120 x 150 (w} = 20, wy = 120, w§ = 150), then, according to
1

our previous analysis, the best choice will be: 7 = 3, m; = 20 (ﬁ) > — 0.816. The closest
m

natural number which divides m = 4 is m; = 1. Thus mo = o =4 If we apply these values in
the expression (4.6), we get that the number of steps required for the completion of the execution
will be §gperiap = 336. In contrast, if we chose m; = mg = 2, then the expression (4.6) would

get the value pomlap = 356 > 336.

When the non-overlapping execution policy is followed, as deduced from formula (4.4), the
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Figure 4.17: Example 4.6 - 2 x 2 CPUs per SMP node.

Each sub-figure depicts the tiles assigned to an SMP node. Tiles across a grey plane, are executed
simultaneously by different CPUs of the SMP node.

selection of parameters my does no matter for the computation of the makespan.

Considering the minimization of the communication overhead

As one can easily observe in Example 4.7, when the overlapping execution policy is followed,
the significance of the selection of parameters my, as it has just been described, is less when the
ZS is much longer than dimensions wls, . 7wz$—17 wisﬂ, cee w;?. So, it may

be preferable to choose the values of parameters my taking into consideration the minimization

maximum dimension w

of the communication requirements among the SMP nodes. This need is apparent when com-
munication is not overlapped with computations. In that case, the less the communication load
is, the faster the execution is completed.

K
l2 1,

Figure 4.18: Communication load of a tile.

Communication load along dimension x is defined to be the number of dependence vectors, which
cross the respective tile boundary line (or, generally, for n dimensions, hyperplane).
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Table 4.7: Example 4.6 - 2 x 2 CPUs per SMP node - Overlapping execution

Unlike Examples 4.4 and 4.5, in this example we should label CPUs of an SMP node using both
dimensions of the 2 x 2 virtual mesh.

Time node (0,0)
Step | CPU (0,0) CPU (0,1) CPU (1,0) CPU (1,1) |
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Let us represent with [, the communication load of a tile along the k-th dimension, as
indicated in Figure 4.18. If we group together mims tiles, then the communication loads among
the SMP nodes will be [ymo = mﬂlll and lomq = n%lg, as indicated in Figure 4.19. Similarly,
if we group together mq ---m;_1mjy1---m, tiles, then the communication loads among the
nodes of the cluster will be 2 lk Thus the total communication load of a group will be liotq; =

m (l—l foeep izt g b li) According to Lemma C.3, it is minimized when my =

mi mi—1 mi+1 mn

Iy ($)ﬁ k=1,...,n, k # i. Of course, as numbers my should be natural, this

lilimalipa-ln
criterion is also approximative.



4.4 Determining P¢ according to the number of CPUs within an SMP node 115

Table 4.8: Example 4.6 - 2 x 2 CPUs per SMP node - Non-overlapping execution
Time node (0,0)
Step | CPU (0,0) CPU (0,1) CPU (1,0) CPU (1,1) |
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Time node (0,1)

)

W~

Step || CPU (0,0) CPU (0,1) CPU (1,0) CPU (1,1) | group
0 2
0 0 1 0
3 ( 2 ) 3 2 ( 1 )
1 0 0 3
0 0 1 1 0
2 1 1 0 4
Time node (1,0)
Step || CPU (0,0) CPU (0,1) CPU (1,0) CPU (1,1) | group
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In the rest of this chapter, we shall theoretically and experimentally compare the proposed
methods with each other. Although our above theoretical results can be applied to any convex
tile space, as explained in §2.2, we shall go on using only rectangular tile spaces, as in our
previous examples. We consider that this simplification is convenient for clearly expressing
some ideas and it does not constrain any of the advantages or disadvantages of the proposed

methods.
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Figure 4.19: Communication load of a group.

Communication load along dimension z is defined to be the product of the communication load
of a tile along dimension z, and the number of tiles, which touch the respective group boundary
line (or, generally, for n dimensions, hyperplane).

4.5 Theoretical Comparison

In this section we shall compare vertical grouping, which is indicated in Figure 4.3, with the
proposed scheme of hyperplane grouping, which is shown in Figures 4.4 and 4.8, in the case of

a 2-dimensional algorithm and a cluster of SMPs with 2 CPUs each.
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Figure 4.20: In order to execute at the same time tiles grouped together by a vertical
grouping scheme, we should further divide them into sub-tiles and execute some of them in
parallel, according to an intra-tile hyperplane scheduling.

As we have already mentioned, vertical grouping cannot exploit the computational power
of both CPUs of our SMPs unless we split each tile into smaller subtiles and compute some
of them in parallel, as shown in Figure 4.20. Let us assume that a CPU needs time « for the

computation of a tile with dimensions =, y (Figure 4.20a). Consequently, it will need time

for the computation of a respective subtile with dimensions &, y (Figure 4.20c). The subtiles
which are created can be computed by 2 CPUs in N + 1 computational steps, interleaved with
N synchronization steps, following an optimal linear time schedule (1, 1) as in Figure 4.20c. If

the average time consumed for the synchronization of 2 CPUs of an SMP node is tsypnch_in, then
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the total time required for the computation of a pair of initial tiles is

N+1
B=a + Ntsynch,in- (48)
(G is minimized when
N= | % (4.9)
tsynch,in

Therefore, the minimum value of 3 is Byin = a + 2\/atsynchin > a.

If we consider an iteration space of size X x Y, tiled with rectangular tiles of size xy, (for

example in Figures 4.3, 4.4 we have % = 10,% = 6), then we have the following options:

1. Following the non-overlapping scheme (which can be implemented using blocking calls)
in combination with vertical grouping, the number of time steps required for the comple-
tion of the execution is § = % + % — 1. The minimum duration of a time step (according
to formula (2.10)) iS Bynin + teomm, where teomm is the time required for the communication
between two SMP nodes. Thus, the total time required is

X Y

Tblock’ing,vertical = p(ﬁmm + tcomm) = ( + ?y)(ﬁmm + tcomm)

X

2. Following the overlapping scheme (which can be implemented using non-blocking calls) in
combination with vertical grouping, the number of time steps required for the completion
of the execution is §= % + % — 2. According to formula (2.11), if we set tcomp = Bmins
the minimum duration of a time step is tstart_dma +Max(Bmin, teomm dma) + tsynchro- Thus,

the total time required is

Tnonfblocking,'uertical - p(tstart,dma + maw(ﬂminv tcomm,dma) + tsynchro) x>~

= (% + %)(tstart,dma + max(ﬁmina tcomm,dma) + tsynchro)

If ﬂmm > 751:07717’de771(17 then

+ )(tstart,dma + /Bmm + tsynchro)

Tnonfblocking,vertical = (

ik
= [

3. Following the overlapping scheme in combination with hyperplane grouping, the num-
ber of time steps required for the completion of the execution is £= % + % — 2. Ac-

cording to formula (2.11), if we set t.omp = <, the minimum duration of a time step is
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tstartdma + MAx(Q, teomm_dma) + tsynchro- Thus, the total time required is

Tnon—blocking,hyperplane = p(tstart,dma + maa:(a, tcomm,dm(z) + tsynchro) ~

= (% + %)(tstart,dma + max(a, tcomm,dma) + tsynchro)

Ifa> Leomm_dma> then

X 3y
Tnonfblocking,hyperplane =~ (; + Z)(tstart,dma +a+ tsynchro)

In most real problems it holds that % = A < 1. Therefore, in case that G, >

teomm, the overlapping scheme in combination with vertical grouping is more efficient than
Y

the non—overlapping scheme, when tcomm_dma > (tstart,dma + Bmin + tsynchro)giriyl < teomm >
T 2y

%(tsmrtfdma + Bmin + tsynchro)- In addition, the overlapping scheme, in combination with hyper-

plane grouping, is more efficient than the overlapping scheme, in combination with vertical group-

ing: when (% + %) (tstart,dma +o+ tsynchro) < (% + %) (tstart,dma +a+2 vV atsynch,in + tsynchTo) CIf
. [toynch.i 2

we consider tgart_dma + Lsynchro <K @, then, we get 2 t“‘””;’“m > f‘%\ ~ % = tsynch.in > « (%) )

This is due to the fact that, using vertical grouping, the pipeline filling is faster, while, using

hyperplane grouping, the pipeline throughput is faster. So, hyperplane grouping is preferable
when the mapping dimension of the tile space is long enough in comparison to the rest dimen-
sions. However, in any case, the hyperplane grouping has the advantage that it needs no extra
tiling inside each tile in order to exploit the computational force of the CPUs.

Consequently, which communication and grouping policy is optimal, depends on the hard-
ware characteristics. One should estimate the time parameters involved in the model (compu-
tation, transfer initialization overhead, actual transfer overhead) and determine which scheme
is going to give the peak performance. In general, the purpose of the overlapping scheme, in
combination with hyperplane grouping, is exploiting all modern architectural characteristics of
NICs, such as DMA, RDMA, Zero Copy, or even NICs with embedded processors. Thus, this

scheme will be optimal when these characteristics are actually available.

4.6 Experimental Verification

4.6.1 Experimental platform and algorithm

In [STKO02], the pipelined schedule proposed in [GSK01] was applied, using a cluster of single
CPU nodes with PCI-SCI NICs. In this thesis, as in [ASTT05], [ASTK02a], [ASTKO02b], in
order to evaluate the proposed methods, we ran our experiments on a Linux SMP cluster with 8
identical nodes. Each node had 128MB of RAM and 2 Pentium I1T 800 MHz CPUs. The cluster
nodes were interconnected with an SCI ring, using SCT Dolphin’s PCI-SCI D330 cards. SCI
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NICs support shared memory programming, either through PIO (Programmed-I0) messaging,
or through DMA. We are using their kernel-level DMA support for messaging. Invoking kernel
system calls, causes extra CPU cycles overhead. However, we can avoid extra copying from user
space to kernel space (physical memory) when using DMA. We allocate user level pages, which
correspond to physically contiguous pre-reserved memory regions, for DMA communications.
Our test application was the following code:
for(i=1; i<=X; i++)
for(j=1; j<=Y; j++)
for(k=1; k<=Z; k++)
A[i]1[j1[k]=func(A[i-11[j1[k],A[il[j-11[k],A[i][j1[k-11);
where A is an array of X X Y x Z floats and X =Y << Z. Without lack of generality, we
select as a tile a rectangle with 75, ¢k and jk sides. The dimension k is the largest one, so all
tiles along k-axis are mapped onto the same processor, as proposed in §4.4.4. Each tile has i, j
dimensions equal to x and the tile’s “height” along k-axis equal to z. There are % tiles along

22, and since

dimensions ¢ and j and % tiles along dimension k. Tile’s volume is equal to g = =
the number of available processors is initially known, the only unknown parameter is z.

We applied both vertical and hyperplane grouping, using both blocking and non-blocking
communication primitives. Since both vertical and hyperplane grouping can be combined with
both overlapping and non-overlapping communication, we experimented with all four combina-
tions. For each exemplary iteration space and each possible tile height, we calculated the total
execution time for the above schemes. In order to implement these schemes, we used Linux

POSIX threads with semaphores for the synchronization among the processors of an SMP node

and the SISCI driver and libraries for the communication among the SMP nodes.

4.6.2 Tuning Parameters

First of all, as far as the implementation of vertical grouping is concerned, we experimentally
verified formula (4.9), in order to calculate the optimal execution time for a couple of tiles by
an SMP node. We assigned the computation of two tiles to the two processors of an SMP node
and measured their execution time in respect to the number of subtiles into which each tile was
cut, in order not to violate the iteration dependences. The experimental results, along with the
theoretically expected curve, are plotted in Figure 4.21. The theoretical plot was calculated using
the formula (4.8) with o ~ 69msec and tgynehin ~ 11pusec. These values were experimentally
measured by running a simple code fragment thousands of times and calculating the average
execution time. If we find the Npegt theoretical; that is the point N where the theoretical minimum
is achieved and for this IV we find the corresponding experimental overall time, then the difference
between this value and the experimental minimum is less than 0,15%. This is clearly shown in

Figure 4.22, which has zoomed in the minimum of the diagram of Figure 4.21. So we can safely

use Nbest,theoretical as Nbest-
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This can be simply justified as follows: If we consider a shift §N of N, then the shift of

6 will be 65 = —a% + tsynch indN. If, in this formula, we set N = Npest theoretical We
( SN ' )2
get that: -2 Noest, theoretical 1 Therefore, the less the parameter tgynehn in is in

/Brnin - 1+ ON 2+\/ a

Nbest,theoretical tsynch,’in
comparison to «, the less important the exact selection of N is. Intuitively, in the extreme case,

where tgyncnin 15 0, we could always achieve the same results, no matter how fine grained the
parallelism is (i.e. for very large N’s). However, tsy,ch in is always considerable and cannot be

ignored for real life SMP architectures.
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4.6.3 Experimental Results

Once vertical grouping had been implemented and approximated with a theoretical formula, we

implemented both blocking and non-blocking communication schemes. As far as the blocking
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Table 4.9: Implementation of the non-overlapping scheme

[ Thread 0:

[ Thread 1:

foreach group assigned to node(i,j) do{
receive from node(i-1,j)
receive from node(i,j-1)

foreach group assigned to node(i,j) do{

receive from node(i,j-1)

compute_tile(i,j,k,CPUO)

compute_tile(i,j,k,CPU1)

send to node(i,j+1)

send to node(i+1,j)
send to node(i,j+1)

semaphore_post (sem_s1)
semaphore_wait (sem_s2)

semaphore_post(sem_s2)
semaphore_wait(sem_s1)

Table 4.10: Implementation of the overlapping scheme

[ Thread 0:

[ Thread 1:

Explanation

foreach group assigned to node(i,j) do{
trigger_interrupt to node(i-1,j)
trigger_interrupt to node(i,j-1)

wait_interrupt from node(i,j+1)

send_dma(node(i,j+1),data)

foreach group assigned to node(i,j) do{

trigger_interrupt to node(i,j-1)
wait_interrupt from node(i+1,j)
wait_interrupt from node(i,j+1)
send_dma(node(i+1,j) ,data)
send_dma(node(i, j+1),data)

Inform “previous” nodes:
“I am ready to accept data”
Wait until “next” nodes
are ready to accept data
Initialization of DMA transfer
to neighboring nodes

compute_tile(i,j,k,CPUO)

compute_tile(i,j,k,CPU1)

wait_dma()

trigger_interrupt to node(i,j+1)
wait_interrupt from node(i-1,j)
wait_interrupt from node(i,j-1)

wait_dma()
wait_dma()
trigger_interrupt to node(i+1,j)
trigger_interrupt to node(i,j+1)

wait_interrupt from node(i,j-1)

Wait for DMA to complete

Inform “next” nodes:
“Your data has arrived”
Wait until “previous” nodes
have finished sending data

semaphore_post (sem_s1)
semaphore_wait (sem_s2)

semaphore_post(sem_s2)
semaphore_wait(sem_s1)

Implementation of a barrier

Table 4.11: Implementation of the vertical vs. hyperplane grouping

Vertical grouping

compute_tile(i,j,k, CPUO):

compute_tile(i,j,k, CPU1):

semaphore_post(seml)
semaphore_wait(sem2)

foreach subtile of this tile do{
compute each iteration of this subtile

semaphore_post (sem2)
semaphore_wait(seml)

}

foreach subtile of this tile dof{

compute each iteration of this subtile

Hyperplane grouping

compute_tile(i,j,k, CPUO):

compute_tile(i,j,k, CPU1):

compute each iteration of this tile

compute each iteration of this tile

communication scheme is concerned, it was implemented using the pseudo-code of Table 4.9. On
the other hand, the non-blocking scheme was implemented using the pseudo-code of Table 4.10.
Notice that during each time step every SMP node in the ij plane with coordinates (7, j) receives
from neighboring nodes (i — 1, ) and (i,j — 1), computes and sends to nodes (i + 1, 7),(4,5 + 1)
(Figure 4.23). Since the send_dma() call is not blocking, the computation of the tiles will be
performed concurrently with the transferring of data among the SMP nodes. After the execution
of wait_dma(), it is assured that both computation and communication are already completed.

The implementation of vertical and hyperplane grouping was achieved by a proper proce-
dure compute tile(i, j, k, CPUx). In order to implement vertical grouping, we used the
pseudocode of Table 4.11. The number of subtiles inside a tile was selected according to formula

(4.9). Notice that, the implementation of hyperplane grouping was much simpler, as shown in
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Table 4.11.
(ij+1)  (ij+1)
CPUO CPU 1
(-1.j) (i+1.)
j SMP node(i,))

(O R ()

Figure 4.23: Directions and source/destination nodes of message exchanges for an SMP
node with 2 CPUs
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Figure 4.24: Experimental Results: 16 x 16 x 1024k iteration space

The problem was solved using various values of X =Y and Z. For each schedule, we are
interested in the overall minimum execution time achieved at an optimally selected tile height
(see [GSKO1], [STK02], [HS98]). The experimental results, shown in Figures 4.24-4.28, illustrate
that, in every case, non-blocking communication is preferable to blocking communication and
hyperplane grouping is preferable to vertical grouping. The lowest minimum is clearly achieved
when using hyperplane grouping, in combination with non-blocking communication, in all cases.
As far as hyperplane grouping, in combination with non-blocking communication, is concerned,
according to our scheduling theory (formula (4.6)), the number of time steps required for the
completion of an experiment is §(z,y,z) = % + % + % — 4. The minimum duration of a
time step, as mentioned in §4.5, is (fstart_dma + tecomp + tsynchro)- Thus, Thon_biocking, hyperplane =
(% + % + % —4) (tstart_dma + teomp +tsynchro)- This formula was used to produce the theoretical
curves of Figures 4.24-4.26 with values ts4rt dma + tsynchro = 100psec and teomp = xQZtcompl,
where t.omp1 is the execution time of a single iteration and it was measured equal to 39, 6nsec.

One can easily verify from Figures 4.24-4.28 that the graphs of the theoretical model are very
close to the corresponding experimental graphs, not only at the desired minimum, but along the

whole graph. Thus, the theoretical model of scheduling is strongly verified by the experimental
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Figure 4.25: Experimental Results: 24 x 24 x 1024k iteration space
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Figure 4.26: Experimental Results: 32 x 32 x 1024k iteration space

results.

4.6.4 Scalability Issues

The theoretical model presented in this chapter is general enough, so as not to be differentiated
when scaling up the underlying hardware architecture. However, in this section, we shall examine
some practical problems, which may rise.

For example, if we add more SMP nodes, the initial iteration space may be cut into smaller

. . . . . . t
tiles. Thus, the computation to communication ratio of each tile ;—***— may reduce because

comm_dma

of two reasons:

1. Less computations are assigned to each SMP node, while the amount of data transfer

required is not proportionally reduced.

2. If the network is saturated (by more SMP nodes trying to send more data in more messages
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Figure 4.28: Experimental Results: 48 x 48 x 512 iteration space

to each other), the increase in tcomm_dma Will be more than relative to the increase in the

volume of data transmitted.

However, considering an application with uniform dependences, as described in the algorithmic
model in §2.2, and a torus interconnection topology, such as the one used for our experiments,
the network will be never saturated due to the increase of SMP nodes. This is because each node
need to communicate only with its neighbors, thus there are no shared resources among different
communication channels. Thus, only the first reason mentioned above can potentially cause
some trouble when adding more SMP nodes. But, if it still holds tcomp > tcomm._dma, DOthing
will change in the implementation of our model. In the opposite case (tcomp < tecomm.dma), the
use of even more nodes will not be efficient. This problem will not concern our scheduling, but it
will mean that the communication architecture is too slow to exploit all the computation power
of the computing system. Then, it would be better not to use all the nodes available, as implied

in [HS98]. However, regarding the speed and efficiency of modern interconnection networks, like
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the SCI based interconnect, or the Myrinet interconnect used for the experimentation of this
thesis, it is not possible to encounter such a situation, especially when computing large iteration
spaces of real problems.

If we add more CPUs inside each SMP node, we may again cut the initial iteration space into

tco’mp

smaller tiles. The computation to communication ratio of each tile ; will be decreased

comm_dma
again, but only for one reason: Less computations are assigned to each CPU. In particular,

twi‘f% will be conversely proportional to the number of CPUs inside each SMP node. In this
case, no more data need to be sent through the interconnection network, since the additional
CPUs communicate with each other and with the preexisting CPUs through the shared memory
of the SMP node. However, tsynchro and tetart ama Will slightly increase, because, first, more CPUs
need to initialize their DMA sends and receives and, second, these operations can not be executed
at the same time by different threads of the same node (no thread-safe environment — see the
implementation code of Table 4.10). This problem can be solved by assigning all communication
overhead to one thread only and at the same time reducing the computation overhead of this
thread. Following that technique, CPUs do not remain idle waiting to synchronize with each
other, since the amount of computations assigned to the communicating thread may be properly
calculated, so as the total communication+computation overhead to be evenly distributed among
the CPUs of each node. The exact solution of this problem concerns the research conducted by
Nikolaos Drosinos in Computing Systems Laboratory.

Another aspect of scalability (concerning the scheduling algorithm, not the hardware) is
having so large iteration spaces that we cannot cut them into so few tiles. That is, applying
a tile selection technique, such as the ones presented in [BDRR94], [Xue97a], [Xue00], [RR04],
[KRC99], [LRWI1], [WL91a], [PHP03], [MHCF98], we may get more rows of tiles than the CPUs

available. Then we should apply a more complicated technique for assigning tiles to SMP nodes
and CPUs as described in [AKKO04] and in Chapter 5 of this thesis.
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Scheduling onto a fixed number of

homogeneous SMP nodes

In this chapter, we assume that the number of SMP nodes of the available cluster may
be less than the number of SMP nodes needed for the application of a time scheduling
produced by the techniques proposed in Chapter 4. Thus, we need to allocate more
than one of the tasks produced to each CPU. Which of them will be assigned to the
same CPU? This chapter answers the above question by proposing five alternative
schedules. Fach one seems to be preferable for a specific form of tile spaces or for a

set of architectural characteristics.
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5.1 Introduction

The schedule proposed in Chapter 4 assumes the availability of an unlimited number of SMP
nodes or that the tile size has been selected so as the SMP nodes required do not exceed the
available SMP nodes. However, it cannot be always true, since the tile size is often selected so
as to minimize communication load [BDRR94], [Xue97al, [Xue00], [RR04], or to achieve locality
in memory data references [KRC99], [LRW91], [WL91a], [PHP03], [MHCF98]. In [AKPTO00]
Andronikos et al. have proposed an assignment scheme onto a fixed number of nodes. It might
be generalized, for assigning tiles onto a fixed number of nodes, however the complexity of
evaluating which tiles should be assigned to which node is too high. Such an allocation scheme
may be optimal, but it will be impractical if we want to incorporate it into an automatic code
generation tool [GDAKO02a]. On the other hand, automatic code generation without taking care

of processor allocation and scheduling has certain drawbacks:

1. A lot of precesses are generated, which are not actually needed, since they may outnumber
the processors available. As a result, the processes generation time may unnecessarily be
comparable to the processes execution time, as we found out during our experimentation
in [GDAKO02a].

2. In addition, we are obliged to have confidence in the operating system to schedule processes.
For example, MPI automatically allocates processes to processors cyclically, which may be

far from optimal.

3. Finally, in case more than one processes are allocated to a CPU, optimizing tile size
and shape according to cache locality criteria [KRC99], [LRW91], [WL91a], [PHPO03],
[MHCF98], will not have the desired results, as context-switching frequently between them

might not allow them to build sufficient context in the cache.

For this purpose, a regular, periodic allocation scheme is needed, even if it is suboptimal. In
[BDRV99], [CDRI7] Boulet et al. and Calland et al. have theoretically proven the optimality
of a cyclic assignment of 2-dimensional tiles onto a fixed number of single CPU nodes. On the
other hand, Manjikian and Abdelrahman have presented in [MAOQ1] an alternative method for
scheduling tiled iteration spaces onto a fixed number of SMP nodes, without taking into account
that there is no need for communication among CPUs of the same SMP node, since the data
required are located in the node’s shared memory.

In this chapter, we propose some methods for scheduling tiled iteration spaces onto an
existing cluster with a fixed number of SMP nodes. All following formulas, which refer to
the allocation of tiles or groups to the nodes of the cluster or to the corresponding execution
steps are valid for any convex tile space, as defined in §2.2. However, when calculating the
number of time steps required for the completion of the execution (makespan), we consider a

rectangular tile space, as in formulas (4.3), (4.4), (4.6). We use this simplification in order



5.2 Cyclic assignment to SMPs 129

to point out the basic concepts concerning each one of the proposed methods, without too
complicated mathematical formulas. Anyway, it does not constrain any of the advantages or
disadvantages of the methods proposed, apart from those concerning load balancing. In order
to further simplify the mathematical formulas, we assume that the longest dimension of the tile
space is the first one. Thus, according to §3.3.2, §4.4.4, tiles along the first dimension will be
assigned to the same processor. This assumption can be easily cancelled by simply interchanging

the first dimension with anyone else.

5.2 Cyclic assignment to SMPs

In [BDRV99], [CDRI7] the optimality of the cyclic assignment of 2-dimensional tiles onto a fixed
number of processors was theoretically proven. However, the calculations in [BDRV99], [CDR97]
did not take into account the communication overhead involved. Generalizing this approach for
n-dimensional tiles and for clusters of SMP nodes, we consider that the available SMP nodes
form a virtual (n— 1)-dimensional mesh of pg X - - - X p,, = p SMP nodes. We cyclically assign the
groups to the SMP nodes. That is, we assign group 5% to the SMP node (55 %p2, ..., 1S %pn),

as indicated in Figure 5.1.
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Figure 5.1: Cyclic assignment to SMP nodes.

Groups are cyclically assigned to SMP nodes. Equivalently, tiles are cyclically assigned to CPUs.
Tile space areas, which can fit the existing architecture, are named as “chunks”. Chunks of tiles
are executed one after the other, in lexicographic order.

Theorem 5.1 The makespan of cyclically assigning a rectangular tile space to SMP nodes,
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pcyclicfoverlap - 22 (,w;S' - 1>%mzpz + ([71 —1 %pz] H mzpl-‘ —
=2 =2 (51)
< 3 [(mi+ 1pi] =20 + 2+ wf H(mpj
=2

S S
Proof:  Each SMP node will execute [;-2-] x -+ x [ =2~ rows of groups. If the rows of

groups assigned to an SMP node, are executed in lezicographic order, row (e, 55, ..., §&) will

n G n s
be executed in SMP node (j$%psa, ..., 75 %pn) after > [ij I1 (mizk]] rows, imposing
i=2 fk=ir1 "

k=i+1
time steps. In addition, as deduced from Figure 5.1, the location of a group, relatively to the

” S
a latency of wy time steps each. Thus, there is a total latency of wy Z lL -1 1 f#’;ﬂ

n
corresponding chunk origin, is (jf;/,jg%pg, oo, 58%pn), where jlcl = g7+ > 52 %mp;.
i=2
Therefore, if the underlying architecture allows for concurrent execution of computations
and commaunication, following the overlapping execution scheme, group j& will be computed

during the time step

n n S
2 ey . jl w
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k=i+1

Thus, the number of time steps required for the completion of the execution will be
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The first term of the right-hand part in formula (5.1) represents the time required for filling
the pipeline (that is, the initial idle time needed for the last processor to start computing), while

the second term corresponds to the time each processor is busy executing calculations.

Lemma 5.1 This schedule is valid iff

n S
w
wi [ I=21= (i + D,
keit1 |kPE

vl

2,...,n such that wf > myp;.
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Proof: In order to prove the validity of this schedule, it suffices to prove that the data
needed for the computation of a tile are available during the desired time step. If the necessary
data are available for the computation of the chunk origins, they will be also available for
every inner tile. We assume that tiles are big enough to include all dependence vectors.
Thus, each tile depends only on neighboring tiles. A chunk origin has coordinates of the form:

jéorigm = (0, zamapa, ..., TpMpDy), where x; € N (i =2,...,n). Thus, it will be executed in

the SMP node (0, ...,0) during the time step torigin = W7 Z Z; H f
=2 k=i+

mwﬂ (see formula

(5.2)). If z; > 1 (which presupposes wy > myp;), this chunk origin wzll be dependent from tile

35 dependence = (0, Tamapa, ..., amy_1pi—1, Tynupy — 1, i 1My apig 1, - - TnMnpn), which
will be executed in fhP SMP node (O ,0 pl 1,0,...,0) during the time step tgependence =
(mi+1)p1—2+w? [122[ k:1:[+1fmkpkﬂ H fmu;’;k 1]. Since these two tiles will be executed in
different SMP nodes, for the necessary data to be available, it must hold torigin —tdependence >

" S

2 & w [ (#’;k] > (my + 1)p;. This inequality should be valid VI = 2,...,n such that
k=l+1 0F

wZS > mypy. -

If the condition, defined by Lemma 5.1, is not valid, then there is not an actual shortage of
processors along dimension [. Thus, we can schedule along this dimension as if there were as

many processors as needed. For example, see the difference between Figures 5.2 and 5.3.
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scheduling on a fixed number of processors

Figure 5.2: Cyclic scheduling when there is not actual lack of processors.

When there are only 2 SMP nodes available, the time steps, when each tile will be computed,
do not change at all.

If we should do with a conventional communication architecture as node interconnect (i.e.

without NIC support for relieving the CPU from the communication burden):
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Figure 5.3: Cyclic scheduling when there is lack of processors.

The computation of the second chunk of tiles starts at time step ¢ = 8, instead of ¢t = 6, according
to formula (5.2).

Theorem 5.2 The makespan of cyclically assigning a rectangular tile space to SMP nodes,

following the non-overlapping execution scheme, is:

n S
pcyclic—nonoverlap = Z [(w )%mlpl] + wig H [m p1—| é
=2 =2
(5.3)
< Zmzpz—n+1+wi9 H[mpﬂ

=2

Proof: Asin the proof of theorem 5.1, the latency before the computation of a group consists
of the latency imposed by lexicographically previous rows assigned to the same processor, plus
the latency imposed by previous groups of the same row. Consequently, group j_é will be
computed during the time step

n

o ’LUS
t(j%) = Zl o II 1=+ 1] (5.4)

m
keit1 kPk
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Thus, the makespan of the execution will be

pcyclzc nonoverlap — maXt( G) mmt(] ) +1=

‘@ uf + Z [ S%mzpz + wy ml H [Wzikl;)k] +1=
=2 L =i+1
(C4) & n n wS
= 22 [(wf — 1)%mip;] +wf + w? 22 ((Wﬂ -1 II 1[,,%’;% ] =
1= k=i+
€1 &
= 22[(111 1)%m;p;] + 1:[ WJ
_|
Lemma 5.2 The schedule of Theorem 5.2 is always valid, assuming wf > wf, 1=2,...,n.

Proof: As in the proof of Lemma 5.1, in order for this schedule to be valid, the data
needed for the computation of a tile should be available during the corresponding time step.

A chunk origin jgorigin = (0, z9mapa, ..., TpMpDy) (r; € N (i =2,...,n)), will be executed

during the time step torigin = wy E [xl H f wi 1 (see formula (5.4)). If x; > 1 (which

MEPk
=2 k=i+ kPk

PresSupposes wls > mypy), this chunk origin will be dependent from tile j_édepmde”ce = (0,

LMD, oy Ty 1M —1PI—1, TyuP; — L, 1My 1Dig1s - 5 TpMnPp), which will be executed

n n s n S )

during the time step taependence = mupi — 1+ wi[> [z [ o1l =TI [ 10 Since,
i=2  k=it1 PF k=l41 K

in the non-overlapping execution scheme, the data are transferred among SMPs during the

time step of their computation, for the necessary data to be available, it must hold torigin —

n S
taependence > 1 & wi T[] (#’;k} > myp;. This inequality is valid V1 = 2,...,n such that

k=I+1
L3 S
wy > mypy, because: wy ] [mi’;k} > wy > w > myp. -
k=111

5.3 Mirror assignment to SMPs

Let us consider another schedule, if we assign the tiles to SMP nodes as indicated in Figure 5.4.

That is, we assign group jé to the SMP node

( S %pa it even(j§ /p2) iS%p, it even(5S /py) )
(p2 = 1) = j§%p2 i 0dd(j§ [p2) * "7 (pn— 1) — 55 %py it odd(jS /pn)

This schedule has the advantage that there is no need for data transfer along the boundaries of

chunks of tiles, thus less time is wasted for communication.

Theorem 5.3 When following the mirror assignment schedule, in combination with the over-



134 Scheduling onto a fixed number of homogeneous SMP nodes

2

SM

0

\\\\\\\\\\\\\\ e
\\\\\\\\\\\\\J e

SM

0

\\\\\\\\\\\\\\ z:;

\\\\\\\\\\\\\.Jjﬂi B o b L.
0L i N
mmz::::;:\@@@m\z::;

scheduling on a fixed number of processors

following the mirror mapping scheme . .
idle time steps for some of the processors

Figure 5.4: Mirror assignment to SMP nodes.

As in the cyclic assignment scheme, the tile space is divided into chunks, which fit the existing
processing architecture. The difference is that tiles along the same chunk boundary are assigned
to the same SMP node. Thus, there is no need for communication across chunk boundaries.

lapping execution scheme, the makespan is:

pmi7“7'07'—0'ma7"lap = é [(w;g - 1)%mipi + ((%—‘ - 1)%2711 é [(ml + 1)pi] +2n — 2+
+ [wf + fj [(m; + 1)p;] — 2n + 2} ﬁZ[n’;’pj < (5.5)
< [wf + znj [(m; + 1)p;] — 2n + 2] ﬁ [mlpj
=2 =2

Proof:  As in the cyclic assignment schedule, if the chunks of groups are executed in

lexicographic order, the chunk containing row (e,jS, ... j&) will be executed after
n j n ws
k
> (15 1T k|
im2 L Pl PR

chunks. The latency imposed by each of the previous chunks, is greater than the respective
one when applying the cyclic assignment schedule. It equals to wy + E [(m; + 1)p;] —2n+2,
=
since the computation of a whole chunk should be finished before the computatwn of the next
chunk starts. In addition, as deduced from Figure 5.4, the position of a group, relatively to
n

the corresponding chunk origin, is (jlcl,jza%pQ, oo, 59%pn), where le/ =37+ 3 52 %mp;.
i=2
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Therefore, group j_é will be computed during the time step

ZJZ Yopi +

w1+z m; + 1)p;] —2n + 2

Thus, the makespan will be

pmzw or— overlap = max t(J ) min t( +1=

)+
(0:3) uf' + 2 { S%mzpz ﬁJ%pz}

¥ [wf+ S [(ms + 1] —2n+2} ORI ]
=2 =2 k=i+1
CHLOD 5 [wd = 1)omaps + (1251 = 1)%pi] — 3 [y + )pi] + 20 — 2+
i=2 1=2
+ {wf + Xn: [(m; + 1)p;] — 2n + 2} ﬁ [,:Luj,ﬂ
=2 =2

Following this schedule, there is no need to prove that the data required will be available

during the computation of a tile, since,

1. the tiles of a chunk are dependent only on tiles of the same or of a lexicographically

previous chunk and,
2. there is no possibility to overlap the computations of different chunks.

If there is no shortage of processors (wls < myp;, Yi = 2,...,n), the proposed schedules are
equivalent. Otherwise, it can be easily deduced from formulas (5.1), (5.5) that & cycric—overiap
< @mi,.,.m._ave,.lap. Their difference is due to the fact that, following the mirror assignment
schedule, every time the computation of a chunk finishes and the computation of the next one
starts, there are some idle time steps for some of the processors, as indicated in Figure 5.4
by white dots. Thus, when a time step for the cyclic schedule is equal to a time step for the
mirror one, the cyclic schedule is preferable to the mirror one. In fact, this is the case for the

overlapping execution scheme.

Theorem 5.4 Following the mirror assignment schedule, in combination to the non-overlapping

execution scheme, the makespan of the execution is:

pmir?"m" nonoverlap —

= 3 [(w? - 1)%map] - %mzpz+n—1+{w1+22mzpz—n+1 s o

< [wl +Em¢pi—n—|—1} H[m;’iw
=2

=2



136 Scheduling onto a fixed number of homogeneous SMP nodes

n
Proof:  The latency imposed by each one of the previous chunks is wi + > mp; —n + 1.
i=2

7

. . n
Consequently, group j& will be computed during the time step t(j<) = lel—i— (w§+ > mip; —
i=2

. Thus, the makespan of the execution will be

ey [szjJ i

@mirrorfnonoverlap = maXt(jG) - mlnt(]G) + 1=

= uy + 22 [uf %omip;| + |wi + Z2mz'pi —n+1 22 Fred . I1 1fmk’;ﬂ
1= 1= Z+

1=

I

-
I|
)

n n n S
[(wf - 1)%mipi} > mipi+n—1+ [wf + > mipi —n+ 1] 11 f;l'i’pﬂ
i=2 i=2 i=2

It can be deduced from formulas (5.3), (5.6) that Peyciic—nonoveriap < Pmirror—nonoveriap-
(They are equivalent only in case there is no lack of processors.) However, since the communi-
cation overhead is not hidden under the computation time, this schedule may sometimes result
in a shorter total execution time, due to better exploitation of the available bandwidth. In
particular, if there are only two SMP nodes along a dimension, no SMP node should both send

and receive data along that dimension. Thus, the communication overhead will be halved.

5.4 Cluster assignment to SMPs

Alternatively, following the approach of [MAOQ1], generalizing it for n-dimensional spaces and
taking into account that there is no need for communication among processors of the same SMP

node, we may assign neighboring rows of tiles to the same CPU, as indicated in Figure 5.5.
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Figure 5.5: Cluster assignment to SMP nodes.

Neighboring tiles, clustered together to TILES, are assigned to the same CPU. Time scheduling
does not any more concern tiles or groups, but TILES or GROUPS.
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Theorem 5.5 When following the cluster assignment schedule, in combination to the overlap-

ping execution scheme, the makespan of the execution is:

n ws S n ws
pcluster—overlap = H [ml;l-l wl —2n+2+ Z [ —| + Z [71SW (57)
2 = sz =2 mil i
Proof: In order to achieve this schedule, we cluster together neighboring tiles (57,55, ...,j3),
.S .
mapping them to a “supertile”, or TILE, labelled as (57, | 1., Lf Iu|). Thus, the
2 “ - n
mops npPn
corresponding GROUP will be j& = G+ S| —Z—1, | j’-’ss | LLSJ) and
=2 | fpl mﬂmW ’"”[m
it will be executed during the time STEP t(5%) = j5 + ZL s J + Z[ |. Conse-
=2 my (7

sz

quently, the MAKESPAN of the algorithm is

—»

pCLUSTER OVERLAP = maxt(j ) — mint(j ) +1=

C.4 w? L wS
(D 2n+2+2( ]
=2 (=5 ] i=2 mil -]

” S
As a TILE consists of ] fnll”lpw tiles, assuming that the duration of a time step is mainly
i=2

n

determined by the computation time toomyp, a STEP will be equivalent to ][

S
wy ti
ime steps
mim] p

(excluding the DMA initialization and synchronization time). Thus, the total number of steps

required for the completion of the execution will be

S

pclustar—overlap - H (WW p(LU%TER OVERLAP —
=2

= 115 <w1 24243 [ 1+if%1>

7 1=2 [W—I =2 ml"

mip;

Lemma 5.3 It holds that pcyclic—m;erlap Spcluste’r—aveﬂap'

Proof: When there is no lack of processors (wi < myp;, Vi = 2,...,n), the proposed

schemes are equivalent and it can be easily proven from (5.1), (5.7) that

pcyclicfoverlap = pclustea"701)(»37"lap

Otherwise, (5.7) =

S
w:
p(:luste'r‘ overlap > Z -1 + [723 —1 + w1 H

o 1 ma g )

If we write wf = x;m;p; —Yi, where x;, y; are integer numbers and x; > 1, 0 < y; < m;p; —1,
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then it holds that:

(wj — 1)%m1pz =mp; —y; — 1 ;
r mf mipi — mipg |
mip,
w§ C.5) =
(’—m —I )%pz = Pi— I_:,/;LJ -1 (I s_| 1% ( wS 121
w? (C 5) i = (I — op; < — | -
m [ — vy —I -1 a Lm?i%J -1 " ml[%]

= pcyclic—overlap < pcluster—overla;r

Thus, this schedule results to a worse makespan than the cyclic one. Their difference is due
to the fact that, in this schedule, the filling of the pipeline is slower (that is, the last processor
starts executing computations later). In case wf >> wf (1 =2,...,n), the time each processor
is busy, outflanks the pipeline filing time and it holds that Peycic—overiap =~ Peiuster—overlap-
However, the previous mathematical lemma has not taken into consideration the time required
for the initialization of messages and for synchronization. Since the cluster assignment schedule
requires less messages to be sent and less synchronization, in some cases it may be practically

proven more efficient.

Theorem 5.6 Following the cluster assignment schedule, in combination to the non-overlapping

execution scheme, the makespan of the execution is:

pcluster—n(moverlap =C (wls ~I) <C <’LU15 —n+1+ Z mipi) (58)

i=2 [t i=2

Py

where 1 < C < H [ zpz—‘

Proof: Tile (j7,75,...,72), corresponding to GROUP

js Jn
G_] +Z ws Jva\_%J)

w
mLpL -‘ m2 [mzzpz ~| Mn |—mn;7n -|

is executed during the time STEP t(j_é) =i+ L%J Consequently, the MAKESPAN

of the execution is

(C.4)
w

pCLUSTER—NONOVERLAP = max t(js) - mint(jg') +1 =

=2 mzl[)z]

A computation subSTEP is equivalent to H[ | computation substeps, but a communi-

m; p

n S
cation subSTEP is equivalent to less than [] [ ---]
i=2

communication substeps. In particular,
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if the communication load is equal along all communication dimensions (as resulted by the

method pmposed mn [Xue9’7a]), the amount of data to be transferred, as indicated in Fig-

S
ure 5.6, is Hf ol Z —1 < Hf w -] times the communication load of a tile.
mipPi i=2 (n_l)l—mil’z]

Thus, the makespan of the algorithm will be

i=2

pclust(jr—n()n()q)erlap C@( 'LUSTER-NONOVERLAP (Where 1<0<L H [ 7p11) =

i=2

pcluszﬁer—nonoverlap - C <’U)1 —n+ 1 + Z ’V" “’z ‘ﬂ)

miPq

bbb
ooe. =

Figure 5.6: Clustering communication

In conclusion, comparing to the cyclic assignment schedule, this method has the drawback
of slower pipeline filling. However, it results to less communication overhead, which signifi-
cantly reduces the total execution time, especially when the non-overlapping execution scheme

is applied.

5.5 Retiling

A more efficient schedule can be obtained, if we adapt the size of tiles to the available number

of SMPs (Figure 5.7). That is, we retile the initial iteration space, so as to get wf/ = m;p;,

(it = 2,...,n) and wls Then, the size of a “new” tile will be equal to the

m p -
size of an “old” tile and, consequently7 a “new” computation step will be equivalent to an
“old” computation step. Following the overlapping execution scheme, the number of time steps

required for the completion of the execution, according to formula (4.3), will be @retile,overlap =

n S/ n wsl
Z:lwi —i—%(ﬁﬂ—%ﬁ—?#
i= i=

n

pretile—overlap = Z [(mz + 1)]9@] —2n+2+ wls H m; pz (59)
i=2 j
In case wls%mipi =0 (i =2,...,n), it holds that &, crite—overtap =5 cyctic—overiap- Otherwise,

Eretite—overiap < 8eyctic—overiap- Their difference is due to the fact that the cyclic schedule does

not assign exactly the same number of tiles to each processor, resulting to a slight load imbalance.
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Figure 5.7: Retiling.

The tile space is re-constructed from scratch, so as to fit the existing processing architecture.

Using the non-overlapping execution scheme, the number of time steps required for the
n

completion of the execution, according to formula (4.4), will be pretile—nonoverlap = Z wisl —

n+1=

pT’etzle nonoverlap — Z m;p; —n + 1+ wls H (510)

mpz

From (5.3), (5.10), we can deduce that §.ciiie—nonovertap <8cyctic—nonoveriap- In addition, a
“new” computation substep is equivalent to an “old” computation substep, but a “new” com-
munication substep is equivalent to less than an “old” communication substep. In particular,
as in Theorem 5.6, if the communication load is equal along all communication dimensions, the

n
amount of data to be transferred is ) L
i=2 (n—1)

< 1 times the communication load of an “old”

wk

m;pg

tile.

In conclusion, when the tile space is rectangular, this schedule is preferable to previously
proposed ones, assuming that there are no factors constraining the tile shape, such as false
sharing, or cache locality [KRC99], [LRW91], [WL91a], [MHCF98], [PHP03]. It can fully exploit
the computational power of all the SMP nodes and it achieves a perfect load balance, without
imposing any additional complexity to the initial schedule, at least when a rectangular tile space
is concerned. But if, apart from parallel scheduling, there are other factors constraining the tile
size and shape, this schedule may prove to be inefficient, since it totally reorganizes the execution

order of iterations.
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5.6 Experimental Results

5.6.1 Experimental Platform

In order to evaluate the proposed methods, we use a Linux SMP cluster with 2 identical nodes.
Each node has 1GB of RAM and 2 Pentium IIT @ 1266 MHz CPUs. The cluster nodes com-
municate through a Myrinet high performance interconnect, using the GM low level message
passing system.

In order to utilize the available processors in each SMP node as efficiently as possible, our
implementation uses one multi-threaded process per SMP, with the number of threads equal to
the number of CPUs. Multithreading support is based on the LinuxThreads library. Threads
executing on the same SMP communicate using shared memory, eliminating the need for message
passing. For the data exchange between processes executing on different SMPs, Myricom’s GM
version 1.6.3 is used [Myr02]. GM is a low-level message passing library for Myrinet. It comprises
a library used by userspace programs, an OS driver (in our case, a Linux kernel module) and
a Myrinet Control Program (MCP), which is executed on the LANai, the embedded RISC
microprocessor on the Myrinet NIC. The GM driver is used during the execution of a userspace
process to open and close ports and to allocate and free memory suitable for DMA transfers. A
port is a communication endpoint, used as the interface between a userspace process and the
NIC. Having opened a port, a process can communicate directly with the NIC, without the need
for system calls, bypassing the operating system. Thus, all data exchange is performed directly
to and from userspace buffers.

To provide flow control between the host and the NIC, sending and receiving messages is
regulated by tokens. Initially, a process possesses a finite number of send and receive tokens.
To be able to receive a message, the process must provide GM with a buffer in DMAable
memory, relinquishing a receive token. When a message is received, the DMA engine on the
Myrinet NIC places it directly into the userspace buffer. The process polls for new messages and
retrieves the receive token when a message arrives. The same applies to sending messages: The
process relinquishes a send token by requesting the transmission of a message from a userspace
buffer, then retrieves it when the send operation completes and an appropriate send completion
callback function is executed by GM. As the data exchange between the host memory and the
NIC is undertaken by the DMA engine on the NIC, without involving the CPU, overlapping of

communication with computation is possible.

5.6.2 Experimental Data: Rectangular Tile Spaces

We performed several series of experiments in order to evaluate and compare the practical
speedups obtained using each one of the four alternative schedules, combined with both the

alternative execution schemes. Our test application code was the following;:
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for(i=1; i<=X; i++)
for(j=1; j<=Y; j++)
for(k=1; k<=Z; k++)
ATi][j] [k]=func(A[i-11[j]1[k],A[i][j-11[k],A[i1[5] [k-11);

where A is an array of X x Y x Z floats and X =Y << Z. Without lack of generality, we
consider, as a tile, a rectangle with 77, ik and jk sides. The dimension k is the largest one, so all
tiles along the k-axis are mapped onto the same processor, as proposed in [AKPT99], [GSKO01].
Fach tile has ¢, j, k dimensions equal to . Thus, there are % tiles along dimensions ¢, 7 and
% tiles along dimension k. Tile’s volume is equal to g = 23. As described in [HS98], g has
been selected, so that teomp = teomm, after experimentally measuring the computation time per
iteration, the time required per data item to be transferred and the communication initialization
and finalization overhead.

After implementing all four schedules in combination with both execution schemes, as de-
scribed by the pseudo-code of Tables 5.1, 5.2, we measured the performance of all schedules
and compared it with their theoretically expected performance. For various tile sizes, we have
conducted a series of experiments for each schedule4execution scheme combination, varying the
iteration space size. In Figures 5.8-5.10 we have plotted our experimental results along with
the respective theoretical curves. As a measure of performance, we have used the ratio of the
speedup obtained to the best possible speedup. That is, we have depicted the ratio of the
speedup obtained to the number of processors used. Thus, the closer a plot is to 1, the more
efficient a schedule is. As can be seen in Figures 5.8-5.10, the practical completion times of our
experiments differ to our theoretical predictions by at most 3%. For the overlapping communi-
cation schedules, this can be attributed to both the DMA engine on the Myrinet NIC and the
CPU trying to access data in memory.
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T T T
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Figure 5.8: Experimental Data: Tile Size 32 x 32 x 32

One can easily deduce that in almost all cases, the retiling schedule achieves the best per-
formance, both theoretically and experimentally. This result was expected, since the retiling

schedule absolutely adjusts tiles to the existing configuration of a cluster. However, in our ex-
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Table 5.1: Implementation of schedules (cyclic assignment, mirror assignment, cluster
assignment to SMP nodes) when the tile space is rectangular

Cyclic Assignment - Rectangular Tile Space

FOREACH CPU with coordinates (cpu_ids,...,cpu_idy)
in SMP node with coordinates (smp-ida,...,smp_id,) DO
FOR (t2 = smp_ids * ma + cpuids; tz < w5 ; ta+ = ma % p2)
FOR (t3 = smp_ids * ms + cpu_ids; ts < wf; ts+ = ms3 * p3)
FOR (t; =0; t; <wi; t1 ++){

Execute pre-computation part of Communication

Execute Computation of tile (%¢1,%2,%3)
Execute post-computation part of Communication

}

Mirror Assignment - Rectangular Tile Space

FOREACH CPU with coordinates (cpu-ids,...,cpu_idy)
in SMP node with coordinates (smp_ida,...,smp_id,) DO
s
—0- w2 .
FOR (22 =0; 22 < ’—mQ*p2—|, Ig—‘r-l—){

to = x2 xma * p2 + (1 — 22%2) * (smp_ida * ma + cpu_ida) + (£2%2) * (M2 x p2 — 1 — smp_ids * ma — cpu_ida);
IF (ty < w5)
FOR (23 =0; 23 < [mls”fspal; z3 + +){
ts = x3 * m3 * ps + (1 — 23%2) * (smp_ids * m3 + cpu_ids) + (x3%2) * (m3 * ps — 1 — smp_ids * m3 — cpu_ids);
IF (t3 < w3){
Execute pre-computation part of Communication
Execute Computation of tile (t1,t2,t3)
Execute post-computation part of Communication

}

}

Cluster Assignment - Rectangular Tile Space

FOREACH CPU with coordinates (cpu-ida,...,cpu_idy)
in SMP node with coordinates (smp.ida,...,smp_id,) DO
FOR (t1 =0; t1 < wls; t1 ++){
Execute pre-computation part of Communication

S
FOR (t2 = (smp_ids * ma + cpu_ids) x [ —2—1;

Mmo*po

’UJS
to < min(ws, (smp_ids * ma + cpu_ids + 1) * [pips )i L2+ )
S
FOR (t3 = (smp_ids * ma + cpu_ids) * [ —2—1;

m3*p3
ts < min(w3, (smp_ids * ms + cpu_ids + 1) * [
Execute Computation of tile (¢1,t2,%3)

S
’LU3
m3*p3

Ds ta++){

}

Execute post-computation part of Communication

Retiling - Rectangular Tile Space

T maxpy T mg*p3

wég = m3 * p3
FOREACH CPU with coordinates (cpu-ids,...,cpu_idy)
in SMP node with coordinates (smp-ida,...,smp_id,) DO{
to = smp_ids * ma2 + cpu_ida;
ts = smp_ids * m3s + cpu_ids;
FOR (t; =0; ty <wi; t1++){
Execute pre-computation part of Communication
Execute Computation of tile (ti,t2,t3)
Execute post-computation part of Communication
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Table 5.2: Execution schemes implementation (overlapping vs. non-overlapping) using
the GM low level message passing system

l Non Overlapping Execution Scheme I

Overlapping Execution Scheme

gm_provide_receive_buffer()
do
poll the GM event queue
process the event
until data received

Pre-computation Part of Communication

If on first tile

Execute a non-overlapping receive
gm_provide receive_buffer() for tile (t1 + 1,%2,t3)
gm_send_with_callback() for tile (t1 — 1,t2,%3)

gm_send with_callback()

do
poll the GM event queue
process the event

until data sent

Barrier for Threads in SMP

Post-computation Part of Communication

do
poll the GM event queue
process the event
until send & receive completed
Barrier for Threads in SMP
If on last tile

Execute a non-overlapping send

Overlapping Execution Scheme Non Overlapping Execution Scheme

1.2 1.2 : : — : —
retile - non-overlapping --=---
retile - non-overlapping (theoretical) ——--
11 11r cluster - non-overlapping ---o--- |
cluster - non-overlapping (theoretical) -------
2 1 2 s mirror - non-overlapping -
a _ = a mirror - non-overlapping (theoretical) --
@ P L am s L @ cyclic - non-overlapping —+—
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cyclic - overlapping —— —+
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Figure 5.9: Experimental Data: Tile Size 128 x 32 x 32

periments we have eliminated the effect of cache miss penalties by using small iteration space
widths. If our iteration space dimensions, which are not assigned to the same processor, were too
long, the retiling schedule could have destroyed the data locality achieved by optimally selected

small tiles.

Note also that in the above examples the cluster assignment schedule, using tile size x, is
equivalent to the retiling schedule, using tile size 4x. This was expected, considering that by
construction the iterations executed and the data sent in these two cases are the same. What
differs is the execution order of iterations but here we have eliminated the cache misses overhead,

in order to test the optimality of our schedules and not data locality.

When following the non-overlapping execution scheme, the difference among the performance
of the four schedules is mainly due to the volume of the data to be transferred. As depicted
in Figure 5.11, the mirror assignment schedule involves double the communication of retiling
and cluster assignment schedule, while the cyclic assignment schedule involves 6 times the same

communication volume.
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Figure 5.10: Experimental Data: Tile Size 256 x 32 x 32
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Figure 5.11: Communication among SMPs

When following the overlapping execution scheme, since the communication volume is hidden
under computation, their difference is due to the time steps that each SMP has to stall waiting for
the required data to arrive. The number of these time steps are equal regarding the retiling and
the cyclic assignment schedules. However, using the cluster or the mirror assignment schedule,
the number of idle time steps (see Figures 5.3, 5.4) is multiplied by the number of tiles clustered
together, or, equivalently, the number of clunks of tiles, which fit the processing architecture.

In addition, note that all schedules achieve better performance for long iteration spaces.
This is due to the fact that, when the mapping dimension of the iteration space is comparatively
short, the time required for the last processor to start computing after the first data have arrived,

is not minor in comparison to the total execution time.

5.6.3 Simulation Data

The previous experimental data have been obtained on a cluster of 2 SMP nodes with 2 CPUs
each. Note in Figure 5.11 that in the retiling and the cluster assignment schedule there is
no SMP node that should both send and receive data. Thus, we expect that the relative
performance of the four schedules would change when scaling up our underlying architecture.
In order to evaluate the merits of the proposed schedules, using bigger clusters than the one we

had available, we performed a number of simulations, whose results are depicted in Figures 5.12-
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5.14. The performance of all four schedules has been simulated assuming that the initialization
of DMA and synchronization overhead is negligible, as deduced from microbenchmarking in our
platform.

In particular, all measurements of time intervals have been based on the rdtsc (Read
TimeStamp Counter) instruction, which is available on all Intel processors beyond Pentium.
This instruction returns the value of a 64-bit register which is incremented every clock cycle.
Since rdtsc can be called directly by a userspace process, we do not incur the overhead of the
gettimeofday system call. Thus, we have measured: 400 cycles for the send with_callback
function, which is 0.316usec on a PITT@1266MHz, 800 cycles for gm provide receive buffer,
which is 0.632usec and 5598 cycles for a barrier, which is 4.421usec. Thus, the total non-
overlappable communication latency imposed to each tile is less than 6usec in the worst case.
This overhead is negligible in comparison to a tile computation, which, in all cases, needed more
than 24msec.

Similar to Figures 5.8-5.10, the values plotted in Figures 5.12-5.14 express, for each proposed
schedule, the speedup obtained, divided by the number of CPUs used: Specdup

Number of Processors Used"

Therefore, the closest a plot is to 1, the more efficient the corresponding schedule will be.

Overlapping Execution Scheme Non Overlapping Execution Scheme
1 1
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Figure 5.12: Simulation Data: Tile Space --- x 16 x 16 on a grid of 4 x 4 nodes with
2 x 2 CPUs each

It can be easily seen that when we are not interested in possible cache miss penalties imposed
by reorganizing the tile space, the retiling schedule is again the most efficient one, due to the
fact that it can fully exploit the computational power of all the SMP nodes and by definition it
achieves a perfect load balance.

As far as the cluster assignment schedule is concerned, for small tile spaces, it is inefficient
due to its slow pipeline filling. However, when the mapping dimension of the tile space is long
enough, this schedule achieves high speedups, due to the fact that it minimizes the volume of data
to be transferred. In fact, as explained in §5.6.2, the plot representing the cluster assignment
schedule will fall onto the plot representing the retiling schedule if we shift it parallely to the

x-axis (see Figures 5.12, 5.14). The cluster assignment schedule is less efficient than the retiling
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Figure 5.14: Simulation Data: Tile Space --- x 16 x 16 on a grid of 2 X 2 nodes with
4 x 4 CPUs each

S

schedule, only in case w; is not a multiple of m;p; (see Figure 5.13), due to load imbalance.

We also deduce that the cyclic assignment schedule is equivalent to the retiling schedule,
when the number of tiles along each dimension ¢ is a multiple of m;p; and the overlapping
execution scheme is used. Otherwise, if wZS is not a multiple of m;p;, their difference is due
to the fact that the cyclic schedule does not achieve a perfect load balance. Using the non-
overlapping execution scheme, the difference is due to the fact that, as analyzed in Figure 5.6
and §5.5, the cyclic schedule results to more communication load, which is not hidden under the
computation load. In addition, it can be more efficient than the cluster assignment schedule,
only in case we use the overlapping communication scheme. This is due to the fact that in this
case the extra communication overhead of the cyclic schedule is hidden under the computation
load.

The mirror assignment schedule is almost always the least efficient, apart from the case of
using the non-overlapping execution scheme on a grid of 2 x 2 SMP nodes. Even then, it is not
more efficient than the cluster assignment schedule. This is due to the fact that it combines the

disadvantages of the cyclic schedule with the disadvantages of the cluster assignment schedule.
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That is, there is at least one node, which has both to send and to receive data (unless there are
at most two nodes along each dimension of the grid, as in Figures 5.8-5.10 and Figure 5.14), thus
the duration of a time step is equal to the one of the cyclic schedule and the improvement in the
exploitation of the existing bandwidth is minor. In addition, after all SMP nodes have started
their execution, there are some idle time steps for some of them (see Figure 5.4), corresponding

to the slower pipeline filling of the cluster assignment schedule.

5.7 Block-cyclic assignment to SMPs

Since, as shown in §5.6.2-85.6.3, apart from retiling, the best performance is given by either the
cyclic or the cluster assignment schedule, we also designed a combination of these schedules:
block-cyclic assignment schedule. So, we hope to achieve the happy medium between them.
Especially when dealing with non-rectangular tile spaces, block-cyclic schedule is supposed to
achieve low communication overhead (as the cluster assignment schedule does), and at the same
time relatively good load balance (as the cyclic assignment schedule does).

As shown in Figure 5.15, block-cyclic schedule is formed by clustering together some neigh-
boring tiles, as we did in the cluster assignment schedule. For example, in Figure 5.15, we cluster
together by = 2 tiles. The difference, in comparison to the cluster schedule, lies in the fact that
now we do not cluster together so many tiles, as to get a number of rows of TILES equal to the
number of CPUs available. In the sequel, we cyclically schedule TILES, or GROUPS, similarly

to scheduling tiles or groups according to the cyclic assignment schedule.

Theorem 5.7 The makespan of block-cyclically assigning a rectangular tile space to SMP nodes,

assuming overlapping communication with computation is:

n

= — 1)%pi| +w? 1:[2(1)2,”;1_131_1 [T b:(5.11)

=2

21— 1)omapi + ([ g

pblock—cyclic—ove'rlap = |:Z [([

Proof: In order to achieve this schedule, we cluster together by X --- X b, neighboring tiles

(37,45, ..., 32), mapping them to TILE labelled as (53, Lﬁj , L%J) The boundaries of

S S
the consequent TILE Space are 0.uf = w{ —1 for the first dimension and 0..| 3~ L] = [2-1-1
fori=2....n

S
Thus, replacing w; with fug’ 1,4 =2,....,n in formula (5.1) and taking into account
formula (C.2), we get:
§BLOCK CYCLIC- NONOVERLAP = Z {(( bl‘ 1 —1)%m;p; + ( } +wy H[b
i=2 1 mlpl

n
In addition, as a TILE consists of [] b; tiles, assuming that the duration of a time step
i=2
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Figure 5.15: Block-cyclic assignment to SMP nodes.

Firstly, tiles are clustered together, so as to form TILES. Then, TILES are cyclically assigned to
CPUs. Chunks of TILES are executed one after the other, in lexicographic order.

n

is mainly determined by the computation time t.omp, a STEP will be equivalent to [] b; time
i=2

steps (excluding the DMA initialization and synchronization time). Thus, the total number



150 Scheduling onto a fixed number of homogeneous SMP nodes

of steps required for the completion of the execution will be

pblock—cyclic—overlap = pBLOCKfCYCLICfOVERLAP H bz =

B {z": [([wﬁ - 1)%mipi+(h7£i )%pl} +wf H [:b m“”] il;lzbi

=2 i=2

Theorem 5.8 The makespan of block-cyclically assigning a rectangular tile space to SMP nodes,

following the non-overlapping execution scheme, is:

n

S L S
pblockfcyclicfnonoverlap =C <Z [([%-‘ - 1)%m1pz + wls HQ“, ;Unlpj) (512)
1=

=2

n
where 1 < C < [] b;.
i=2

s
Proof:  As in the proof of theorem 5.7, in formula (5.3) we replace w? with [

i =

2,...,n. Thus, we get:

n n

S S
E81.00K CYOLIC. NONOVERLAP = > [(fwz 1- 1)%77%}71} + wig 11 (biziipﬂ
i=2 i=2

n
In addition, as in the proof of theorem 5.6, a computation subSTEP is equivalent to [] b;
i=2

n

computation substeps, but a communication subSTEP is equivalent to less than [] b; commu-
i=2

nication substeps. In particular, if the communication load is equal along all communication

dimensions (as resulted by the method proposed in [Xue97a]) the amount of data to be trans-

ferred, as indicated in Figure 5.6, is H b; Z [CEsy 1)b H b; times the communication load
i=2 = i=2
of a tile. Thus, the makespan of the executwn will be

n
pblock—cyclic—nonoverlap = CpBLOCK—(JYCLIC—NONOVERLAP (Where 1<C< H bi) =

n s " i:2
pblock7cyclicfnonoverlap =C (Z |:([ b: —I - 1)%m1pl:| H (b iMiDi —|>

=2 =2

When the tile space is rectangular, the block cyclic assignment schedule can be implemented
by the pseudocode of Table 5.3.

5.8 Implementation issues for non-rectangular tile spaces

As deduced from Tables 5.1, 5.3, the implementation of the proposed schedules onto a rectangular

tile space space is quite simple and straightforward. However, concerning a non-rectangular tile
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Table 5.3: Implementation of the block-cyclic assignment schedule when the tile space is
rectangular

Block-Cyclic Assignment - Rectangular Tile Space
FOREACH CPU with coordinates (cpu_ids,...,cpu_idy)
in SMP node with coordinates (smp_ida,...,smp_id,) DO
FOR (tt2 = smp_ids * b * ma + cpu_ids * ba; tta < wg; tto+ = ba * ma * p2)
FOR (tts = smp_ids * bs * m3 + cpu_ids * bz; tt3 < w;f; tts+ = b3 * m3 * p3)
FOR (t; =0; t1 <wi; t1 ++){
Execute pre-computation part of Communication
FOR (t2 = tta; to < min(ws,tta +ba); t2++)
FOR (t3 = tts; ts < min(ws,tts +b3); t3 ++){
Execute Computation of tile (¢1,t2,%3)

}

Execute post-computation part of Communication

}

space, an eventual implementation may be inefficient or crush, if some details are not taken into

account.

5.8.1 Assigning as many neighboring tiles as possible to the same SMP node

According to the pseudocode of Table 5.1 for the cyclic assignment schedule, or of Table 5.3
for the block-cyclic one, we may assume that, when a non rectangular tile space is involved,
formulas

ty = ZQS + smp_idoms + cpu_ide and t3 = lgs + smp_idsms + cpu_ids

or

tty = 15 + smp_idoboms + cpu_idsobs and tty = l§ + smp_idsboms + cpu_idsbs

respectively, should be employed for the calculation of the lower loop bounds. However, this
allocation scheme would result to non-rectangular parts of the tile space being assigned to each
SMP node. It would increase the communication load of the final parallel execution, as depicted
in Figure 5.16(a).

In order to evict such an inefficient utilization of the bandwidth, we propose the use of

function

o if [ b—1>1
adjust_mod(l, o, 3,b) = { L?JOH_ﬂl lgla+ B+ >

[£]a+ 0 else (5:13)

which results to the allocation scheme of Figure 5.16(b), if we replace the lower bounds of the

respective loop indices by:

ty = adjust_mod(I5, mapa, smp_idams + cpu_idy, 1)

t3 = adjust_mod(I§, maps, smp_idsms + cpu_idsz, 1)
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Figure 5.16: Allocating a non-rectangular tile space to processors.
In this figure we have represented the projection of the tile space onto axis plane j5 — j5. We
indicate which processors undertake the boundary tiles, if we have a cluster of 2 x 2 SMP nodes,
containing 2 x 2 processors each. Tiles, which are assigned to the same SMP node have been
depicted using the same grey tone. We have also indicated the subsequent communication among
tiles assigned to different SMP nodes, using black arrows. In subfigure (a) more data transfers
are implied. Some neighboring tiles, which should exchange data are unnecessarily assigned to
different SMP nodes.
or

tty = adjust,mod(lgs, bamapa, smp_idabamsa + cpu_idaba, by)

tty = adjust_-mod(l5 , bsmsps, smp_idsbsms + cpu_idsbs, b3)

It can be incorporated in the pseudocode as indicated in Tables 5.4 and 5.7.

5.8.2 Evicting deadlocks

In this section, we shall analyze the problem of deadlocks in case the Myrinet platform is used

for the implementation, as in §5.6.1. Similar considerations should be taken when parallelizing

in most platforms. Some of them may not imply the use of tokens, however, they will not be

able to support an unlimited number of messages to be pending among processors.
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Table 5.4: Implementation of the cyclic assignment schedule when the tile space is not
rectangular

Cyclic Assignment - Non Rectangular Tile Space
FOREACH CPU with coordinates (cpu_ids,...,cpu_idy)
in SMP node with coordinates (smp_ida,...,smp_id,) DO
FOR (12 = adjust,mod(lf, ma % p2, smp_ida * ma + cpu_ida, 1); ta < us; tot = mo x p2)
FOR (t3 = adjust,mod(lgq,mgg * p3, smp_ids * m3z + cpu_ids, 1); ts3 < ug; ts+ = ms * p3)
FOR (t1=17; t1 <uf; t1++){

Execute pre-computation part of Communication
Execute Computation of tile (i1,t2,t3)
Execute post-computation part of Communication

}

where we have assumed that loop bounds 15, UQS l?, ug lls, uls have been recalculated, using Fourier Motzkin
Elimination method [BW95], [Ban93], so as to be expressed in the order to,t3, {1

Table 5.5: Implementation of the cluster assignment schedule when the tile space is not
rectangular

Cluster Assignment - Non Rectangular Tile Space

FOREACH CPU with coordinates (cpu_ids,...,cpu_idy)
in SMP node with coordinates (smp_ida,...,smp_id,) DO
FOR (4 =175 t1 <wuf; t1++){
Execute pre-computation part of Communication
maz,u?—min,l§+1 -|) .

FOR (t2 = maz(l5, min_l5 + (smp_ida * ma + cpu_ids) * [ P ;
maac,ug —min,l§+1 -|

S S maz-us —min ls+1mz*p2

FOR (t3 = max(l5, minl3 4+ (smp_ids x m3 + cpu_ids) * ]’#}

. S . s . . maz,u:;?fmin,l_;?Jrl .
ts < min(uz,min 3 + (smp_ids * ms + cpu_ids + 1) [——3—""2=837-7 — 1); t3+ +){

m3*p3

to < min(ug, man 5 + (smp_ida * mo + cpuida + 1) * [ —1); t2++)

’

Execute Computation of tile (¢1,t2,%3)

}

Execute post-computation part of Communication

}

where min_lo = min(lz(t1)) and maz_us = maz(us(ty)). Similarly, min_ls = min(l5(t1,t2)) and maz_us =
max(us(t1,t2)). These values can be calculated by applying Fourier Motzkin Elimination method [BW95],
[Ban93] to the tile space boundaries, considering that outermost loop indices are to, t3, respectively.
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Table 5.6: Implementation of the mirror assignment schedule when the tile space is not
rectangular

Mirror Assignment - Non Rectangular Tile Space
FOREACH CPU with coordinates (cpu_ids,...,cpu_idy)
in SMP node with coordinates (smp_ida,...,smp_id,) DO

_ us —15+1
FOR (z2 =0; 22 < [W—‘ —1; 22+ +){
to =I5 + o x Mo * pa + (1 — 22%2) * (smp_ida * ma + cpu_ida)+
+(22%2) * (m2 * p2 — 1 — smp_ida * ma — cpu_idz);

IF (5 <ty <wuj)
S .
FOR (x5 =0; xg < [Doftg—minds®tl7 g, 204 4]

ts = min_ls + x3 * m3 x pg f’(l — x3%2) * (smp_ids * m3 + cpu_ids)+
+(x3%2) * (m3 * p3 — 1 — smp_ids * ms — cpu_ids);
IF (I3 < t3 < uf)
FOR (t1 =175 t1 <ufs t1+4H){
Execute pre-computation part of Communication
Execute Computation of tile (%¢1,%2,%3)

Execute post-computation part of Communication

}

}

}

As in Table 5.4, we have assumed that loop bounds I3, us,
be expressed in the order to,t3,%;.

15, ug, If, uf, have been recalculated, so as to

Table 5.7: Implementation of the block-cyclic assignment schedule when the tile space is
not rectangular

Block-Cyclic Assignment - Non Rectangular Tile Space
FOREACH CPU with coordinates (cpu-ida,...,cpu_idy)
in SMP node with coordinates (smp_ida,...,smp_id,) DO
FOR (tto = adjust,mod(lg, b * Mg * pa, smp_ida * ba % Mg + cpu_ida * bz, b2);
tte < us; tto+ = by xmo * P2)
FOR (tt3 = adjust,mod(llgq, bs * mg * p3, smp_ids * bg * m3 + cpu_ids * bz, b3);
tts < uug; tts+ = b3 * m3 * p3)
FOR (t1 =U7; t1 <wul; t14++H){

Execute pre-computation part of Communication

FOR (t2 = max(l5,tt2); to < min(us,tts +ba —1); ta+ +)
FOR (L3 = max(l5,tts); tz < min(us,tts +bs —1); L3+ +){

if lf(tg, t3) <t1 < uf(tz, t3) Execute Computation of tile (t1,l2,¢3)

}

Execute post-computation part of Communication

}

As in Table 5.4, we have assumed that loop bounds I3, u3,
expressed in the order to, t3,t1. In addition, bound llgf(ttg) is calculated by formula giving lg(tg), if we replace

15, ug, 1§, vy, have been recalculated, so as to be
to with tto, if its multiplying factor is positive, or with tt5 + by — 1, if its multiplying factor is negative. That
is, we replace each aty with maz(a, 0)tty + min(a,0)(tte + by — 1). Similarly, uug (tt2) is calculated by the
formula giving u$ (t2), if we replace each aty with min(a,0)tts +maz(a,0)(tts + by — 1). Limits 115 (tta, tt3)

and uuf (tta, tt3) are calculated in the same way.
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When using Myrinet-GM [Myr02], the receive event queue provides 317 tokens per port,
254 for receive events and 63 for send events. However, when implementing a cyclic assignment
schedule (or a block-cyclic one), as in Figure 5.17, it is strongly possible that more than 254
receive events have arrived before the first of them is necessary for the node to go on with
computations. In the case of a rectangular tile space, this problem can be easily coped with as
follows: Before the computation of a tile each CPU may check for pending events, whether it
needs for data in order to go on, or not.

A This chunk of tiles will be assigned on the 2
Ji° = z = 3 existing SMPs & executed after the first
chunk execution finishes. Thus, notice the

difference between the time steps data are
received and used.

5

SMP1

\\\\\\\\\\\\N R e
S L b L ERL I LTI LT

o RS ety o

Figure 5.17: Time distance between the arrival of an event and the use of data it carries.

Since the mapping direction of the tile space is too short in this example, only 3 events will
remain pending until time step 8, when the execution of the second chunk of tiles starts in SMP
node 0. The longer dimension j{ will be, the more events will be pending.

In the case of a non-rectangular tile space, the implementation is not so simple. As shown in
Figure 5.18 and argued in the caption below, deadlocks in a non-rectangular tile space cannot
be coped with by simply checking the event queue before the execution of a tile. In Figure 5.18,
CPU 0 of node 1 is stalled.

A possible solution of this problem is as follows: When starting the execution of a row of
tiles, each thread, which is possible to receive data, should create an assistant thread. It checks
for pending events in the receive event queue and if it finds one, the event is processed and a
new receive token is made available. If there are no receive events in the queue, the CPU is
yielded to the main thread. So, if the assistant thread is useless, as in the case of a rectangular

tile space, it will not considerably slow down the execution of the main thread.

5.8.3 Simulation Data

In order to study the behavior of the block-cyclic assignment scheme, we have constructed a

simulation program. It really creates so many threads, as the processors of the cluster are
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Figure 5.18: Deadlocks in the execution of non-rectangular tile space.

In this figure, the projection of the tile space onto axis plane j5 — j5 is presented. While CPU
1 of SMP node 1 is computing the row of tiles labelled as C and filling in the receive buffers of
node 0, CPU 0 of the node 1 is stalling on a barrier between rows B and E. At the same time,
the data arriving from the neighboring node 0, due to the computation of row A, are likely to
fill in the receive buffers and use up the receive tokens of node 1. However, if the computation
of row A does not finish, the computation of row F will never start, so as to restore the receive
tokens needed for row C.

supposed to be. It acts as if traversing the tile space, but instead of executing computations, it
adds a time interval to the time previous computations have been computed and necessary data
have arrived. Instead of exchanging data, threads exchange the time instances each tile and its
subsequent communication are supposed to complete. Thus, we may experiment with all tile
spaces and with underlying architectures that we do not have really available. We may set the

communication characteristics to resemble any slow or fast network architecture.

Alternative Direction Implicit Integration (ADI)

First, we experimented with the Alternative Direction Implicit Integration (ADI) benchmark.
The code segment which implies the main computational load and which deserves parallelization

is given by the following nested for-loop:

for (t=0; t<T-1; t++)
for (i=0; i<I-1; i++)
for (j=0; j<J-1; j++){
X[t,i,j1=X[t-1,1i,j1+X[t-1,1i,j-11*A[i,j1/Bl[t-1,i,j-11-
X[t-1,i-1,j1*A[1,j]1/B[t-1,i-1,3];
B[t,i,j]=B[t-1,i,j1-A[i,j1*A[i,j]/B[t-1,1,j-1]
-A[i,jI1=*Ali,j1/Blt-1,i-1,3];
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The dependence matrix of this code segment is

111
D=10 0
0 01

One of the optimal tiling matrices, according to communication minimization criteria [Xue97a],

can be proven to be

10 10 10
P={0 10 0
0 0 10

After applying this tiling transformation, to the initial code segment with I=J=200 and T=1000,

the tiled code segment can be rewritten as follows:

for (1i=0; 1i<19; ii++)
for (jj=0; jj<19; jj++
for (tt=-2-ii-jj; tt<99-ii-jj; tt++){
Work with tile (tt, ii, jj)
}

We simulated the execution of this code segment on a cluster with a fixed number of SMP
nodes and a fixed number o CPUs inside each node. We tested all possible values of parameters

i, My, b;, so as to locate those characteristics that give the best performance. In the following

Speedup

f Processors Used as an index of

diagrams (Figures 5.19-5.22(b)) we have used the ratio g —7——

the efficiency of a schedule. The maximum value of this fraction may theoretically equal to 1.

Speedup
f Processors Used

The closer to 1 ratio w——— is, the more efficient the respective schedule is
considered.

In this benchmark the number of tiles of each row (ii, jj) is constant (equal to 102). Thus,
the computation load of the algorithm is evenly distributed to processors iff the rows of tiles are

evenly distributed. As an indicator of load balance along dimension i, we have used function

bali =
(w; — | =2 | pym;b;)b; else

pim;b;

The outcome of this function is equal to 0 iff the rows of tiles are evenly distributed to processors.

As a global indicator of load balance, we have used function

bal = Z bal;

As deduced from Figure 5.19, load balance is necessary and sufficient for achieving the opti-

mal performance when we afford just one SMP node. Otherwise, as deduces from Figures 5.20(a),
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Figure 5.19: Simulation Data: Execution of ADI onto a shared memory multiprocessor.

: Speedup : . : P :
Ratio —— oF Processors Used 1S plotted as a function of an index indicating load balance. The

optimal performance is achieved when this index indicates a perfect load balance.

5.21(a), 5.22(a), 5.23(a), 5.24(a), 5.25(a), load balance is necessary, but not sufficient for achiev-
ing the optimal speedup.

In order to model the data transfer load along dimension ¢, we have used function

lifp, =1
comm; = —1+ w
pimlibi-l else

The total communication load is modelled by function

comm = Z(commi H wj)

j#i

It can be easily deduced from Figures 5.23(b), 5.24(b), 5.25(b) that, when the non-overlapping
execution policy is followed, it is necessary to minimize the communication load, in order to
achieve the optimal speedup. When the overlapping execution policy is followed, we did not
notice such a relation between communication load and speedup.

In Figures 5.20(b), 5.21(b), 5.22(b), 5.23(c), 5.24(c), 5.25(c), we have used value 0 for the

horizontal axis when both load balance and communication indices equal to 0 and value 1
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(b) The optimal speedup is achieved when the computation load is evenly distributed among processors and

the communication load is minimized.

Figure 5.20: Simulation Data: Execution of ADI onto a cluster of 2 SMP nodes, following
the overlapping execution policy

otherwise. We conclude that almost always the speedup is optimal when both load balance
and communication criteria are fulfilled. This holds even for the overlapping execution policy,

although we did not find out a direct dependence between communication load and speedup.

Speedup
f Processors Used

In Tables 5.8-5.9, we have indicated the maximum values of ratio 7
along with the virtual grid configuration and the blocking parameters used. Notice that, for
a non negligible value of the time needed for synchronization and overlapped communication,
the blocking parameters and grid configuration, that give the optimal performance are almost
identical for both the overlapping and the non-overlapping execution policies. In such rectangular
tile spaces, we should use the cluster assignment scheme, at least along dimensions with more
than one SMP nodes. In comparison to the simulations conducted in §5.6.3, notice that now we
have used a non negligible value for the times needed for synchronization and for the initialization
of communication, so as to predict the performance of slower than Myrinet interconnection

technologies.
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Figure 5.21: Simulation Data: Execution of ADI onto a cluster of 4 SMP nodes, following

the overlapping execution policy

Table 5.8: ADI - Simulation Data

The maximum values of ratio (Speedup)/(Number of Processors Used) are achieved when

the cluster assignment scheme is followed.

‘ P2 P3 ‘ mo  ms ‘ by b3 ‘ Speedup /processors
1SMP x2CPUs | 1 1 1 2 |20 10 0.99996
1 1 2 2 |10 10 0.99987
1SMP x4CPUs | 1 1 1 4 |20 5 0.99985
1 1 4 1 5 20 0.99985
1 1 2 4 110 5 0.99960
1SMP x 8 CPUs | 1 1 4 2 5 10 0.99960
1 1 2 4 5 5 0.99910
1 1 4 2 5 5 0.99910
1 1 1 10 | 20 2 0.99963
1SMP x10CPUs | 1 1 | 10 1 2 20 0.99963
1 1 2 5 |10 4 0.99950
1 1 5 2 4 10 0.99950

Gauss Successive Over-Relaxation (SOR)

In the sequel, we experimented with the Gauss Successive Over-Relaxation (SOR) benchmark.

The code segment which implies the main computational load and which deserves parallelization
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Figure 5.22: Simulation Data: Execution of ADI onto a cluster of 8 SMP nodes, following
the overlapping execution policy

is given by the following nested for-loop:

for (£t=0; t<T-1; t++)
for (i=0; i<I-1; i++)
for (j=0; j<J-1; j++){
Alt,i,j1=%(Alt,i-1,j1+A[t,1,j-10+A0t-1,i+1,jI+A[t-1,1,j+1])+
(1—w)Alt-1,i,3]

}

The dependence matrix of this code segment is

o = O
= o O
|
—
[a)

One of the optimal tiling matrices, according to communication minimization criteria [Xue97a],

can be proven to be

10 10 -10
P=1-10 0 10
0 -10 10
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(b) The minimization of the communication load is necessary, but not sufficient for achieving the optimal
speedup.
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(c) The optimal speedup is achieved when the computation load is evenly distributed among processors and
the communication load is minimized.

Figure 5.23: Simulation Data: Execution of ADI onto a cluster of 2 SMP nodes, following
the non-overlapping execution policy

After applying this tiling transformation, to the initial code segment with I=J=200 and T=1000,

the tiled code segment can be rewritten as follows:

for (ii=0; ii<119; ii++)
for (jj=ii; jj<ii+20; jj++
for (tt=max(0, jj-20, -ii+jj-1); tt<min(119, jj, -ii+jj+100); tt++){
Work with tile (tt, ii, jj)
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Figure 5.24: Simulation Data: Execution of ADI onto a cluster of 4 SMP nodes, following
the non-overlapping execution policy

Asg in the case of the ADI benchmark, we simulated the execution of this code segment on
a cluster with a fixed number of SMP nodes and a fixed number o CPUs inside each node. We

tested all possible values of parameters p;, m;, b;, so as to locate the configuration that gives the

Speedup as
f Processors Used

an index of the efficiency of a schedule. The maximum value of this fraction may theoretically

best performance. In Tables 5.10, 5.11, 5.12 we have used the ratio 5

Speedup
f Processors Used

equal to 1. The closer to 1 ratio 7" is, the more efficient the respective
schedule is considered.
For each cluster size, we have denoted the configuration that gives the best performance.

Then, we have indicated the optimal cyclic configuration and the optimal cluster configuration.
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Figure 5.25: Simulation Data: Execution of ADI onto a cluster of 8 SMP nodes, following
the non-overlapping execution policy

In the last column of Tables 5.10, 5.11, 5.12 we have indicated the percent reduction in efficiency
of the cyclic or cluster schedule, in comparison to the optimal block-cyclic schedule.

One can easily deduce that for such a non-rectangular tile space, the cluster assignment
schedule is totally out of a question. This is due to the fact that when a processor starts executing
the tiles assigned to it, the processors that have previously started executing computations, have
almost finished with them. Thus, the execution of the tile space is almost not parallelized.

On the other hand, when the overlapping execution policy is followed, the cyclic assignment
schedule can achieve an almost optimal performance, as deduced from Table 5.11. When the

non-overlapping execution scheme is followed, the cyclic assignment schedule may be up to 26%
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Table 5.9: ADI - Simulation Data

The maximum values of ratio (Speedup)/(Number of Processors Used) are achieved when
the cluster assignment scheme is followed, at least along dimensions with more than one SMP

nodes.
Speedup /processors
pa p3 | me ms | bo by | Non-overlapping Overlapping
1 2 1 1 1 10 0.976 0.998
2SMPs x 1CPU | 2 1 1 1 |10 1 0.976 0.998
1 2 1 1 2 10 0.976 0.998
2 1 1 1 (10 2 0.976 0.998
1 2 2 1 2 10 0.975 0.997
2SMPs x 2CPUs | 2 1 1 2 |10 2 0.975 0.997
1 2 2 1 5 10 0.975 0.997
2 1 1 2 |10 5 0.975 0.997
1 2 4 1 5 10 0.975 0.997
2SMPs x 4CPUs | 2 1 1 4 110 5 0.975 0.997
1 2 4 1 1 10 0.975 0.996
2 1 1 4 |10 1 0.975 0.996
1 2 4 2 5 5 0.950 0.994
2SMPs x 8CPUs | 2 1 2 4 5 5 0.950 0.994
1 2 4 2 1 5 0.949 0.991
2 1 2 4 5 1 0.949 0.991
2 2 1 1 |10 10 0.949 0.991
1 4 1 1 1 5 0.91 0.99
4 1 1 1 5 1 0.91 0.99
4SMPs x 1CPU | 1 4 1 1 2 5 0.909 0.99
4 1 1 1 5 2 0.909 0.99
1 4 1 1 4 5 0.907 0.989
4 1 1 1 5 4 0.907 0.989
2 2 1 2 |10 5 0.926 0.99
4 SMPs x 2CPUs | 2 2 2 1 5 10 0.926 0.99
1 4 2 1 2 5 0.908 0.989
4 1 1 2 5 2 0.908 0.989
1 4 4 1 1 5 0.908 0.988
4 1 1 4 5 1 0.908 0.988
4SMPs x 4CPUs | 1 4 4 1 5 5 0.906 0.988
2 2 2 2 5 5 0.906 0.988
4 1 1 4 5 5 0.906 0.988
2 4 1 1 |10 5 0.882 0.983
4 2 1 1 5 10 0.882 0.983
8§ SMPs x 1 CPU | 2 4 1 1 5 5 0.847 0.979
4 2 1 1 5 5 0.847 0.979
2 4 1 1 2 5 0.751 0.964
4 2 1 1 5 2 0.751 0.964
8 SMPs x 2 CPUs | 2 4 2 1 5 5 0.866 0.982
4 2 1 2 5 5 0.866 0.982
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Table 5.10: SOR - Simulation Data

P2 P3| ma m3 | b b3 ‘ Speedup/processors ‘ Efficiency reduction ‘
1 1 1 2 1120 5 0.999421271

ISMPx2CPUs [ 1 1| 2 1 1 1 0.988251853 1.2%
1 1 2 1 60 140 0.534139023 47%
1 1 4 1 1 140 0.997985691

ISMPx4CPUs [ 1 1| 4 1 1 1 0.987554938 1%
1 1 4 1 30 140 0.309307308 69%
1 1 8 1 1 140 0.989166534

ISMP x8CPUs | 1 1| 8 1 1 1 0.978837276 1%
1 1 8 1 15 140 0.216077827 78%
1 1 10 1 1 10 0.980911549

1 SMP x 10 CPUs | 1 1 10 1 1 1 0.971447503 1%
1 1 10 1 12 140 0.198010851 80%

Table 5.11: SOR - Simulation Data, following the overlapping execution policy

P2 p3 | ma m3 | by b3 ‘Speedup/processors ‘ Efficiency reduction‘

2 1 1 1 ) 1 0.987745575

2SMPs x 1 CPU | 2 1 1 1 1 1 0.954850866 3.3%
2 1 1 1 |60 140 0.53174481 46%
2 1 1 2 6 1 0.984724165

2SMPs x 2CPUs | 2 1 2 1 1 1 0.970604098 1.4%
2 1 2 1 |30 140 0.308091238 69%
2 1 2 2 2 1 0.972011902

2SMPs x 4CPUs | 2 1 | 4 1 1 1 0.962034972 1%
2 1] 4 1 |15 140 0.215110584 78%
2 1 2 4 |3 1 0.923522467

2SMPs x 8CPUs | 2 1 | 4 2 1 1 0.910115457 1.5%
2 1 8 1 8 140 0.166069888 82%
4 1 1 1 2 1 0.970575774

4SMPs x 1CPU | 4 1 1 1 1 1 0.954196445 1.7%
4 1 1 1 |30 140 0.305305101 69%
4 1 1 2 2 1 0.963700266

4SMPs x 2CPUs | 4 1 2 1 1 1 0.961991687 0.18%
4 1 2 1 |15 140 0.213112999 78%
4 1 1 4 | 3 1 0.918472758

4SMPs x 4CPUs | 4 1 2 2 1 1 0.910052738 0.92%
4 1| 4 1 8 140 0.164702948 82%
§ 1 1 1 1 1 0.945760927

8 SMPs x 1CPU | 8 1 1 1 1 1 0.945760927 0%
8§ 1 1 1 |15 140 0.208689671 78%
§ 1 1 2 2 1 0.895967945

8 SMPs x 2CPUs | 8 1 1 2 1 1 0.895508695 0.05%
8§ 1 2 1 8 140 0.161913245 82%

slower than the block-cyclic assignment schedule. This is due to the fact that it imposes a very
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Table 5.12: SOR - Simulation Data, following the non-overlapping execution policy

P2 p3 | ma ms3 | b b3 ‘ Speedup /processors ‘ Efficiency reduction ‘
2 1 1 1 8 1 0.933471933

2SMPs x 1CPU | 1 2 | 1 1 1 1 0.687822177 26%
1 2 1 1 120 70 0.516923785 45%
2 1 1 2 8 1 0.931415461

2SMPs x 2CPUs | 2 1 | 2 1 1 1 0.804743867 14%
2 1 2 1 30 140 0.297544003 68%
2 1 1 4 9 1 0.915342071

2SMPs x 4CPUs | 2 1 | 4 1 1 1 0.797715939 13%
2 1 4 1 15 140 0.206804037 %
2 1 2 4 4 1 0.872820864

2 SMPs x 8 CPUs | 2 1 4 2 1 1 0.761663718 13%
2 1 8 1 8 140 0.159950583 82%
4 1 1 1 4 1 0.852477691

4SMPs x 1CPU | 4 1 1 1 1 1 0.678914342 20%
1 4 1 1 120 35 0.276955342 68%
4 1 1 2 4 1 0.847714428

4SMPs x 2 CPUs | 4 1 2 1 1 1 0.797329214 5.9%
4 1 2 1 15 140 0.18935053 78%
4 1 1 4 4 1 0.832239744

4SMPs x 4 CPUs | 4 1 2 2 1 1 0.761153699 8.5%
4 1 4 1 8 140 0.146127364 82%
4 2 1 1 4 4 0.765480087

8 SMPs x 1 CPU | 8 1 1 1 1 1 0.672901118 12%
8 1 1 1 15 140 0.164661875 78%
8 1 1 2 2 1 0.742509583

8 SMPs x 2CPUs | 8 1 2 1 1 1 0.731556309 1.5%
8 1 2 1 8 140 0.130694603 82%

dense communication pattern. Thus, the block-cyclic assignment scheme achieves the happy

medium between communication load and concurrent execution on different processors.
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Conclusion

In this thesis, we have added some notions to the difficult problem of automatic parallelization
of nested for-loops.

In [GAKO03], [GDAKO02a], [GDAKO04], a complete framework for automatically producing
parallel SPMD code has been presented. However, we assumed that there are always as many
processors as needed, or, that processes are scheduled by the operating system on the available
processors. However, as explained in §5.1, this scheduling may not be optimal. Chapter 5 of this
thesis is now presenting a solution to this problem. In addition, we had not taken into account
multi-level parallel architectures. This case is coped with by Chapter 4 and §3.3 of this thesis.

In [Sot04], Sotiropoulos has presented an innovating parallel scheduling, which can exploit
advanced communication features of modern clusters, such as Direct Memory Accessing and
Zero-Copy protocols [KSGO03], [GSKO01]. This thesis is now modifying the schedule proposed by
Sotiropoulos, in order to exploit the proximity of processors within the same SMP node.

Thus, this thesis can be considered as the last among realized steps for the parallelization of

nested for-loops:

1. First of all, one should conduct a dependence analysis of the code segment, as described
in [Ban88], [Pug92]. We assume that this step gives uniform dependences, as described in
§2.3 and in §B.2.

2. Then, we select the optimal tiling, according to cache locality or communication overhead
minimization criteria, as described in [KRC99], [LRW91], [WL91a], [PHP03], [MHCF9§]
and [AKN95], [RR02], [BDRR94], [Xue97a], [Xue00], [RR04].

3. Sequential code is converted to serial tiled code, according to the tiling transformation
selected in step 2, as described in [GAKO2b], [GAKO03] and in §3.2 of this thesis. This

conversion is consisted of two substeps:



170 Conclusion

(a) Producing the bounds of the tile space from the bounds of the iteration space (§3.2.1)

and

(b) Producing the appropriate boundary expressions for traversing the internal of each

tile, as well as determining the incremental steps of each loop index (§3.2.2).

4. A communication policy (overlapping or non-overlapping) may be selected [GSK01], [KSG03],
according to the hardware technology that will be used. If the network interconnection
supports Direct Memory Access (DMA) protocols, we highly recommend the selection of
the overlapping communication policy. If DMA is not supported by hardware, then over-
lapping communication will not be really implemented. Thus, writing code for overlapping
communication over this hardware architecture will only introduce unnecessary delays to

the final program.

5. If our cluster is consisted by Symmetric Multiprocessors (SMPs), then the proximity of
processors in the same SMP node can be exploited by applying a grouping transformation
to the tile space, produced in step 3a, and then scheduling groups instead of tiles, as
described in [ASTKO02b], [AST*05] and in Chapter 4 of this thesis.

6. If the number of rows of tiles produced by step 3a exceeds the number of CPUs available,
then it is advised to apply a static scheduling of tiles or groups, as described in [AKKO04]
and in Chapter 5 of this thesis. If the tile space (step 3a) is rectangular, then we need not
take into account load balancing issues. Thus, we may select between the cyclic assignment
schedule (§5.2) and the cluster assignment schedule (§5.4). The cyclic assignment schedule
is preferable when the overlapping communication policy has been selected in step 4, while
cluster assignment schedule is preferable when the non-overlapping communication policy
has been selected. If the tile space is not rectangular, then the block-cyclic assignment
schedule constitutes a useful compromise of the advantages and disadvantages of cyclic

and cluster assignment schedules.

7. Finally, serial tiled code, produced in step 3, can be converted into parallel code, taking
into account the decisions of steps 4, 5, 6, and allocating data to processes, as described
in [GDAKO2a], [Gou03] and in §3.3 of this thesis.

Although a lot of research has been conducted in this area, we cannot yet automatically
produce optimal parallel tiled code for the execution of code segments with nested for-loops

onto parallel architectures.

e First of all, we have not yet investigated the interaction among the tile selection techniques
(step 2) and subsequent steps (4, 5, 6). It is strongly possible that the application of
different communication policies or assignment schemes will modify the criteria for the
selection of the optimal tiling transformation. Thus, maybe an overall analysis of problems

corresponding to steps 2, 4, 5 and 6 would modify the final parallel code produced in step 7.
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e In addition, we may incorporate in the previous procedure the data layout and indexing
techniques described in [AK04], [AKTO05]. In these papers, E. Athanasaki et al. have
presented an alternative array data layout, which stores array elements in memory in the
order they are fetched in cache by the tiled nested for-loop code segment. Then, the
combination of parallelization and peak cache performance is expected to further boost
the efficiency of the final parallel code. However, incorporating these techniques, will add

one more parameter in the tile selection methods applied in step 2.

e Another issue that has not been yet investigated is false sharing inside SMP nodes ([CS99],
pages 123-156, [TLH94], [KCRBO03]). Is there such a possibility? How can it be evicted?
Since tiling has initially been designed for parallelization onto clusters with distributed
memory, or for exploiting cache locality on single processing units, these questions have

not been yet addressed in the literature.

e Furthermore, one should find out if these techniques can be applied to code segments with
imperfectly nested for-loops. As described in [AMPOOb], [AMP00a], [Xue96], [SL99],
[Kul98], [LLLO1], every imperfectly nested for-loop can be converted into perfectly nested
for-loop, using if statements. However, the techniques described in the above papers are
mainly aimed for cache locality optimization, not for parallelism. The computation load of
iterations will not be equal. Thus, tiling into equal sized tiles will result into computation
load imbalance. On the other hand, the results of this thesis and of referenced related

work have been based on the assumptions that tiles are identical.

e Similarly, if the computing system is heterogeneous, tiling into identical tiles will not
give equal computation times for all of them. This fact will not be consistent with the
underlying assumptions of this thesis and of referenced related work. Then, the techniques
presented in this thesis might be combined or enhanced with the ones proposed in [Mor9§],
[KP96], [CZL95], [CZLI7]. However, the methods proposed by above papers cannot replace
the schemes proposed in this thesis, since, they concern the parallelization of doall loops
([CZLY5], [CZ197]), or employ a dynamic scheduling algorithm ([KP96]).

e In order to further reduce the execution time of parallel programs on SMP nodes, we
should also query which CPUs of an SMP node should communicate with other SMP
nodes. Should each CPU exchange data that concern only its own work? Or should a
single processor undertake the communication needed for the whole SMP node? In case
the second possibility is taken, how shall we balance the computation4+communication
load of CPUs?
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Appendices
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Summary of Notations

Symbol Explanation Page
N set of natural numbers 14
N* set of natural numbers, excluding 0, N* = N — {0} 14
Z set of integer numbers 14
zZ* set of integer numbers, excluding 0, Z* = Z — {0} 14
n Dimensions of the iteration space 14
J" Tteration space 15
j= (j1,---,7n) | Iteration coordinates vector 14
JS Tile space 32
j—é = (47,...,72) | Tile coordinates vector: j_é = |Hj| 32
TOS Tile origin space 32
jo = (Joi,---,Jon) | Tile origin 32
TIS Tile iteration space 32
TTIS Transformed tile iteration space 61
' =(j,....7.) | Instance of the transformed tile iteration space 65
J=H(=jo) & j=PWVi¥+])
DS Data space DS = {f,(j)|7 € J"} 7
LDS Local data space 80
IDS = {j7’ e 7| 0<j/<offk —i—mkvkk/f;’kk,k = 1,1”"71’]{ +1 }
NO < g < of fi + [t|vi/h i
§r = (47, ...,J7) | Instance of the local data space 3" = map(j, t) 80
JG Group space 92
ja = (5¢,...,3%) | Group coordinates vector jé = LHGJ%J 92
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Summary of Notations

Symbol Explanation Page
H Tiling matrix 30
g Smallest natural number such that gH is an integer matrix 33
P Inverse tiling matrix 30
Vv Diagonal matrix with vy, the smallest integer such that 63
vk;/zglf/f to be integral
H' Transformation matrix from TIS to TTIS (H' = VH) 61
P’ Transformation matrix from TTIS to TIS (P’ = H'~1) 61
H Hermite normal form of matrix H’ 63
HE¢ Grouping matrix 92
P¢ Inverse grouping matrix 92
D Dependence matrix 18
D’ Transformed dependence matrix D' = H'D
DS Tile dependence matrix 34
II Linear time scheduling vector 21
e Linear time scheduling vector concerning groups 100
m=mq X ---xXxm;_1X | Number of CPUs inside an SMP node 77,95
XMjp1 X - X My,
P=p1 X X pi_1X Number of available SMP nodes 129
XPit1 X - X Pp
sm;u'd SMP node identification vector 7
cpzlid processor identification vector inside an SMP node 77
p;d global processor identification vector 77
pid, = pid, = cpu_id, + smp_id,m, <
cpuidy = pid,%my, smp_id, = |pid,/my |
£ Makespan = Number of time steps needed for the completion 22
of the execution
i The longest dimension of the tile space 78, 110
ey ug Lower and upper bounds of the iteration space k =1,...,n 14
l,f, u;j Lower and upper bounds of the tile space k =1,...,n 32
w;j Width of a rectangular tile space along dimension £, 103

wi=ui -1+, k=1,...,n




B

Algorithmic Model - Summary of

assumptions

B.1: We consider an n-dimensional perfectly nested for-loop:
for (ji=li; j1 <wi; ji++){
for (jn=ln; In < Ups Jn + +>{

Loop Body
}

}

where [; and u; are integer parameters, [ and u; (k= 2,...,n) are functions of the outer loop

indices. Specifically, they may have the form:

lk = ma’x(’—fkl(jlw"7jk*1ﬂ7"'7 (f’ﬂ“(jla' : 'ajkfl)-D

and

u, = man(gr1 (J, - Jk—1) 1o o5 L9 (1o - -5 Jk—1)])s

where fr; and gg; are affine functions. (see page 14)

B.2: All dependence vectors are uniform, i.e. independent of the indices of computations. (see

page 18)

B.3: There are at least n linearly independent dependence vectors. Thus, the class of depen-
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dence matrix D equals to n. (see page 31)

B.4: Anti-dependences and output dependences have been eliminated using more variables
[CDRV9S8]. (see page 18)

B.5: All dependence vectors are smaller than the tile size, thus they are entirely contained in
each tile’s area. This means that the tile dependence matrix D contains only 0’s and 1’s. (see

page 35)

B.6: The processing architecture consists of an homogeneous cluster of single CPU or SMP

nodes. (see page 77)
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Simple Mathematical Formulas

Lemma C.1 If all n points y;, i = 1,...,n belong to a convex space J", then every point

Y=ayi+ -+ anyn

where a; € [0,1] and ay + - - - + a, = 1, belongs to J".
Geometrically, this statement can be expressed as follows: If all points y;, i = 1,

to a convex space J", then all points located among them belong to J™.

Proof: If all points y;, i = 1,...,n belong to J™, then it holds By; < l;for alli=1,...

Consequently, By = > a;By; < > aib="b. Thus, point i also belongs to J".
j i=1

i=1

Lemma C.2 Function

f($1,...7$n):l’1+"'+l'n,

where x1 X -+ X x, = ¢ and x1,...,x, > 0, is minimized when

Proof:  Function
flay, .o xn) =21+ + Xy,

where 1 X -+ X 1, = ¢ = x, = W, can be rewritten as follows:
n—

&
flre,.. . ,xp_1) =01+ FTp 1+ ——m.
T1X o X Ty

52
awzf >0, Vp—_1-

n—1

of _1_ _ e -2
Therefore il Sl ot A and

(C.1)

...,n belong

M.

4|
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; ‘o minimized i af  _
Thus, function f(x1,...,x,_1) is minimized in respect to the value of x,,_1 when T =
1
3
_(_ e . o
0=z,_1 = (mlx---xz",z) . For this value of x,_1 we can write:

c 2
o) = _ 2 —m8 .
f(xlv s Ly 2) x + + Tp—2+ <.731 ST 1‘7;—2)

After we have eliminated variables xp—;11,...,x, this way, we conclude that function f
can be expressed as

1
. c
f@1,. o mny) =x1+---+xn_i+z<> :

Ty X - X Ty

. T it 2
of  _ _ c ' i o°f ) ;
Therefore e = 1 (11X-~Xocn_i_1) z,_+ and 927 > 0, Vxp_;- Thus, function
f(x1,...,xn_y) is minimized in respect to the value of x,_; when aff_‘ =0= 2, =
; ,
c 1+1 . . N
(m) . For this value of x,_; we can write that

1

c T
f(xl,...,:cm1>=:c1+~--+xm1+(z'+1>( ) |

L1 X X Tp—j—1

If we continue the elimination of the variables in this way, we conclude that the mini-

mization of [ is achieved when x1 = cw. After a backwards substitution of the variables in
1

. 1 o
the expressions x,_; = <WCII) we conclude that the minimum value of
n—ie

flxy,...,zp) =214+ +x,

. . 1
is achieved when 1 =--- = x, =cn. 4

Lemma C.3 Function

ai Gn,
f(xl)"'wrn):i_’_”'—'_i)
X1 In
where x1X---Xx, =c¢, ai,...,a, are positive constants and x1, ..., T, are positive, s minimized

when

1
Cc no
T =a; | ——— ,i=1,...,n
ayp X -+ X ap

Proof: It holds that ;—1 X oo x 2

Tn

=

= WX Xn —constant. Thus, according to Lemma C.2,
1
. . L L n
function f(x1,...,2y,) is minimized when SL==n= (M) == (é)

T c a1 X Xay ’

1=1,...,n. 4

Lemma C.4 If a € Z and b,c € N*, it holds that



181

and

!

e

J

122 =1 (C:3)

O ‘

Proof:  There is a pair of x € Z, y € N such that a = becx —y and 0 <y < bc — 1. Thus,

it holds that b

a,  ber—y
[bc1 =1 be
In addition, there is a pair of y1,y2 € N such that y = by; + y2 and 0 < y; <
0<ys <b-—1. Thus, it holds that

==

[bcx—bg/l —y2 -I

|
Sl
J—

==

_cr—y
c =1 c

[==1=1T

o

Thus, formula (C.2) is valid.

Similarly, there is a pair of w € Z, z € N such that a = bcw + z and 0 < z < be — 1.

Thus, it holds that
a bew + z

el =151 =

In addition, there is a pair of z1,2z0 € N such that z

0 < z9 <b-—1. Thus, it holds that

=bz1+ 290 and 0 < z; < ¢c—1,

L%J B Lbcw+%Z1+Z2J B cw + 21 B
[ = [y = A
Thus, formula (C.3) is valid. a
Lemma C.5 Ifa € Z and b € N*, it holds that
a—1 a
=[-]-1 A4
2 =1 (©4)

Proof:  There is a pair of v € Z, y € N such that a =bx —y and 0 <y <b—1. Thus, it

holds that 5
a x— Yy
Sl-1=T

In addition, since 0 <b—y—1<b—1, it holds that

1-1=z-1

R YL L R S P

Lemma C.6 Ifa € Z and b € N*, it holds that

~lz)=T-31 (C.5)
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Proof:

There is a pair of v € Z, y € N such that a =bxr +y and 0 <y < b—1. Thus, it
holds that

13 =12 =

In addition, it holds that

Lemma C.7 Ifa,b e N*, it holds that

a

o

1<b (C.6)

Proof:  There is a pair of x,y € N such that a =bxr —y and 0 <y < b—1. Thus, it holds
that
a a —Y (C.5) Yy
— 1=721=b 271 =7 — <b
eyl =51 =0+ 11 14 <
_{
Lemma C.8
n n n
al + a; Z [(ai -1) H ak] = Hai (C.7)
i=2 k=i+1 i=1
Proof:

a1 +ay[(az —Das...an+ (a3 —Dag...an+ -+ (ap—2 — Dap_1an + (an-1 — Va, +a, — 1] =

=a1+ar[(aea—1as...an+ (a3 —1)ag...an+ -+ (an—2 — 1)an—1ay + an—1a, — 1] =
=a;+a[(az —Das...an+ (a3 —Dag...ap + -+ an_sap_1a, — 1] =

=a1 +ay [agas...a, — 1] = ajas...ay
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]

Ewcoymy

1.1 YxompdtnTa

O uetaoynuatiouds urepxndufoy, 1 tiling, éyel yenowononlel eupéwe 6NV TEpLOYT TNG TUEEA-
Aning enelepyaotag Yiol TV OVAXATACHEVT) TUTUETOV XOIXA TOU TEELEYOLY TEAELL YWALACUEVOUS
Bedyouc. Katd tnv egapuoyh evéc uetaoyruatiouol tiling, opadonotodviat yYettovixée emovals-
Perc Tov poiacuévey Pebywv ot éva tile, B unepxdufBo. X1n cuvéyewa, yerpllouaote xdle tile
ooy ula uToAoyLoTix) Hovada. Aniady, avil va ypovodpouohroyolue enavalrpelc, ypovodpouo-
royouUue tiles x.0.x. Me Tov 1410 LT EMLTUYYAVETAL UELWOT] TOU GUVOALXOU GYXOU ETLXOLVWVIOG

yia dVo Adyouc:

e Av unoBécouue 6Tl oL enavaAiPeELS ToU apyixol x®M3xa Utopoly vo avatebody oe omolov-
dfjmote enelepya ot TNC TUPGAANANG AEYLTEXTOVIXN S, O POHETOC EMLoLVwViag Unopel va elval
oAU peYdhog o oyéon ue to @bpto unoroylouol. ‘Otav egoupudletol YETACYNUATLOUGS
tiling, oL yeitovixée enavahridelc exterovvTal avayxaotxd atov (8lo enelepyaotr. Enoué-

Vg, analelpetor n avdyxn entxolvoviog Petall Toug.

® Y& UTOAOYLOTIXE GUOTAUOTA XAUTAVEUNUEVNC UVAUNG, OTIOU 1) ETLXOLVeVIOL YIVETOL UE OVTOA-
Aoy T, UnYUUATRY, To x6GTOC apyixonolnong wag Uetagpopds dedouévey dev elvar xafdrou
aueAntéo. ‘Otav yenowonoteital évag UeTaoynuatiouog tiling, extéc and tig yertovixég
enovaARPELS, oUaBOTOLOUVTAL oL OL UETAPORES dedoUéVmy Tou anoppéouy and autéc. Eno-
uévog, yeetdletar va apyixonoindel uévo éva uhvoua avd tile xow avd xoatedfuvor emxot-
voviag. Mewdvovtag, Aoméy, Ue ToV TpoTo aUTO TOV dELtBUd TV UNYUUAT®OY, UELOVETAL XL

T0 X60TOG APYIXOTOLNOT S NS ETMXOLYWVLNG.

Yy mepLoyy| auth €xouv Ypagel TOANEG gpyaoleg oyeTxd WE TNV EMAOYH Tou BEATLGTOU
uetaoynuatiouoy tiling. Ot epeuvntéc €youy xatarfiel oto cuunépaoua 6TL, apevdc oL ophoydhviot

uetaoynuatioyol elvo mo anhol. 'Etol, 1660 1 €Qopuoy TOU UETACYNUATIOUOU Tou (8Lov, 660
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xaL 1) EXTEREST) TOL TEAXOU XxOSxa Unopolv va yivovton apxetd anodotixd [TX00]. Agetépou,
€vac Un opHoy®dvog UETAOYNUATIOUOC Untopel Vo elvat o XATIAANAOS YLol €Va GUYXEXPLUEVO
T X3 puitacuévey Bedynv [HS02], [HCF03]. Enouévewce, unogel, avdhoya ue tov tpbéno
mou Oo yivel 1 UETATEOTY| TOU aEYtxoU X®OAXA, Yo SOGEL TNV XaAUTERT) duvatr TeAuy| anddoor,
[GDAKO2a).

'‘Otav o petaoynuatiouoc tiling yonowonoteltal yio v nopaiinionoinon evéc npoypduud-
T0¢, To oyfiua xat o uéyebog twv tiles emiéyovial étol Gote va ehaytotonounbel To x6oTOg
enuowvovioc. Eite éyovue éva olotnua xataveunuévne [Xue97a] , elte powpalduevne uviung
[RR02], o Bértiotoc uetaoynuottioudc tiling unoroyiletat ye tov (8o tpémo. Enouévac, xat otny
TeplnTwon YLag TOAU-eTTedNg apyLtTeEXTOVXAC, 0 BéATIoToC ueTaoynuatiousg tiling Oa elvar i
o BLoc.

‘Ouwe, v Vv egopuoyy tou tiling, dev npénel va anogaotoovue uévo to uéyebog xat to
oyfua tov tiles. Hpénet, enlong, va xaboploouue 1 ypovixt| SpoUOASGYTOT TWY UTOAOYLOUOY Xl
¢ emxotvwviag. To Béua autd €yel 1O hubel, elte TPOXELTOL Yo PYLTEXTOVIXT) XATAVEUNUEVNC,
elte powpalduevne uviune. Ae €yel Aubel duwe, oTnV TEPIMTOOT ULUS TOAU-ETUTESNC TURAAATANG
apYLTEXTOVIXTC, OTwe elvan oL cuotolyleg ntolu-enelepyaotdy (cluster of shared memory multi-
processors SMPs). Ytnv epyaoia auth) Ha xataoxeudoouue ula ypovixy Spouordynen, ¥ onola
AoufBdver unddn g Wialtepeg avdyxeg emxolvwviog uetall enelepyaotdy mou Bploxoviol 6Tov
i8Lo 1 oe StaopeTinolc TOAU-ENelepYaOTIXOUSC XOUBOUC.

Metd tnyv egapuoyy Tou yetaoynuatiouoy tiling oe éva npdypaupa Ue pwilaouévouc Bpdyoug
XL TNV TORAYOYH TS Xpovixhic dpouoldynone Ty tiles, cuviing utobétouue 6Tt unopel xaL 6NV
TEAYUATIXOTNTO O THPAYOUEVOC XMBLXAC Vo exTEAETTEL g plo UTdpyouGa TOPAAATAT AEYLTEXTOVL-
xh. Autd, duwg, dev toylet mdvta. O aptBuds Twv enelepyaoTdOVY TNG UTAPYOUGIS OPYLTEXTOVLXTC
unopel va elvat uxpdtepog and tov aptbud twv enelepyaotdy Tou yeetdlovial yia Ty VAoTolnom
NS OUYXEXPLUEVNS Ypovodpouordynone. Tlapdio mou otn BBAtoypapla ToANéS epyaaties €youy
acyoinbel pe to OBéua tng ypovodpouohdynong ot Tenepacuévo apliud enelepyaoTtdy, TOAS Alyeg
and aUTEC UTOPOVY Vo EQUEUOGTOUV GE TEOYPAUUITO UE PWALAGUEVOUC BpdY0UuC ToL SEV UTOPOUY
vor SlauepLoToly oe aveZdptnta YeTald TOUg TUAUATA. XTNV epyacia auTh TEOTELVOVTAL TEVTE
EVOUAAIXTIXG oY huaTa Ypovodpouohdynone Ty tiles xou avdleorc Toug oToug enelepyaoTéc ULag

UTEEY0VOUC TORIAANANG oEYLTEXTOVIXAC.

1.2 Emwoxénnor PiBAtoypapiog

Méypt Ty and Abya yedvia, 1 cuveyhc ad&non TNe TaylTNTAS EXTEAEONS TOV TEOYRPUUUATOY, Ba-
ollétay xuplwe oty alénon g cuyvVeTNTAC ToL pohoYlol Tou unoloyLoth. Katd tn didpxela tng
dexaetiag Tou 80, 1660 1 axadHUAixn, 6G0 o 1) BLounAviXY xXoLVOTrTA GUVELSTTOTONGAY OTL BEV
elye vonua va auENoouy Tepattépw T1 GLYVOTATA TOL POAOYLOU, v SeV UTopoUcUY Vo TPOPOSOTH-

ooLY TLo Ypriyopd Tov enelepyaoty| Ue dedouéva and ) uviun [PH94], [HP03]. H npoondfeia v
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EPELVNTGV, AOLTOY, ETXEVTPGONXE o1r uelwon e andotaone UeTall enelepyaoTrh xat UVAUNC,
YENOWOTOLOVTAC TN YPYoeY, ©) xpue?, uvhun (cache memory). Xuvéylooav va auidvouy T ou-
YVOTrTa ToU poloytol, ahAd TauTtdypova avénoay xoL To uéyebog xat 1o elpog {HVng Twv caches.
Enilong, BeAtiwoayv toug alyopiBuouc anobrixeuorc xat avdxtnong Sedouévey e autéc.

YAuepa Aoy, galvetal 6TL 1 Teyvohoyia €yel xopeotel ota Oéuata autd. Kdbe nepaitépw
abZnom elte g ouYVOTNTAC TOU poAoyloy, elte Tou ebpoug (OVNE TNE Uviung, neptopiletar and
NV TaYUTNTO TOU QWTOC %ol and TLS EAAYLOTEC ANOGTAGELS TOU TEETEL Vol UTEpy oLV UETAgl Twv
ototyelwy evég chip, dote va unyv adAAnhemdpoly ta nhextexd ofuota uetalld Touc. Enouévec,
n wévn hbon mou atvetol vo UTopel var auENoEL BpalUaTiXd TNV ETULS06T TV UTOAOYLOTAY, Elval 1)
TopdAANAY enedepyaota.

‘Ouwe, av dev enéuPeL o TpoYpaUMATIOTAS, 1 TapdAANAN encéepyaoia Sev unopel va el mpay-
UOTIXO aVTIXTUTO 0TV anddo0n) TOU UTOAOYLOTH, TAEd UGVO oV EXTEAOUVTOL TAUTOYEOVO TOAAY
aveldptnta wetalld toug mpoypduuata. ‘Otav, mdAL, éva Tpdypoupa UTopel v dtapeploTel oe
ave&doptnta, 1| Yahopd cuVSESEUEVA UETAEY TOUS UTOTROYPEUMATA, 1) SOUAELH TOU TROYROUUUATLOTY
elvow evTeEAGDS TeTEEVT xon eUxoln. Tu yivetar, dung, 6Tav tpenet va emttayOvoule Eva TeoYeoU-
ua ou dev ywelletat oe aveldptnta Tuuate; BTNy tepintwon auth tpénel vo Yivel avdAuoT, Ty
eCopthoeny dedouévny (data dependence analysis) [Ban88], [Pug92], dote va anogacicovue nota
XOUUATLO TOU UTOXELVTAL OE amodoTixY| TopaAAnionolno.

Avdueoa ota TufdoTa xO8uxa Tou Utopovy va tagahinionotnfody anodotixd, tonofetobvTat
oyedbv TdvTa xaL ot pwitacuévol Bpdyot. Yuviiwg ntpochHétouy apxetd ueYEAo Xx66GTOC GTO GUVO-
A% YPOVO EXTEREGTC EVOS TIROYEAUMATOS, apol ETAVAUAUSBAVOUY TOAES QORES TLS (BLEC EVTOAEC.
[ vo emtdyer xavel ) yéylotn emtdyvvor Aoyw noparlinionoinong, Eva and to onuela Tou
TpENEL va mpooelel Wialtepa elval 1 eAayloTonolney Tou xéoToug emxovwviac. Ot epyaciec mou
€youv acyoinfetl ye to Oéua autd umopody va xatryoplomolnfoldy ce 8o meptoyés, TOU oVTL-
0TOLYOVUY 01N AETTOXOUMEVT, Xat T YoVdpoedh taparinioroinoy (fine grain parallelization = 7
emuxoLvwvio Tpaydoatonoteltar yior xdfe emavdindn Leywplotd, coarse grain parallelization = 7
emxoLvoVio Tparypatonoteltat yia ouddec enavahibewy).

'‘Ocov agopd v entxovwvia yia xdfe enavéindn eywpiotd (fine grain parallelism), yia
N uelworn Tou xbéaTouC emxolvmviag €youy Tpotalel didpopec uéhodol ouadonolnong YELTOVIXGY
ahueidwv and enavarfierc [KCNI1], [SCI5], Sratnedvtac to BéATLOTO SLdvuoUa YpoUxAS Xpo-
vodpouordynone [DGKT00], [STI1], [TKP00]. O otéyoc trc doyéplone Tou apytxol YoHeou
enavaAPewy oc ahuoideg emavaldewy, elvar Tévta 1 eAaytotonoinon twv e apThoEwy UeTall
SLAPORETIUAOY AALGLSWY. XTN GUVEYELH, XATOLEC AAUGISES OUASOTOLOUYTAL XAl EXTEAOUVIAL GTOV
{8to enelepyaoth, ue otdyo TN Uelwor TwV eEUPTNOEWY UETULD SLUPORETIX®Y ENELEQYUCTOV.

T o o yovtpoxouuévn emtxolvovio (coarse grain parallelism), ot epeuvntéc €youv tpotel-
VEL TO UETACYNUATIOUS UTEpxOUPBeY ¥, ueTacynuatioud tiling, mpoxeipévou va uetwbel o xéo1og
emuolvwviag. O uetaoynuatioude tiling npotdbnxe yia npdtn @opd and toug Irigoin o Triolet

oty epyaoto [IT88]. Exel nugouotdotnxe yio mpdhtn @opd to poviého tou tiling xou avamtd-
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xOnxov oL ouVOTixec ToU TEETEL VAl LXAVOTIOLOUVTOL Ylar VoL Elvat €yXUpOS €Vag UETAGY NUATLOUOC
tiling. Apydtepa, otny gpyaoia [RS92], oo Ramanujam xa Sadayappan anédet&ov tny Looduvoula
HeTaly TV TEoBAnUdTwy edpeong evHC GUVOAOL eEMTERLXGY SlavuoUdToY oL edpeong eVOg Ue-
taoynuatiouoy tiling nou napdyet €yxupa tiles, ywelc Tov xivduvo adte€ddwy xatd tnv extéleon.
To npéfBinua xaboptouol tou BérTioTou oyfuatoc tile, ataoydinoe ToAoUC axdun epeuVNTES ap-
Yétepa, ue anotéheoua va dobolv o axpBelc ouvixee, énwc otic epyactec [BDRRI4], [HS02],
[HCF03]. Kdnoteg and 1 npooeyYloelc QUTEC anooxonoly oTny EAXYLOTOTONGT TOV SES0UEVKDY
Tou uetagépovtat ot éva teptBdAlov avtarhayhc unvuudtoy [Xue97al. Kdnoteg dhhec Bploxouy
EQUEUOYT) OE OPYLTEXTOVLXES UOLpalOUEYNC UVAUNG XOL OTOOXOTIOUY OTNY EAUYLOTOTOLNOY TWV
dedouévey Tou TpooTehalvovTaL and meploadtepous and évay enelepyaotéc [AKNI5], [RRO2].
Ou undhotreg entyelpoly va EAAYLETOTOLRGOUY TO Ypbvo Tou Topauével xdle enelepyaotic ave-
vepyYoe, teptuévovtac va éyet dabéotua to anapattnto dedouéva [DDRRIT], [HCFI7], [HCF99].
Kot ot tpetc exdoyée, mdviwg, xatahfyouv oTic (dtec ouctaotixd vabnuatixéc eELothaoeLs Yo Tov

unoAoyLoud tou BEATLoTOL UeTaoynuaTiouoy tiling.

Mo dAAn mheupd tou petaoynuatiouoy tiling, mou €yel oulninbel mtoid otnv BBAloypapia,
elvar 1 ypovodgouohdynor,. g epyactec [DRRI6], [RRP03] o suvoluxde yedvoc extéleorc
UELOVETL YPOVOSPOUOAOYGVTOC XUTEAANA TLC enavalrifelc uéoa o xdbe tile. Autd emttuyydive-
Ton Ye Ny undbeon 6tL 1 extéleon evig tile Sev elvon amopaltnTa atounr xat 61t xdbe dedouévo
anooTtéNeTal otoug enelepyaotéc mou 1o ypeldlovtal auéone UéAc unoloytotel. Mia tétota
TPOGEYYLOT) UTopel Vo elvar Tpoctixy| o€ Tapdiinioug enelepyaotéc VLSI, adid Sev Oa elvar amo-
3016 oe UL GUYYEOVT GUGTOLYLO UTOAOYLOTMY, GTIOU 0 YpOVOS dpyLXOTOINeNE EVOS UNVULATOS

de unopel va ayvondel.

[Tapdho mou 1 xpOVOSEOUOAGYNOT EQYACLGY GE GUGTOLYLEG UTOAOYLOTAOV €)El SOUAEUTEL TOAY
ot Boypapta [CKET04], otnyv npdln, Tohd Myec and Tic Teyvixéc mou éyouv npotabel hoyd-
YOUV UTOYN TNV XAVOVIXOTNTO TV PoALICUEVKDY Bpdywy. Kdnotee npooeyyloeic [SGIT], [Sak9T],
[HP96] acyorolvtor pe v xatavour twv enavariewmy oe enelepyactéc otny edixy| neplnto-
o1 VO Y Gpou eNavVUAPEwY, 0 onolog umopel va Sloueptotel o€ Teploy€c, oL OmoleC EXTEAOUVTOL
TaEdAANha Ywelc xauta emxolvovia 1 cuyypovioud uetalld Ty enelepyactdyv. Autd, duwg, dev
toyVet tévta. 'Onwe unodewxvietat otny epyaocta [LLIE], ot e€aptioeic yetall tov enavalfdeny
umopel VoL UnV ETLTEETOUY TNV EQUPUOYT ULag TéTolag Ypovodpopohdynone. Ltny epyaoto [ML9Y4]
napovotdletar ula uéhodog ypovodpouohdynone xatd ) ddpxeta g extéieone (run time), 7
orola eEAayLoTOTOLEL T0 ®66TOC ENLXOLVLViaC XaL ouyypoviouol. Ytic [ID9S], [ZLPI7] napouotd-
Cetan entong ulo Suvauix| uébodog ypovodpouohdynong, 1 onolo cUVBUGLEL aMOPIcELS XATd 1
didpxeta TN petayAdTTIoNS Yot TN extéleonc (hybrid compile and run-time process). Ilopéla
autd, and Ta emtyetpriuote mou mapouotdlovtar oty gpyaocto [TN93], mpoxintel étt 1 duvout-
x, ypovodpouohéyner, (dynamic, run-time scheduling) emtuyydvet xalltepn xatavour goptiou,
edxd 6TaV 0 POETOC UTOAOYLOUMY ELVOL dVLoO XAUTAPEPLOUEVOS oTic enavaAfperc. Emlong, ot

u€BodoL auTéC UTOPOUY Vol EQAUEUOGTOVY OTaY Tal axpLB7) GpLal TV GOALACUEVLY Bpoy eV Sev elval
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YVWOTA xatd TN Sdpxela Tng wetayAdTTiong. o Toug ouotbuopoug Bedyouc, Tou axoroubody
10 ohyoptBud wovtéro tne epyaoioc authc, elval mo xatdAAnAn 1 otatxy, (static) ypovodpouo-

A6ynon, xotd ) dudpxela e vetayhdtiong (compile-time).

'‘Ocov agogd tnv extéleor; Twv tiles oe cuaToLyieg UTOAOYLGTGY, GAeC oL GUUBUTIXES TEOGEY-
vioetc [ABRYO03], [ABR96], [HS98], [OSKO95], [RS92] Oewpoidv b1t xdbe enelepyoaotic extehel
Oha To tiles xotd Urxog ULag cUYXEXELUEVNC SLdoTaoT G TapeUBAANOVTAG PAGELS UTOAOYLGUOU XA
emuolvwviag. ‘Olot ol enelepyaotéc mpdta Aaudvouy dedouéva, énetta unohoyilouy, xat, TéAog,
OTEAVOLY To AMOTEAEGUOTA GTOUG YELTOVXOUS XOuBoug ot capis EexwploTés paceLs, alUpmva
ue éva didvuoua yeauulxhc ypovodpouohéynong. AauBdvovtoag un’ ér 6T ota olyypova di-
%7V LG UVOESTIC UTOREL VoL EXTEAOUVTAL TOUTOYPOVA ETXOLVWVIOL XL UTOAOYLOUOS, OTNY EpYaotia
[GSKO01] npotdbnxe yra evodhoxtixy) uébodog yior to mpdBAnua tng ypovodpouohdynone twv tiles
oe ouotolyleg wovo-enelepyaotxdy xOufwv. H Wéa tne npotetvouevne uebodov poldlel ol
UE TNV apyttextovxn aywyol (pipelining), nou éyet npotabel yio ) Behtiotonoinon e St6dou
dedouévwy tov enelepyaotdyv [PHI4|, enedh) xdbe enelepyaotic unohoyilel 1o k-00t6 tile xou
Towtdypova AaufBdvel Sedouéva and toug yertovixolc xoufouc Tou Ho ta yproluonotioel xatd
Tov unohoyloub tou (k + 1)-ootov tile xar otéhver Ta dedouéva mou mapdyHnxay xatd tov uto-
Aoviouéd tou (k — 1)-ootov tile. Mia térola extéleor, anodelytnxe [STKO02] 6t unopel oyeddv
vo StthaoLdoel TNy anoédoor) evog alyoptbuou, dedouévou 6Tl yeroluotolotvTal 6UYYPOVES XEPTEC
duxtdou (Network Interface Cards - NICs), ot ontolec unopolv va avakouBévouv tny emxotvovia,
Ywplc va evoyhoLy tov eneéepyacty|. Enlong, yenotuonolodvtal mpoywenuéva TpewTOX0AN ETLXOL-
voviag (t.y. VIA) mou unootnpilouy Zero-Copy [CTHI9OS|, uetagopd DMA Xt yopoxtnptotixd
User-Level [Blu96].

IMopdho mouv o uetaoynuatiopdc tiling €yet pehetnbel 1660 nohd otr, BiBAhoypagla, otny Tpdin
fitay oyedov avépuxto va vhomotnfoldv ol tpotelvéueves pébodol oe mpayuatixé epapuoyec. To
%x66TOC TUEAY WY TS TOL ToEdAANAOU XOBLxa fTay oyeddv anayopeutind. Ot Amarasinghe xat Lam
[AL93] napouciacay tpdtol uta uébodo napaynyhc tapdiiniouv SPMD xdduxa, Baoclbuevol ot
uadnuaTix avamaedeTacY) TOU YMHEOL ENAVAARPEWY, TOU YDEOL TV SESOUEVKDY XL TwV SESOUEVLY
emxolvevioe, ue ) Boffeta evéc ouothuatoc aviootitwy. Ot Tang xor Xue [TX00] nopovoiacay
ULaL OAOXATPWUEVT] TROGEYYLOT, Yol TNV Tapay wY 1) TopdAAniou SPMD x@3uxa yio mogdhAnies op-
YLTEXTOVIXES XaTaveUunueévne uviunc. ‘Ouwcg, auth agopd uévo oghoydvioug LeTaoynuaTtouole
tiling. Téhoc, otic gpyaoiec [GAKO3], [GDAKO02a] nopovotdotnxe pla uéhodoc autduoatne na-
paywYNG TapdAANAOU XxMOBLXa Yo Tuyaloug UeTaoynuatiouols tiling o pwliaouévoug Bedyoug.
Extéc and 1o 61 emtuyydvel v adénon tne anodoTixd TRt ToU TEAXOU ToedAANAOL xO3xd,

anooxonel xal 6T Yelwan Tou Ypdvou Tou YeeldlETaL VLol TNV AUTOUATY TORUYWYT; TOU.
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1.3 'Eva Pripa unpootd: Tu dAho yeelalbuaocTs;

YAuepa o TLO LoYUEd UTOAOYLOTIXE GUGTAUNTO ATOTEAOUVTOL Ond TOAU-ENUNESEC TUPAAANAES op-
YLTEXTOVIXES, OTWS oL cuoTolylec mohu-enelepyaotdv Uopalbuevne uvhune (clusters of Shared-
Memory Multiprocessors). To 5 xopugpala utohoylotuxd cuothuata, To onolo avaxolvahnxay
ot0 2004 Supercomputer Conference (SC2004) [TOP], nou npayuatonoifinxe oto Pittsburgh
tov H.ILA. (BlueGene/L, Columbia, Earth Simulator, MareNostrum, Thunder), Baocilovton
6ha o mohu-eninedec mapdAiniec apyttextovixéc (Selte, yio mopddetyua, to Nyruoato 1.1 xou
1.2).

System

el 64 cabinets
" Cabinet 65,536 nodes

2 midplanes {131,072 CPUs)
Node Card 1024 nodes (32x32x64)
16 compute cards (2,048 CPUs) 180/360 ‘I:Ffs
0-2 /O cards (BxEx16) A2 TiB
32 nodes 2957 TFis 5 };r‘)?n mﬁ
FRU (field {64 CPUs) 512 GiB* DDR 500 sq.ft.
g';,?a GF:J'F: replaceable unit) {4x4x2) 15-20 kW MTEF 6.16 Days
4 hllﬁB"-EDRNI."I 25mmx32mm SO0MED GFfs
2 nodes (4 CPLIs) 16 GiB* DDR
(compara this with a 19838 (261x1)
Cray YMPYS at 2.7 GFis) 2%(2.8/5.8) GFls
~ 2x512 MiB* DDR o Ppiphyeics. et goveusUnii/binary. M
15W

Yy 1.1: H apyttextovuer tou BlueGene/L - No 1 otny 241 Mot twv 500 mo toyupdv
UTOAOYLGTHY TOU XOGHOU

H uéfodoc, duwce, tou napoucidotnue otic gpyaoies [GSKO1], [STKO02], egapudotnxe ubvo
oe ouotolylec yovo-enegepyaonuxdv xoufwv. Me ) uopey| exelvn dev Ou unopodoe o cuoToL-
ylec mohuv-enelepyaoTx®dy ®OUBwV vor AdBeL ut’ 6n To YEYOVHS bTL UETOLY TOV ETEEEQYACTAY,
mou Bploxovtal otov Blo x6uBo %ol emxoLVOVOLY dueca Ue Uotpalouevy, uviur, de ypeetdletol
aVTOAAXY T, UNVUUATWY Yio TN uetagopd Sedopévwy. To yeyovée autéd de Aoufdvetar un’ 6¢m
oUte oty gpyacto [MAOL], mou avagépetat oe ypovodpouohdynor twy tiles e cuotouylo Tohu-
enelepyaotxdv x6uBwv (SMP nodes). To anotéheoua ytac tétoLac Tpocéyylonc unopet va eivor
doxoneg petapopéc dedouévwy and T povdda enelepyaoioc oty xdpta SixTtlou xal To avilotpo-
O, TPAYUA TOU XATAVUAGOVEL Ywplc AGYo €va uépog Tou elpouc LAdVne emxolvoviac UeTadl Twv
Soux®dy otolyelwy Tou xéufou. XNy xahltepr nepintwaor, 6mouv évag é€unvog compiler umopet

VO EVIOTILOEL Yol VO AXUPAOGEL AUTAY TNV doxoTy, ETXOLVeViA UETAE) TV EMEEERYAOTOV ol TN
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Interconmection Network (fullcrosshar, 12.3GH/s x 2)

LR B ]

‘E
=

Anithmetic Processor #0
. o P
thmetic Processor #7

Arithmetic Processor #0

Arithmetic Processor #7

Processor Node #0 Processor Node #1 Processor Node #639

Yyfua 1.2: H apyrtextovixt| tou Earth Simulator - No 3 oty 247 Mota twv 500 mo
LGYUPKY UTOAOYIGTHY TOU XOGHUOU

xdptag Suxtdou, Sev Oo amotpédel T doxomeg UETAPORES avdUECA GTOV UOLRAlGUEVO %Ol TOV
WS YOpo TV VUdTey péoa atov (8to xéufo [DKO04].

Yty napotoa dratelBh, dmwc xat otig epyaotec [ASTT05], [ASTKO02b], [ASTKO02a], enextel-
vouue To oyfua tou tpotdbnxe otic [GSKO1], [STKO02], dote va egapudletal oe cuatolyles Tohu-
ene€epyaoTxdV x0uBwy. [ tny entteun Tou 61éyoL autoy, opadorotolue Ta tiles Tou Héhouue
VoL EXTEAOUVTAL TAUTOYPOVA 6ToUS ENEEERYAOTES Tou (Stou x6uPBou. Etot, anakeligovue tnyv avd-
YU Yo ETXOLVWVLN UETAEY ToV enelepyaoTt®dy Tou (8tou xéufou. T'a ) ypovodpouoldynon 1wy
OUASWY TOU TEOXUTTOLY UTOPOUUE GTT) GUVEYELX VO EXUETAANEUTOUUE TO UOVTEAD EXTENEGTC UE
aMNANAOETXEALYT, ETIOLVLVidC-UTOAOYLOUGY, 6nwe Tpotdinxe otic epyaoiec [GSKO1], [STKO02].

Qotéo0, 10 oyfiua extéheonc nou mpoxUnTel (6nwe xor ha ta mponyoluevd tou [HS98],
[GSKO01], [STKO02] »ot tar autbpata oyhuata Tou napdyovial and éva epyahelo napaywyis x@dt-
xa [GDAKO02a]), npotnobéter 6t undpyet aneptdprotoc aptBude x6ufuv, ¥ 61t to uéyeboc tov tiles
eyeL emheyel 1ol Gote va ypetdlovtal 1o ToAd téool xéufol, 6oot elvar Stabéaipol otny undpyou-
oa cuotolyla UTOAOYLETOY. Autd, bUnC, de cLUPBalvel TAVTA, YOV OE AEXETEC TECLTTOCELS UTOPEL
10 péyeboc Twy tiles vo emthéyetal e xpLthplo Ty entxowvevia [Xue97al, [AKNI5], [RRO2] A tny
oGt 0T avapopec ot uviurn [KRC99], [LRWI1], [WL91a), [PHP03], MHCF98|. Enoué-
Vg, yeetdleton uta U€0odog xaTtavounc Twy EpYAOLOV TOU TEoXUNTOUY GE GUYXEXPLUEVO apliud
enelepyaotdy. LNy nopovoa dlatellh), dnwe xat otic epyaotec [AKKO04], [AKKO03], npoteivovtot
oplouéva oyfuota avdbeone ol ypovodpouordynone tov tiles oe cuctolyleg ue GUYXEXELUEVOD

aptbud mohu-eneéepyaoTxdY XOUBwV.

1.4 XvuPoly| tng datefng

H oupfoly, tne epyactoc authc evtoniletat xuplwe ot dUo Oéuata:

1. Alveton 1o Bewpnmind uovtéro yia 11 yeovodpouohdynor tov tiles oe ula cuotolyio tohu-

enelepYAoTXOV XOUPBwY, Ue Yprion elte Tou oyNuaTog eXTEAEOTC UE AAANAOETUXAAUT) et
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XOLVOVIAC XAl UTOANOYLOUAY, elTe ywelc aAAnAoemxdAuYY, OIS TEPLYPAPNXAY OTIC EQY-
otec [GSKO1], [STKO02], [HS98]. Auté emtuyydveton ue opadonoinon twv tiles mou npénet
var extereoToly Tautdyeova and Toug enelepYaoTég Tou (Btou xéuBou. Me tov teémo autd,
anaielgeTtat 1 avdyxm emxotvoviag etadl Ty enelepyaotdy Tou (8lou xéuBou. Xeedletol
uévo vo auyypovilovtal Ue yehor, evog barrier ¥ evéc onuatogopéa. Enlong, ue tov tpéno
autd umopel vo opadomoteital 6 YeYaAOTERES LOVEdES Xat 1) eTaxG oLl emLxoLVLVio Ue-
To) eneepYUOTOY SLAPOPETIUADY HOUBWY, OTOTE UELGVETAL TEPALTER® TO GUVOALXS XEGTOC

ETUOLYWVING EVOC TUNUATOC XMHSLXAL.

2. Tlpoxelévou va egapuoctoly ol npoavagepheloes teyvixée, xabdc xat ta undpyovta epya-
Aelor avtduatne Topaywyhc Tapdhinhou xddixa [Goul3] oe ula cuotoylo ue GLYXEXPLWEVO
apLiud x6uBwv, tpotelvovtal TEVTE EVUANIXTIXG OY AT YPOVOSPOUOASYTOTC XL avaheong
0TOUg EMEEEPYUCTES. XTY CUVEYELX SLEPELVAVTAL BEWENTIXE XaL TELEOUOTIXG TA TAEOVEXTY-
MaTa XoL ToL UELOVEXTHUATA X80’ evég xan TpoTelvovTal oL xateLOUVTRAPLES YROUUES YLoL TNV

EMAOYT, TOU XATIAANAOU OYAUATOS VLo X0E Y HEO.

1.5 Opydvwon tng datelfng

Y10 Kegdharo 2 tne epyaotac autic napouvotdlovtal xdnotes Paoixéc évvoleg xot to uabnuatixd
uméBabpo mou yperdletat yio TV xatavénen tng uebodoroylac yog.

Y10 Kegdhato 3 yevixebovtat ta uoviéda exTéAeonc Ue %ol ywplc aAAnhoemxdivdy entxot-
VOVLOG X0l UTOAOYLOUGY, OOTE Vo EQapU6lovTaL 6 GUGTOLYLES TOAU-ENELERYACTIXGY XOUPWY UE
uotpalouevy uviun. o vo emtdyoude T YEVIXELOT) AUTY), ELGAYOUUE TNV TEYVIXY TNS Ouado-
molnong, 1, omola elvan ouctaoTixd éva eldog uetaoynuatiouoy tiling, nou egapudleton oe tiles.
Y1 ouvéyela, xabopilovtar oL xateubuvthipleg YpauUés yia TNV EMLAOYY TOU XATIAANAOL UeTo-
oYNUaTIoNoU ouadonolnong xot nopdyetal To BEATLOTO EYXUPO OYAUO YPOVXTS SEOUOAGYNOTC
YL TO YGOPO TV ouddwy mou dnutovpyettal. Emtong, unodewvieTtar 0 TpdTOC XATAVOUNS TV
unoloylouny otoug enelepyaotés. To xepdiao autd xhelvel ue pla Bewpntind xat TelgouoTixy,
AmOTLUNOY) TWV TEOTELVOUEVWY TEYVLXMV.

Y10 Kegdharo 4 unobétouye étt yia Ty extéhreot) tou ydpou enavaridewy elvar Stabéoiun
uta ouyxexpluévn cuotolylo ue dedouévo apliud xouBwv. Enouévec, ta oyrfuata ypovodpouo-
AOYTOTMC TIOU YENOLUOTIOLOVUE, TRETEL VO TPOCUPUOGTOVY, GOTE vo Aoufdvouy utt’ édmn 6Tl uévo
évag mepLlopLtoévog apliude améd tiles umopolv va exteholvtar Tautéypova. Lo To Adyo autd
Tpotelvovtat tévie dtaopetxd oyfuata: To oyfua xuxhixfc avdfeonc (84.2), to oyhua xato-
ntpwric avdbeone (§4.3), to oyfua avdbeonc Stadoyx@y tiles otov (dto xéufo (§4.4), to oyfiua
avoaxataoxeuric tou tiling (§4.5) xou to oyfua avdbeornc Sadoywdv tiles otov do x6ufo ue
UMW eTavdindn (84.7). Tt ouvéyela e€nyolue Bewpntind ol nelpauatind o oand Gha TpEneL

VoL ETLAEYETOL YO TNV TopaAAnAoToinan xdbe Y deou emavarfPewy.
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Télog, oto Kegdharo 5 xhelvouue to eAAnvind uépog tne Statpl3ric auTthc UE TNy Topouciact)
TV BAOLUOY CUUTECUCUATOV S XUl TOV EVOEYOUEVDY UEANOVTIXGY EMEXTACENMY TOU UTOPEL Vol

’ z z z
yivouv Tdve 6T SOUAELd QUTH.
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2.1 Xvpfoiopot

Yy epyaocta autd oupBoiilovue 10 6OVOAO TwV PUOXOY aptiudy we N, oL T0 GUVOAO TOV
Betindy puody aptbudy we N* (N* = N—{0}). Exrlone, cupBoiilovue 10 6OVONO TV axepalnv
aptBudy e Z, xat To 6OVORO TV Un UNdevix@y axepalwv apliudy wg Z* (Z* = Z — {0}).

‘Otav ypdyouue @ > 0 (4 @ > 0), evvoolue 61t GAec oL GLUVTETAYUEVES TOU dlavioUaToC @
mpénel va elvar Betirée () un undevixéc). Ouolwe, dtav ypdgouue A > 0 (4 A > 0), 6mou A elvor
mivaxag, evvoolue 6L dha ta otoyela Tou A mpénet va elvan Oetixd (4 un undevixd).

Me 1o ouufBolioud @], evvoeitar v e@apuoy Tne oLVEETNONS X&Tw axépatoL UEEOUC OE GAEC
TS oUVTETAYUEVES TOU dlaviouatoc d. Ouolwc, ue To auufoitoud [A |, evvoelitat 1 egapuoy Tne

OLVAETRONS XATw axépatou UEpoug 08 GAEC TLE GUVTETAYUEVES Tou Tiivaxa A.

2.2 AlyopBuixd poviéro - Pwiiacuévor Bedyot

Ou mpotewvdueves otny epyaocia auth uébodol unopoly vo €QUpUOGTOUV GE OTOLOBHTOTE TURUA
x@dxa amoteholuevo and téleta pwhiacuévous Bpdyouc (perfectly nested FOR-loops) ue ouolé-

uoppec e€apthoeie [SFI1]. Anhady, 1o ahyoptBuxd uoviého upac éyel we eiic:
for (ji=li; j1 <wi; ji++){
for (Jn=ln; Jn < Un; Jn+ +){

Loop Body
}

}

6oL 1, w1 elvol axépoteg TUPAUETEOL, ), Uy UTOPOUY VoL ELVAL YROUULXES GUVIRTHOELS TV SELXTOV
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v e€ntepxdTepwy Bedywy. IIo cuyxexpuéva, unopody va €youy TN Uop@t:

U =max([ fer(Gr, - k=) 1,5 [frr (155 Jk—1) 1)

pided

ur = min(Lgr1 (Jis - Je—1) -5 L9k (J1s - - Jk—1)])

OmoU fri xau gr; elvon ypouuwxés ouvapthoes. Emouéveg, ov uéfodol mou meplypdgovtal 6Ttnv
Tapobod epYaoio UTOPOVY Vo EQUPUOGTOVUY Oyl LOVO GE 0pHOYMVLOUS YGEOUS ETAVIATPEWY, AAAS
YEVIXOTERX OE UTO-YDEOUC Tou £, Tou opLtofeTolvtol and £vay TETEpAOUEVO apliud UTEPETTESKV.

KdBe enavdindm autold tou tuiuatoc x@dixa avanaplotatal and éva n-8LdoTato Stdvuoua:

j: (j17j27"'aj7l> € Zna

t0 onolo ovoudletal drdvuoupa enavdindrne (iteration vector) Kdbe cuvtetayuévn tou da-
VOoUaTog ETaVEANgng avitnpoownedel évav and toug delxteg Twv Bpdywy. H ouvtetayuévn ji
AVTLTPOOWTEVEL TO SelxTN Tou eEwTepndTEPOL PpdYOU, EVE 1) Jp AVTLTIPOCKWTEVEL TO SelXTr TOU

E0WTEPLXOTEQOU.

Oglowés 2.1 Opilovue we ydeo enavarfidewyv (iteration space) to odvolo twy dtavvoudtwy
enavdinyne (ta onola avtimpoownelovy tic enavalifeic) nov mpéner va diatpeyfolv xatd TRy

EXTEAEON EVOC TUUATOS TOU TPOYPAUUATOS UE PwALacuévous Bodyous, Onws meplypdpeTal o1y

oeAida 195.
J'={j = (r.da - gn)lji € Z A < i Swi, 1 < i <)
Kée enovddndn 7 = (41,72, - -5 jn) € Z™ avomapiotatar 610 n-d1dotato ydpeo and to onueto
(J1:72+ -+ Jn)- TOUQOVA UE TOUS TEPLOpLaoUS Tou TiBevTat oty hopeh Ty oplwy 1, u; Ty G-

Aoougvmy Bpdywv, o ybeoc Ty enavariPewy J™ uropel va elvar onolodnnote xuptd UTOGUVOAO
tou Z". To yoviého autd axohoubeitar amd apxetd mMpayUotixd TeoBAAuaTa, XLplwe ond Tig
EMLOTAUOVIXES TEQLOYES TOV UAONUATIXGDY, TNS QUOLXAC, TNS Uoptaxhc Bloloylog x.A.m. Evdeuxtt-
%, avoaépouue Ueptxd amd autd: Jacobi, Gauss Successive Over-Relaxation - SOR, Alternative
Direction Implicit Integration - ADI [GDAKO02a], Texture Smoothing - TS [PB99], 9-point Star
Differential Equation Stencil - PDE [AI91], Global Sequence Alignment - Fickett’s Algorithm
[ABRY03].

2.3 Awviopata e€dptnors

Opropéc 2.2 H enavddndn jo eEaptdtor and tpyv exavdingy ji aw
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1. Ioyvouy xat ot tpelc ouvlixeg:

(@) ji < jo xau
(B) Kav o 850 enavadfeic j1, 4o mpooredavvouy tyv (dia Géon uviune M xa
(v) TovAdyiotoy ula and ti¢ dvo mpooneAdoeis oty uvijun elvar eyyeapy,

7,
2. H ernavdAngn j_é eagtdtal and Ty j_;;, xau 9 emavaingn j_;; eaprdtal and v j;.

—

Stpy medty meplntwon, § enavddpdn jo eEaptdton dueca and v ji, evid oty Seltepy
neplntwoy, 0 enavdAndy jo cEaptdrtar éupesa and Ty j;.

'Otav 1 enovdhnbn jo e€aptdtar and Ty j1, Aéue 6Tt undpyel eE8pTNnom UETall TRV J1 XAl Jo.
Ou e€aptrhioeig avanoplotavtal e to dtaviopata eEdpTnong: d=js—j1.

H avdlvorn eCopthioewy elvar anapaltntn yio Tnv nopdAAnhotoinon evoc TpoyeduuaTtos, apol
300 emavalrpelg UTopoly va exTEAEGTOUY TapdAAnha Uévo av dev umdpyel olte dueon, olte
¢upeon edptnon wetall toug [Ber66], [Ban94]. 'Ouwc, 6tav yoviehomotobvtor ou eEapThoeLe Ue
Stavbouata e€dptnong, aoyoroluaote uévo ue tc dueoec elapthoelc. O éuuecec eloapthoelc
UTIOVOOUVTAL.

Ot dueoec eZaptioeic Staxpivovtar oe Tpelc xatnyopiec [Ban8s]:

o cfaptioeig porg dedopévoy, av n emavdhndn j1 vedger otn Béon uviunce M xou 1 efap-
Tduevn enavdlndn Jz SofBdler Ty Tk tne M.

o avi-elaptiioels, av nenavahnbn 71 SlaBdlet Ty Ty trg Béone uvhune M xow ot ouvéyela

1 efaptduevn enavdlnlm ja2 Yedge ot Béon M.
o cfapthioelg €£680u, xaL oL dUo enavalhlelc j1 xa Ja Yedgouv otn Béon M.

To akyopluxd povtého wog aoyoleltar uévo pe g edapthioec pofic dedouévwy. Ou avt-
eCapthoelc xou oL eCopThoELS eE630U UTopOUY va anahel@bholy Ue TN YeHoT TEPLOGOTEPWY ETA-
BAntédv [CDRVIS|. Eniong, mpémet v 6NUELOGOUUE 4Tt 6T0 akyoptBund poviého pac (§2.2), dha
To Savdouata e€dptnong elvan ouotduopga, aveldptnta, dnhady and toug Seixtec Twv Ppdywy.
Emouévmg, unopolue va xoataoxeudoouue Tov nivaxa edapthocwy D evog TUALATOS XOOXA,
nopabétovtoag 6Aa T Stavdouota eEdpTnong mou €youy we agetnela onoladrote ETAVIANYY TOU

xoHpou J". Kdbe Sidvuoua enavdindne oynuatilet uta otiin tou nivaxoa D: D = [di|da|...|d4].

2.4 Xpovodpowoldynon

Katd tnyv naparinionolinot evoc gwhiacuévou Bedyou, avadlogyaviVouue TNy axoloublaxy oet-

o4 eEXTEREOTC TV ENAVOANDEDY, BOTE Vol SNULOURYHOOUUE TOUPIAANAES TEPLOYES, OL OTtoleg Umopel
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val eExTEAOUVTAL TaUTOYpova antd SagopeTixols enelepyaotés. Tehnde otdyoc elvar 1 ehayLoTo-
TolNoT TOU GUVOALXOU YpbVOU EXTEAEGTC, TOUAGYLOTOY GTay Sev Tp€Youv TAUTOYEOVA ol JARES
£QUPUOYES 0TO L8L0 UTOAOYLOTXG GUGTNUA, BOTE Vo Log EVBLaQEREL 1) dAATAETLSpaoT) UeTAEY TOUC.

O ouvapthioelc Tou anewxovilouy T ENAVIAAPELS TOU POALACUEVOU Bpbyou GE YpOVLXES OTLY-
uéc ovoudlovial ouvaeTHGELS Ypovodpoworhoymons. Katd tnv xataoxeun ulag cuvdptnorng
XEOVOSpoUOASGYNONC, GTOY0G Elval 1) eXTEAEST) 6GO TO SUVATOV TEPLOGHTERHY EMAVIAAPEWY Tou-
toypova, Gote vo emteuybel o eEAdyLoTOC CUVOALXOC YEbdvoc exTéleanc, Ywplc Tpononolnoy Twy
ATOTEAECUATWY TOU ToEdyovToL amd TNV opyixr] axoloubloxy) EXTEAEST) TOU TEOYEAUUATOS.

[ vor un petafinfoly ta anoteréouota tng apyxic axolovbonic extéleons, xdbe ouvdp-
THoT YPOVOSEOUOAGYNoTC TEEneL Vo uny TopaBtdlel Tic e€apTAOELS TOU apyXoU TROYEIUUATOC.
Me dlha Aoyta, mpénel va anewxovilet Tic enavalfipelc tou cuvdéovtal Ue xdnolo didvucua eE4p-
nong, o SlagopeTtixd Briuata extéheonc. Emnopévwe, e€aopaiiletol 6T U6vo enavalfPel Tou
apyxol puilacuévou Bedyou, Tou Sev €youv dueor 1 éuucor e€dptnon uetall toug, Oa extehe-
ooV napdAnha. Xuvodilovtag, ula ouvdptnon yeovodpouohdynong elvat Eyxuen dtay yio xdle
dtdvuopa e€dptnong, 1 ENaVAANPN TeoéAeuong anetxoVILETOL OE YEOVIXY OTLYUY| TPOYEVEGTERT TNC

enavdAndne mou xatakhiyel To dtévuoua.

Opiowds 2.3 H ouvdptnon yeovodpouoddynone s : J" — Z elvar éyxvpn yia éva tujua xdduxa
poliaouévey Bedywy, ue nivaxa eéaptiocwy D, avy yia xdbe {elyoc enavalipewy f{,jg eJ":

]3 = ﬁ + ci;cfe D, woyUel s(ﬁ) < s(jé).

2.4.1 Tpapuxr Xpovodporohdyron

H yeauuuer ypovodpouohdynor elvar uta etduxh nepintwon xpovodpodohdyneng, 6Tav 1 GLVEETNOY,
s(g) elvan ypouuwi. Tevixd, n yeauuwdtnta elvat Bodwd, énwe Ba dodue xat ota Kegdhota 3
xau 4, and v dnodn 6TL diver €var xavovixd oyriua avdfeonc tov emavarfewv ¥ Twv tiles o

enelepyaotéc (BAéne oty napdypago §2.5 Tov optoud Tou tile).

Opropég 2.4 Opilovue we yeauuixiy yeovodpouoAdynan evos pwiiaouévou Bedyou, xdbe ypo-
vodpopoldynon s, yia Ty onola toyver: Vi € J"

HjT—Fto

SH(D - L displl

]

T -
6rov I € Z" ) displl = min{lld; :d; € D} xai ty elvar uta axépoaia otabepd.
Emonuatvouue 611 otov Optoud 2.4:

o To dudvuoua-yeauuf IT ovoudletar Sidvuoua yeauuxys dpoporéynong (linear schedul-

ing vector).
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o H axépoia otabepd to ovoudletar otabepd évapng (alignment constant).
e H otafepd displl ovoudletar otabepd petaténiong (displacement constant).

To Sdvucua ypouuxric yeovodpouohéynorng IT opllet plo xAdorn unepemnédwy tétolo HoTe:
'‘O)ec oL enavardec tou J™, mou avixouv oto Blo unepeninedo va amewoviloviar oty (Sl
yeovud, ottyur. Me tov 6po unepeninedo evvoolue Ui eubelo yoouurn yia €vay dtodldotato
X®e0, €va eTinedo yia éva TELeSLACTATO ETENESO %.0.X.

Anodewevietar [PTKI8] étu ula ypauuux ypovodpouohdynen dtatnpel tig e€optrhioelc av

vd, e D:1ld, >0 (2.1)

'Otav yenowonoteital Ula cuVAETNOT YEUUUXHS XPOVOSLOUOAGYNGTS STT, O XPOVOS TTOU Y pELd-

Cetat yio TNy extéleoy) TV gwhaouévey Bedywy (makespan) urnoroyiletar and tov tino:

-, -,

£ = max{sg(j) : j€ J"} —min{su(j): j € J"} + 1 (2.2)

2.5 Metaoynuationos YrepxduPowv v Tiling

ITagarAnhoroinor fine — coarse grained

Kotd tnv nogakhnionoinoyn evég Tufuotog xd8uxa, extog and avdiuon eapthoenmy xal xaboploud
TV enavalPewy tou o exteleotoly Tautdypova, teénel entong va xaloplotel toleg enavahiidelg
Oo extehectolv anéd noloug enelepyaotéc. Ta mapddetyua, unopel va avatebel ula ypouuy and
enavaifelg o xdbe enelepyaoty, 6nwg oto Lyhua 2.1. Auty 1 Slauéplor) Tou YGEou TOVY ETaVA-
Mdewy dtvel Srarclntixd v évvola tne nopaiinhonoinong fine grained, énwe neplypdgetor 6To
BiBAlo [PTKIS]. Xtbyoc wag tétotag amewxdviong elvan 1 extéleot) 660 1o Suvatdy TeEpLeodTEpLY
enaVUAPEWY TAUTOYPOVA.

Y10 Eyfua 2.1, éyouv Anglel un’ 6¢r uévo elapthcelc uetadl enavarrfipewy nou €youv ava-
1ebel oe Slagopetinolc enelepyaotés, ol onoleg amewovilovtol ue uavpa Bén. Ou elaptrioelg
auTéC avTlaTolyoLy ot dedouéva mou unoroyllovial oe évav enelepyaoty|, aAld ypetdlovtat Yyl
TOUC UTOAOYLoMoUS Tou extelolvtal o xdmotov dhho. Enouévwe, npénel vo petagepbodv. H
UETOPORd oUTY) GUVETIAYETOL XATOL0 X60TOC £TXOLVwVIoC, TO onolo umopel va elvat and eAdyLoTo,
oV TEOXELTOL YLl GUGTOMXY TOPEAANAT, apyttextovixy, evonuatwuévn ot éva chip [PTKIS], éwc
TepdoTLo, ot ula dampoowrela aviadlayfic unvuudtoy énwe to MPI [MPI94], [MPI97].

ITolhéc gopéc 0 byxoc Twv dedouévemy Tou mpénet vo uetagepbody ue Tov Tpdéno autd eivar

1600 PEYINOC, HOTE Vo axup@dVeL xdbe TAsovéxTnua tTne Tapaiinionoinong. Eilvar mold mboavéd
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Yyfuwa 2.1: Maparnronoinon fine grained

TO TOEAAATAO TEOYEAUUO VO YEELA(ETAL TEPLGGOTERO YEOVO YLol TNV EXTEAECT) TOU ATd TO OXO-
houBoxé. To mpéBinuo ue pta tétowa LAomolnor Sev elvar UOVo 0 GYxog Twv Sedouévmy oy
TeéneL Vo UeTapephody, aAAd oL 0 aptiuds ToV SLaxplTdy UNVLUATWY UE To oTola UETAUPERETAL 1)
anopaitntn ntAnpogopia. Enouévwe, npoxeluévou va yivel 1 noparAnhonolnon anodotixd, TeEnet

va Bpebel xdmorog tpdénog dote
1. va pewwbel 0 6yxog Twv SedoUéVmV TOU AVTOAAAGGOVTOL XL
2. va opadornolnfodv o Aydtepa unviuata.

Kot ot 8o autol otdyor unopody va emiteuybolyv ue évay yetaoynuatiousd tiling, ouadonold-
vTag, dnAadn, oplouéves YeLToXES enavalfipelc oL Bewpdvtac Tic ooy uta axépata yovada. Xt
ouvéyeLa, avtl va Spouoroyolue etavarfpels, dpouoroyolue ta tiles. H emxowvovia tonobeteiton
TELY XL WETE TNV eEXTENEOT EVEC 0hdxAnpou tile. Me dAha Adyla, o enelepyaotic TeENEL Vo Aogl-
Bdvel o dedouéva mou ypetdleto Yo TNV extéreoT) eVOC tile ol apyloel va extelel to tile autd
xaL var oTEAVEL Tal SedoUéva Tou utohoyloTrnxay eviog Tou tile agod ohoxinewlel 1 extéleon 6hou
Tou tile. Enopévwe, extée Tou 6TL YeLdveETaL 0 6YX0C TV dedouévmwy Tou Teénel va yetagepbholy,
unopolyue enlorng Vo opadomotioouue o éva uévo urvuua ta dedouéva mou urnoloyilovial oTo

Lo tile, 6mwe gatvetar xou oto YyfAua 2.2.

Aroontixdg Oprowés tou Metaoynpatiopot Tiling

Tevixd, 6tav egapudletor o yetaoynuatioude tiling, o n-udotatog ydeog enavaridewy J* Sa-
ueplletar and n aveldptntec XAJOELC TAPGAANAGDY UTECETUTESWY GE N-SLAOTATA UTEPTOPUAANAE-
mineda, to omola ovoudlouue tiles. Kdbe tile avanoplotaton and éva n-Sidotato Sudvuoua
j_:9 = (j7,75,...,33) € Z", to onoto ovoudleton Stdvuopa tile (oe avtiotouyio ue Ta davd-

OUOTOL ETAVIANYNG TTOU AVATaELoTouY TLg enavalfetc). YNto NyAua 2.3 gaivovtat ta Stavicuata
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CPU 3

CPU2

CPU1

CPUO

v

Ii

YyHua 2.2: MNaparknlonoineT coarse grained

tile mou avanaptaToly xdbe tile.

I xdibe tile undpyet pta povaduer enavdindn, n onola ovoudletat enavdhndy exxivnong Tov
tile. H enavéindn (0,...,0) omors)\et ™y enavaindn exxivnong tou tile (0,...,0). H enavdindn
exxivnong OROLOUBY]KOTE oc)\)\ou tile ch TEOXUTTEL oV usraanoouus mxpoz)\)\nkoc 7o tile (0,...,0),
OOTE Vo oLUTECEL UE To tile jx Téte v enavdindn tou tile jx, TIOU CUUTEPTEL UE TNV snocvoc)\nqm
(0,...,0) etvon n enavéindn exxdivrong tou tile jf. Yto Yyfua 2.3 ot enovaridelc exxivnorg
Ty tiles amewoviCovtat ue poadpeg teketec. Iopatnpodue étu ou enavarridelg exxivrone Twv tiles
unopel ot vor uny ovuneptAaufdvovtal 610 yGpo Ty enavarfideny. Ou enavadfielc autéc oTo
Yyhua 2.3, €xouv anewxoviotel ue dompeg teAeles.

'Evag yetaoynuatiopde tiling unopet va optotel yovoshuavta and ta 1 StavOGUATI-OXUES TOU
tile-unepnoparinieninédov. Enouévne, évag uetaoynuatioudg tiling unopel va optotel and évayv
n x n nivaxa P, o onolog ovoudletar avtiotpogog nivaxag tiling, tou onolou oL 6THAeg ano-
tehoUvTal ané to npoavagephévta Staviouata-oxuéc. TNa tapdderyua, oto Lyrua 2.4, Selyvouue
TGS Topdyetat o aviloTpogog mivaxag tiling ané to yetaoynuatiopd tiling tou XyAuatog 2.3.

Avodixd, évag uetaoynuatiouéde tiling umoget v oprotel and tov n x n nivaxa H = P71 o
onotog ovoudletar nivaxag tiling . Kdbe ypouun-didvuoua tou H elvor xdbeto oe ulo and tic
AAQoELS UTERETMES WY Tou Stopeptlouy To yHeo Twv enavalipeny ot tiles.

'‘Ooov agopd t0 petaoynuatioud tiling, alilet oto onuelo autd vo onUELdOOLUE XATOLES

WLétnTee Tou nivaxa H:

1. H eravéhndn j amewxoviletar oo tile j_é = |Hj|.

2. H enavéhndn jo = H‘ljtq anoteAel TV emavdAndn exxivnong Tou tile jé
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Xwpog Twv tiles

A Xwpog eTavaAfyewv
12 tA
o (o)
tile (0,3)
L O (@) @) e o o
tile (1,3) e o o
o) o o e O
tile (0,2) EtravaAfyei¢ ekkivnong Twy tiles t,
| O (@) (@) o Q- Sl
tile (1,2
/'{?( 2) I Mivakeg tiling
o) O (@) [ 55 O @) O; |
tile (0,1) [ tile(2,2) 12 o
® 0o o o o o e o H=gi""§
tile (1,1) |
o o o e o o o o P_3§0
tile (0,0) | tile (2,1) l-1i2
i o o o o o e o |,
tile (1,0) Jq
AN %]
\ /
EtravaAfqyelg ekkivnong Twy tiles mou dev
TEPINANBAVOVTAI OTO XWPO TWV ETTAVAOAAYEWV
Yyhua 2.3: Metaoynpatiopsds tiling
O
O H :l 2.0
61 3
O 310
P= j
-1{2
O
H-P=1

Tyfua 2.4: Kataoxeus Tov mvéxwy tiling

[apatneotue 6Tt oTNY TepLoy ) TNE TapdAANANg enelepyactiac o uetaoynuatiopde tiling etva ypr-
OLUOC UGVO TNV TERLTTWOY TOL 0 XGPS TwV enavarfipewy dev unopel va Stoaueplotel oe aveldp-
hTa utooUvora. Autd toylel dtav 1 Téén Tou nivaxa eaptioewy D tooUtal ue n. AldpopeTind,
unopel vo avatebel éva and ta aveldptnta utoolvora ot xdfe enelepyaoti [WLILb], [Hol92],
[SF92], [PC89]. Téte, dev undpyer xab6hou avdyxrn yio entxovwvia UETol) TwV ENEEEPYAOTOV

XATA TNV EXTEAEDT) TOU YGEOU ETAVOAAPEDY.
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Moabnpatinds Opropmés tou Metaoynuatiopot Tiling

Mabnuatind, o yetaoynuatioude tiling opiletar we e&rc:

AN 2n7,_-'_ I_HJJ
e ’(j)_[f—H—ILHJ'J]

6mou o ddvuoua | Hj| xobopiler tic ouvtetayuéves tou tile, oto onolo anewoviletar To onueto
J = (1,52, Jn), xor T0 Sdvuoua j — H L Hj| Slver tic ouvtetayuévee tou j yéoa oto tile
auth o€ GyEaT UE To onuelo exxivnong Tou tile. O ydpog twv tiles, ntou npoxintet, optletal we

elnc:
J5 = (8% = (Hj).j e Ty (2.3)
Mrogel, entong, va ypoagel we e€nic:
JE= {8 =GP DS ezn <jf <wd1<i<n}

3

?. uf umopov va uTohoyLeToVY ané TiC GUVaETAOES 1, ..., Iy,

6mou Tot dvew xar xdTw Gpta |
ul, ..., U, xot Tov mvaxa tou tiling H, énwc meptypdgetar otic epyaoies [AI91], [GAKO3).
Kdébe onueto j° 610 n-8ldotato autd axépato yopo, anotehel éva StaxpLtd tile ue ouvtetayuévec

(G295 53).

2.5.1 Eoaptrioelg 670 Y®eo Tov tiles

'Onwe eldaue xou otn oealda 200, évag and toug TeAxolc 6TdYoUC Tou UeTaoynuatiouol tiling
elva 1 XATAOXELT| EVOS amodOTLX0U TAPEAANAOL OYAATOS EXTEAEGTC YLol Uiol SESOUEVT EQUOUOYT.
Avtl va ypovodpouoloyoUvtal ot enavalAPeLs, 6Twe oTny tapdypapo §2.4, ypovodpouoloyolvial
ta tiles. Enouévec, avtl tov eaptrioewy petald towv enavalflewy, (Bréne Optoud 2.3), npénel
va AneBoly ur’ édn ov e€apthoelc petadd Twv tiles.

O e€aptrhioeic petall twy tiles divovta and ta Staviouata-oTHAES Tou Tivaxa eapTRoewy

twv tiles DY, o onoloc oplletal wg e&rc:
DS = {d%|d% = |H(jy, + d)).d € D, ju, € Z" A | Hjp,) = 0},

OTOL TO BLAVUGUN ji, UTOBELXVUEL Ta GTiUEL TTOU avijxouy 6To TATeeS tile ue onueto exxivnong o
(0,...,0) (mpdxettar yra To tile (0,...,0)).
Aedouévou tou nivaxa elapthicewy D evéc alyoptBuou, yia va elval €yxupog évag UETAGY T

uatiouoe tiling, mpénet va toyer HD > 0 (Biéne [IT88], [RS92]). H ouvbrxn auth eCaopaiilel
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6Tt 6ha Ta tiles unopodv va extelesToly adldomaoTa SlaTnedvTag TG eapThoelc. LNy avtifetn
neplntwon, n adidonaotn extéleon tov tiles odnyel o adié€odo (deadlock).

Y StatpiB) auth), énwe xat oty epyaota [GSKO1], utobétovue 6Tt 6ha ta dtaviouata e€dp-
romne elvon uixpdtepa ané to uéyebog Tou tile, dnhad 6T mepthaufBdvovial TAewS uéca o
éva tile. Autéd onuaiver 61t dha ta otovyelo tou mivaxo HD elvol uwxpdtepa and 1 (f;;d_; <1,
Vi,j = 1,...,n) [Xue9d7b], %, tcodbvaua 6t o mivaxag eZaptioewy Ty tiles DS mepiéyet pubvo
undevixd xat docoug. H undbeon auth elvar apxetd hoyuxy, agol ta Staviouata e€dpTtnong Twv
ouvniouévey TpolBAnudTwy elvat oyeTxd utxped, evd to uéyebog Twy tiles umopet va elvol opxetéc
t8Zetc ueyéhoug ueyarltepo, eOXE OE GUOTANAT UE YRTYOPOUC EMEEEPYUOTES. LNV TERINTWOT,
auth, xd0e tile mpénel va avtairdooel dedouéva UGV UE TOUC TLO XOVTLvoUg YelTOVES Tou, Evay

og xdfe Sudotaon tou JS.

2.6 Movtéha Extéleong pe xal yowplc AANAnhosmixdAudm

2.6.1 Movtého Extéheong yweic AAAnhoemixdiudrn Enuxowveviag — Yroloyi-
OUGV

Yy epyooia [HS98], o Hodzic xou Shang napoustacay éva uovtého yia 11 ypovodpouoldynen
TV Bpdywv Tou €youv uetacynuatiotel ue tiling. H mpocéyylot Toug oxonelel 6tny eAayloTo-
TolnoT 10U GUVOALXOU YpdVou exTEreoNC xal Aettoupyel we e€hc: Tlpdta, enthéyetal o BENTLoTOC
mivaxoag tiling H xot o1n cuvéyela egopudletal 0 avtloToly0g UETAOY NUATLOUOC GTOV apyxd Y OEo
enavarhewy. O ydpoc tov tiles J°, Tou npoxintel, aneixoviletor 670 Ypbvo ue TN Bofbeta evéc
Sraviopatog yeouuxhg yeovodpouordynorng II. 'Oka ta tiles xotd uixog ULag GUYXEXPUUEVTS
ddotaong anewxovilovtat otov (dto eneepyaoth. H extéheon tov tiles ouviotatal oe dtadoyixéc
eEVAAAGGOUEVES QAoELS UToAOYLoUOU Xat emtxotvwviag. Kdbe enelepyaothic Aaufdvel ta anopal-
ThTa dedouéva yia ToV UToAoYLoUS evog tile xatd to Briua extéleong i, exteAel Toug avtioTolyoug
UTIOAOYLOUOUC %Ol GTEAVEL GTOUC YELTOVIXOUS enedepyaotéc ta dedouéva tou Ha ypelaotoly yia
Toug umoloytouolg Toug xatd To Brida extéheonc ¢ + 1. Apa, 0 cuvohixdS YpbVoC exXTEAEOTC

dlvetan and tn oyéor
TnonoveTlap = p(tcomp + tcomm) (2'4)

émou § elvar o aptfude Tov Brudtoy Tou yeerdlovion yia Thv ohoxhfipwor tng extéieonc (make-
span), teomp ELVAL 0 YEOVOS UTOAOYLOUOU EVOC tile XL Leomm O YPOVOC Tepalnone Tng EmxoLVmViag
Tou ypetdleton yio xdbe tile.

YUVETKS, GUVOAXS 1) TUEAAANAT EXTEAEST) ATOTEAELTOL ATO ATOULXES PAGELS UTOAOYLOHOU TV
tiles, xau @doeic emxolvwviag yio Tn UETEASO0T TwWV ATOTEAEOUATWY GTOUS YELTOVLXOUC ENEEERY -

otéc. Enedn oto ydeo tov tiles £youue uévo povadiata Staviouota e€dptnone (dnuc avogpépbnxe
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oty napdypago §2.5), 1o BéhToTto Stévucua YeauUuxhic Xpovodpouohdynone anodetxvietol Gt
elvaw to II = (1,1,...,1) [HS98]. To povtéro autd extéheonc ywels alAnhoemixdAudy entxor-

voviog xot uToAoYLoRGOY anetxoviletat 610 LyAua 2.5.

0.

<0,

0.~

.. | receivi(datap1)

g

compute |_comm | compute | comm
compute | comm A compute |_comm | compute | comm

compute | comm | compute | comm Jacompute |_comm |

K000

Yy 2.5: Movtého extéheong ywplc aMNAoeTUXEAVPT ETUXOLVWVING — UTONOYIGHAY

Mio mboavr vhonolnor autod Tou UOVTEAOU EXTENEONS, OTWC TEQLYRAPTME %ol OTNY EpYICia

[GDAKO02a], divetor mepiinmnixd and tov axbéhouvfo Peudoxddixa:

foracross (t1=lf; t1 < uf; t1++)

foracross (tn—1=lr€71§ th—1 < uﬁfl; th—1++)
/*Sequential execution of tiles assigned to this CPU*/
for (tn=lp; tn < un; th++){
Receive data from neighboring tiles
Compute this tile

Send data to neighboring tiles

2.6.2 Movtélo Extéleong ue AAAnhoemixdivdn Enuxolveviog — Yroloyiowdy

To nponyoluevo uovtélo extéheonc dlvel apxetd xaholc ypdvoug extéleonc, YLotl exeTaAAey-
eToL 6AOV TOV EYYEVY| TUpaAANALOUG oL UTdpyEeL 0To enimedo Ty tiles. 'Ouwg, éva onuavtixd
uetovéxtnua etvan 61t xdbe enelepyaoThC TEENEL Vol TEPLUEVEL VoL GTACOLY To amopaltnTa SeEdouéva

TpLY ZEXLVAOEL TOV UTOAOYLOUO eVOC tile xat 6T cuVEYELH VoL TEPLUEVEL Vo ueTapepboly Ta amoTe-
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AEOUATA TV UTOAOYLOUGY TOU GTOUS YELTOVLXOUS XOUB0oug, UE anoTEAEOU apXETH dERYO YPOVO.
O olyypovol mpocapuoyelc dixtdou Stabétouy unyavée dueonc tpoortéhaonc tne uviune (DMA
- Direct Memory Access), mou Toug mLTEEROLY Vo SOUREVOLY TopdINha pe Toug enelepyaoTés.
Auté onpalvel 6Tt éva u€pog Tou Qoptiou emxolvmviag Uropel var ahAniemixaduglel ue xOxhoug
TpayHoTiXric AetToupytog Tou enelepyaoth. Aéue «Eva uépogr xa Gyt 6ho To poptio emxovwviag,
emeldy) axdun xat éva uépog tne non-blocking enuxotvoviag ypetdletal Tov enelepyaoty|, T.y. 1) ap-
yweornolnon tng DMA. Y11 cuvéyeta, 6An 1 uetagopd twv Sedouévwy unopel va ahhnienxaiuphel

UE UTOAOYLOUOUG.

R

R

B

B

s

t, I Y A S
k+1 k+2

R compute compute |
2 dma |transmit] | dma |transmit]
R ™ compute compute |
3 dma | fransmit]_~dma [transmit
P compute ute P~ compute
4 [ dma |transmit] | dma [transmit] ¥dma |fransmit

Eyfua 2.6: Movtého extéleonc pe aAAnhoeTxEAVPT ETUXOLYOVIAG — UTOAOYLOMEY

Auté, duwe, mou oty TpayuaTXOTHT EMBAAAEL AUTY TN U anodoTxy, Yerotuonolnon Tou
enelepyaoty], elval 1 pot| dedouévey UeTall TV dtadoyxdy Brudtwy extéreons. Luyxexpuué-
va, alvetal 6Tt oL avTloTolYES QYAOELS UTOAOYLOUOVY Xal ERLXOLVmViag Yio xd0e Bhua extéheong
Tpénel va oetptorotnfoly yia va Statnenel 1 ocwoth pory extéheonc. Kdbe enelepyaotic mpé-
TEL TEGOTA va AaufBdver ta anopaltrta dedouéva, €netta va unohoyilet xat, T€hog, va 6TEAVEL TA
AMOTEAECUATA TIOU TEOXELTOL Vo yenotuonotnfoly 6Tto enduevo BAuc extéheonc and TOUC YELTO-
vixoUg xoufoug. Mia mo mpooextiny| uatid, Suws, ot por TwV dedouévwy, oTny TeplnTwoT TS
U CAANAOETLXOAUTITOUEVTS EMLXoLVwViag, uropel va Setéel v e€fic evdlagépouca Wibtnta: Av
AAAEEOVUE TO apy s SLAVUGUA YRUUULXTC YPOVOSPOUOAGYNOTC, UTOPOUUE Vo dAANAETUXAAGPOLUE
éva U€pog Tou Ypbvou emxolveviag ue utohoylopols. T va yiver autéd mpénel oe xdfe Brua
extéheonc o enelepyaoTthc Vo AauBdveL xat va oTéAvel dedouéva mou Sev €youv dueon e&dpTnom

ue to Sedouéva mou unohoytlovtal xatd T Sidpxeta Tou Bridatog autol. e éva €yxUpo LoVTEAO
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extéheong, unopet o enelepyaothc vo Aaufdvel and Toug yertovixols xéufoug Sedouéva tou Ho ta
yenowonotfioeL 670 (k+1)-00t6 Brua extéleonc, vo oTéNVEL ToL dESOUEVA TOU UTORGYLOE XUTd TO
mponyoluevo (k — 1)-00té Brina xat tautdypova va eXTEREl TOUS UTOROYLOUOUS Yol TO TpEyov tile
k. ¥to Yyfua 2.6 anewoviletat 10 HOVTENO EXTEAEOTC RE AAANAOETLXAALYY) ENLXOLVLVIAG XKoL
unoloyiowdy. Il Aentouepric neptypagn o Hoviélou autol undpyet otg gpyaotes [GSKO1],

[STK02], [Sot04].

Yhonotdvtag TNV aAANAOETXAALYY, ETLXOLVOVIAG-UToAOYLOUGY, TpoxUTTeL To e€Xc oyfua: Kd-
Oe enelepyaotric apytxonolel tpohTa 6Aec Ti¢ non-blocking Aeitoupyleg anoGTOARC XL 61 GUVEYELL
exTeEAEL atouxd Touc unohoylopolc evic tile. 'Oco o enelepyactiic extelel Toug uTOAOYLOUOUCE,
N xdpta Sutbou AaufBdvel dedouéva and toug YeLToVIXoUC xoUBouc oL 6TEAVEL G GAAOUC TA

dedouéva mou uTohoyloTnxay XaTd To TEonYoUUEVO BHud EXTEAEOTS.

Mio mov) ulomoinon autod Tou Hovtéhou extéheorc Teptypdgetat and To axdioufio TURUA

Ppeudoxdduxa:

foracross (t1=l‘1g; t1 < u‘lg; t1++)

foracross (tn,1=l;?_1; th—1 < ufl_l; tn—1+ +)
/*Sequential execution of tiles assigned to this CPU*/
for (tp=ln; tn < up; tn++){
Initialize DMA card
Compute this tile
Wait for send & receive to complete

Synchronize with neighbors

}

Y0upwvo UE To TopATdvw, 0 GUVOAMXOC YeOVOC YLOl TO UOVTEAO EXTEAECTC UE AAANACETUXAALYY,

Oor etvor

Tove'r'lap = p(tinit,dma + max(tcompa 75comm,dma) + tsynchro)a (25)

omou § etvar 0 apLiudc Twv Budtey Tou araToVvToL Yo ThY OhoXAAPOoT) TN extéreons (make-
span). O ypévoc mou yeetdletol yia Ty apytxonoinon tne unyavic DMA elvat tinit dma, teomp
elval 0 Ypdvoc unoroyiopoU evoc tile, teomm_dma ELVOL O YpOVOC emxoLVwVlac TOU UTOREl Vo oA-
Anhemxaduglet Ue UTOAOYLOUOUS XL tgynchro ELVAL O amanTolUEVOS YEHVOC GUYYEOVLOUOU UETAED
TV Sadoyx@dy Bnudtoy extéleonc. e oy€on Ue TS TUPUUETPOUC TIOU YENOULOTOLOUVTOL OTY)
GXéGT] (2'4)7 LO—XOEL: tinit,dma + tcomm,dma + tsynchro = tcomm-

Enewd?) n évvola tng addnhoemuxdiudng slvar mohl xplowrn otnyv gpyoocia auty, emtonualvou-
ue 6TL oL Aettoupyieg mou apyuonotoUvtal ue non-blocking xAfoelc GAANAETLXAAITTOVTAL UE TLC

AeLtoupyieg mou apyxomolovvTOL UE TIC aUécng eEndUeves xAHoelc. Avtifeta, ol blocking xA¥oeig
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dev ouvendyovtat aAAnhoemixdiudn, eneldy| oL endueves xAfioeLc apyixonolobvtat 6tav ot blocking

XAToeLS €youv ohoxAnpwiel.
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Extéleon tov tiles o cuotoLyia

TOAV-ENECEQYACTMOV

3.1 Ewcayoyi

Y10 xepdhato autéd Oo yevixeloouue To UOVTENX EXTEREOTC UE XL Ywpelc ahAnioemxdhudr, dote
VoL UTOPOUY VAL EQUPUOGTOVY GE GUGTOLYIEC UTOAOYLOTOV UE TEPLGGOTEPOUC TOU EVOC ENEEEQYUCTES
avd x6uBo. Ilply, buwe, TEOYWEHCOLUE GE ULa EXTETAUEVT, AVAAUGT] TOU TROBARUATOS, ag SGGOVUE
EMOTTIXA ULol EXOVOL TNC TEOTELVOUEYNS AUOTC UE EVOl TOEASELY UL
Oewpolue to e€rc oevdplo: ‘Evag 2-8idotatog gwhiaouévog Bpdyog TeETeL Vo eXTEAECTEL O
uta ouotoLylo 3 TUVOUOLGTUTIWY UoVOo-ENEepYAoTXOY xOUBnv. T to Aéyo autd, ywptlovue To
Y®po Twv enavaifpenv ot tiles xat avabétouye uta ypauur and tiles oe xdbe x6uPo. Ipogavae,
yia vo TeTOyoLUE uta edxohn xatavour Twv tiles, mpénel va emiélouue to oyfua xou to Yéyebiog
TOUC, €T0L HOTE 0 YHPOS TwY enaVUAfPewY va ywelletar oe 3 ypouuée and tiles (agol éyouue
Stabéotuoug axplBoe 3 enelepyaotéc), 6nwe oto LyAua 3.1. X1 cuvéyewa, 1 extéleor, Twv tiles
unopel va yivel elte e 10 UOVTELO eXTEREOTC UE AAANAOETUXAALYY), ElTE UE TO LOVTENO EXTENEOTC
ywplc adAnhoemxdiudr, Ta omola TapoucLdoTXAY TNV TaEdYEUpo §2.6.
7
KouBog 2

KouBog 1

K6uBos 0

EyAua 3.1: Extéheon oe povo-eneepyaotinols xopBoug

Yn ouvéyela, avixabiotolue xdbe évay and Toug uovo-enelepyaotixoic xéufous, ue xou-

Boug mou meptéyouy 2 enelepyaotéc o xabévag. H mpdtn Adon mou unopel vo oxeptel xavelg etvon
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1 €QapUoYTH ToU UeTaoynuationol tiling and tnv apy Y, emiéyovtac to uéyebog twv tiles, Hote va
npoxOouv €&l ypauués and tiles. Xtn ouvéyela, avatifeton uta yeouun and tiles oe xdbe enelep-
Yaotr xou extereltar oav va elyaue €L anholc uovo-enelepyaotixole xéufous. Autd onuatvel
OTL, oxoun xat oL enelepyaoTég Tou Peloxovtal atov (Blo x6ulo, O emxolvwvoly uetadd Toug UE
aVTAANLY T} UNVUUATLY, Teoxeévou va €xouy 6ot Ta dedouéva mou ypetdlovtal. To anotéhecua
utag tétolog TpocéyyLong a elval aypelaotes uetagopéc dedouévwy and T uovada enelepyactog
oTNY XdpTa JXTYOL Xol TO avTioTEoPo, TEdyUd Tou Bo XUTAVIAGVEL Eva UEEOC Tou ebpoug LAVNG
HETAEY TV TUNUATWY Tou x6uBou. Ntnv xakltepn teplntwon, Tou évag éZunvog compiler unopet
VoL EVTOTLOEL Xat Vo anoTeEPEL auTég TIC U avoryXxales UETAQORES UETAED TOU ENEEERYAOTH XAl TNG
xdptac dxtdou, xat tdt B uetagépovtal dedouéva UeTal) Tou UoLpaldUEVOU oL TOU LBLLTLXOU
Y Gpou TV ynudtev uéoa otov (dto xéuBo [DKO04]. v npayuatixdmra, duwe, Hu uropodcay

7 z

uévo va ypdigpouy xat va Staf3alouy ta dedouéva an’ eulbetog tpog # and T wotpaléuevn uviun. X
ouvéyeLa, Oa ypetaldtav uévo va cuyyeoviotoly uetadl Toug ue éva barrier, 1 éva onuatogopéa.

H nopandve npocéyyiorn uog odnyel oto cuunépaouo 6T oL enavakiels Tou TedxeLTaL Vol
EXTEAEOTOVY 0TOUC ENEEEPYAOTES TOU (BLou x6ufou mpénel va elval o oTevd cuvdedeuéveg uetaly
Toug amd To Vo avrixouy amhd oe yertovxd tiles. Towg Ba énpeme vo avixouv oo Buo tile B oe
xdmoto GAAY evoTNTa, ) omola pépel xdmoteg and Tig WdTNTES Tou tiling.

[Tpoxeévou, hotndy, va mpoouprdéoouue Tov anetxovilouevo oto Lyhua 3.1 ydeo tov tiles
o1 {nTolUEVn dpYLTEXTOVIXY), UTopoVUE Vo ywpeloouue to xdbe tile oe 800 utxpdTepa Xon Vo avo-
Béoouue xabéva and Ta uxpdtepa autd tiles oe évav and Toug enelepyaoTég TOU avTiGTOLYOU
ToAU-ene€epYaoTLNoU xOUfou, dtwe gaivetal oto Yyfua 3.2. X1n cuvéyela Ha npénel vo dSpouo-
hoyrioouue Ta tiles oToug xoUPBouc cav va Atay adtalpeTa xoL Vo Qpovtioouue GoTe Ta uTto-tiles
Tou BLou tile vo exterolvTar TaUTOYEOVA.

: S
J2

KOuBog 2

kouBog 1

KouBos 0

Yy 3.2: Extéheon oe x6pBoug pe 2 emelepyaoTté

Ioodivaua, unopolue vo eQapubGOUUE To UeTacynuatious tiling and v apy? oto ydheo
enavaridewy, geovtiCovtag va npoxUdouy €8l ypauuéc and tiles, ye xatdAhnin emioyy| Tou pe-
yéBoug Tou tile. Xtnv mepintwon auth avabétovue wa ypauuy and tiles oe xdbe enelepyaott,
xoL opadonotolue Ta yertovixd tiles, énwe galvetar oto Xyfua 3.3. Elvor @avepd dtu ta tiles
nou ouadonotolvtal wall ue tov Tpéno auTéd BeV UTOPOUY VO EXTEAEGTOUV TAUTOY ROV, EXTOC OV
YwetoToly ot uxpdtepa tiles (umo-tiles). Enouévoe, emBdiheton emmiéov xb66T0¢ 6LYYEOVLGUOUY
xatd TNy extéleon evog tile, €€’ autlag Twv e€apthoewy Yetadl Twv uno-tiles mou €youv avatebetl

o€ JLUPOPETINES UOVAdEC ETEEEpYaGLOC XOL TWV OTOLWY 1) EXTEAEST, TPETEL VoL YLVEL xoTd T dLdpxeLa
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ToL BLou BAUaTOg EXTENEGTC.

J

K6uBog 2

K6uBog 1

K6uBog 0

o 3.3: AZovixt| opadomnoinon

Qo Ytay, Aotndy, mo anodotixd vo opadonoloue Tta tiles mou €youv avatebel oToug (Stoug
x6ufouc ue Tov TedéTo Tou amewxoviletat oto Xyfua 3.4. Me tov 1pén0o autd, unopolyv xal Ta
dVo tiles mou opadonotodvtat uall vo exteheotoly xotd T Stdexeta Tou (8Lov BAuaTog eXTENEOTC
and dagopetinéc uovddes enclepyaotoc (CPUs) tou Btou mohu-enelepyaotixod xdufou ywplc
va ypeetdletal emxovwvia 1y ouyypoviouds. To ubvo mou ypetdletar elvol évag oLYYEOVLOUOS
avd tile, Gdote va eCaogaiiletal 6t Ta anapaltnta dedouéva €youy Y81 tonobetniel otny 1oy
uviun. Autéc o ouyypovioude uropet va yivetat Tautdypova UE TNV EMXOLVWVIO UE YELTOVLXO0US

TOAU-ETEEERYAOTIXOUS XOUBOUC, OGTE Vol UNV TEGEL YpNoLuous XUxAoug TV ENEEEpYaaTOY.

Y1 ouvéyeta Ba ovoudlovue autéy Tov TpOTO opadonolinorg opadoroine unepeninédou.
Kdéfe dhho oyfiua ouadonoinone xatd unxog ulag dtdotaong tou yoeou Twv tiles, énwe oto
Yyhuo 3.3 Oa ovoudletar agovixn opadonoinoy. Elvol npogavéc 6t 1 alovixr| ouadonolron
eMLEREL EMTAEOV XOGTOG LY YEOoVLoU0U, €87 autiag Twv elapThoewy Uetall Ty tiles tou avrixouv

otny 8o oudda.

.S

J2
- - - - - | ] | ] - .CPU1

Koupos 2
- - L} - - - - - ICPUO
- - - - | ] | ] | ] - .CPU1

KouBog 1
- | ] - - | ] - | ] - ICPUO
- - - - - | ] | ] - .CPU1

KouBog 0

Eyfua 3.4: Opadomoinomn unepemmédou
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3.2 Meraoynuatiopos Ouadonoinorng

'Onwg eldaue otnv mapdypapo §4.1, uta anodotix?, Spouoldéynon evég yoeou amd tiles oe xd-
TOLOL TTOEAAATIAY) QEYLTEXTOVLXTY, ATOTEAOUUEVT], a6 TOAU-ETEEERYAGTLNOUS xOuUBouc Sev elval amAn
unébeon. Ilpoxewévou va mopdyouue evxola ula anodotixr yeovodpouoldynor twv tiles, oua-
Sonotolue Ta tiles Tou ydpou J° mou Ha extehestolv TauTdyEova and TouC eTelepYaoTéS EVAC
xéuPou. Enouévec, equpuélovye évay axéun uetaoynuatious tiling oo ydpo twv tiles J2, tov
omolo 0voudlouUE UETATYNUATIOWS opadonoinons.

Enouévec, and 10 ydpeo twv tiles J¥, napdyouye 10 YGpo 10V onddwv
IO = {01 = 19, 55 € 1% (3.1)

oe avtiotolylo pe tn oyéon (2.3). O uetaoynuatiopdc ouadonolnong optletat, ue Tov tpéo Vo,
ané Tov n x n nivaxa HY, énwc o nivaxac H opilel o petaoynuatious tiling. Ye avtiotoryia ye
Tov nivaxa tiling H, fa ovoudlouye 1o n xn nivaxa HE nivaxa opadonoinong. Kdébe didvuoua-
Yoouur tou HY eivar xdheto oe uia ané Tt oxoyEéVveleg UTERETLIES®Y oL 0pLofeTolv TLC OUddES
010 Y&po J¥. O nxn nivaxac PY = (HY) ™! ovoudletar avtiotpogog nivaxag ogadonoinorns.
O nivoxac PY mpéret va eptéyer uévo axépoto oTotyel xat to SLavioUata-GTARES TOU TEéTEL VU
elvan Topdhhnha xa Loa ot Pétpo Ue Tic axpéc evéc unepTapalAheminéSou-ouddac 6o Ydpo JO.

[ va elvan €yxupog évag wetaoynuatioudc ouadonolnong, teénet vo dtatnpel Tny atouxdtnTa
v opddwy (HYDY > 0 oe aviwototyla ue ) oxéon HD > 0 mou woyVe yia 1o tiling). Entorng,
eneld?) OAa tiles mou avixouy otny (dlar oudda extehodvTaL TaUTOY POV ATd TOUC ENEEEPYAOTES EVEC
x6ufou, ya va Statrnpelton 1 ouvénewa (consistency) Twv dedouévav, dev npénel va Undpyouv olTte
dueoec, oUte éuuecec e€apthoelc UeTall twv tiles autdv. IoodUvopa, mpénet yia xdbe Sidvuoua
egdptnonc d;é 070 YGpo TV tiles, To didvuoua HGd_ZS VoL EYEL EVO TOUAGYLOTOY GTOLYELD UEYRAUTEPO

1 oo pe 1.

3.3 IIpooéyyiom tou alyopibuou pog

Enouévoe, ue tov (8Lo tpéno nou yenotuonoteital o uetaoynuatioudc tiling yia vo ouyxeviphoel
e enavalfielg ot tiles, epapudletal xat o uetaoynuatiopdc opadonolnone ota tiles yio va oyn-
vattotoly ouddeg and tiles. Ipoxewwévou va emtheyel o xatdhinioc yetaoynuatioudc tiling, ece-
t§lovtot TapdUeTEOL, OTWS To oUVOALXS xboToC emtxotvoviae [XuedT7a], [AKNI5], [RR0O2], [RS92],
[BDRR94], # 0 ouvohuxde ypbvog extéreonc [HCFI7], [HCF99], [DDRRI7] [XCO02]. Avtictoiya,
Yo To YeTaoynUationd ouadonoinong, Oo SGoovUE oTLC ENGUEVES TAUEAYRAPOUS, To XPLTHELY YLl
TV EMLAOYT, TOU.

Ocwpolue évay 3-Sidotato ydpeo ané tiles J¥. Oéhouue va avabécouue ta tiles xatd urxog

trc dtevhuvenc j ooy (dlo enelepyaoth evéc molu-eneiepyaotixol xéufou. Eniong, eneldh 6hol
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oL ene€epyaoTtég evéc xbUPou €youv dueon TebolBaon TNV XOLVH UVAUT, ovaOETOUUE YELTOVLXES
yveouués and tiles, ol omolec avtaArdooouy Sedouéva, otoug enelepyactéc Tou (Bou xoufou.
Enouévee, 1o tufua Tou yoeou twy tiles mou avatifetar oe évav xéufo Oa éxer Ty oploywvixy

Hop@Y| Tou galvetal oto Nyrua 3.5.

S
I3 CPU(1,1) CPU(2,1)

yfpa 3.5: Tdvoro and tiles mov avartibevtar otoy 8o xSuBo SMP

Wdyvouue, howndy, €vav xatdAAnho mivaxa yetaoynuatiopol tou Ha ouadonotel ta tiles Tou
Yyhuotog 3.5 mou unopoly vo exTEAEGTOUY Tautdypeova and Stagopetixolc enelepyaotéc. H
exTéAECT) TOU TUAUATOS Tou Ydpou Tov tiles, mou avatifievtor otov Bto x6uBo, elvar duola ue
v extéheon evéc UET niéypatoc [AKPTI9]. Youguva ue tny epyaocia [AKPT99], to Bértioto
%ol €Y%Upo DEVLoUA YPOVXAC BpoUoAGYToNC Yo évay Yoo emavalfiewy (1) tiles) ue puovadtata
Stavbouata e€dptnone (6nwe npotnotifetat and v napdypago §1.B.5), elvon 1o (1,1,1), btav o
Yebvoc mou ypetaletor yia Ty emxolveovia etval augeintéoc. X1o nopddelyud Uog, 1 Emxolvmvia

’ 7,

€yeL exgulotel oe éva ouyypovioud. Emouévwe, unopolue va Bewpricouvue 6Tl ouUQVEL UE TO
uovtéro emxowvwviag evée UET mhéyuatog. Apa, opadonotolue ta tiles mou avixouv oto (3o

eninedo, xdbeta oto didvuoua (1,1,1), énwc patvetal oto Lyua 3.6.

Yy 3.6: Opddeg and tiles mov extehovvtou Tawtdypova ot évay x6ppo SMP

Ta Staviouata-6Thkec ToL aviioTeogou Tivaxa ouadorotnong PY opllouv éva mapodhhnheri-
nedo, mou neptéyel Ta tiles ylag ouddag, ue Tov dto TpéTo oL oL oThkeg Tou P opilouv éva tile.

Enouévec, ta Staviopota p§ xot p§ mpénet va elvan mopdhinha oto eninedo j7 + 55 +j§ = const



214 Extéleon tov tiles e cuotolyia tolv-eneiepyaotdy

XL TOUTOY POV TEETEL Var elva TapdAAnha oe éva and T enineda oL 0ptlouy T bpLa TOU GUVGAOU
Tou avatifetar oTov xéuBo autéd. Anhadh, meérel va elvar Tapdhinha ota enineda j§ = 0 xo

j5 = 0 aviiotoya. Yuvende, ta xatdhinha draviouata eival o

—

p§ = A(—1,1,0) xo p? = n(-1,0,1).

(Xta Yyhuata 3.5-3.7 woylber A = 4,1 = 2.) Enlong, v va xahugBel axpde to xouudtt
ToU YGeoL tuV tiles, tou avatifetar oe ®dbe woUPo, yenordonoldvTac U oelpd and Sladoyixd
Bruota extéheonc, To didvuoua p§f meéret va elvor Tapdhhnio ota Svo enineda j5 = 0 o j§ = 0.

Enopévwe, 1o {ntoduevo dtdvuoua elval o

—

¥ = (1,0,0).

YOugova Ue T Tapamdve, o {ntotuevog avtioTpogog mivaxag opadonolnong etvat o

1 =X —pu
PS=10 X 0],
0 0 u

6mou A\, € N. Xuvende, o uéytotoc opthude and tiles mou opadornorovrar pwall elvar A X
XAl TO YLVOUEVO aUTO TRETEL VoL LooUTaL Ue Tov apthud Twv enelepyaotdv evog x6Ufou, Haote va

unopolue vo avabéoouue éva tile oe xdle enclepyaoth xatd tn Sudpxeta xdbe Briuatoc extéheonc.

yfua 3.7: Kataoxeus aviictpopou mivaxae opadomoinong
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3.4 KaBoplopds nivaxa PY avdhoye ye Tov aplBuéd twv enelepyo-
oTAV EVOS xOUSB0ou

Oewpolue, tdpa, TN YEWXN TEplnTwoT, oty onola €youue €vay n-SldoTaTto YOpeo enavafPe-
OV, UETAGYNUATLOMEVO UE TNV Teyvixd| Tou tiling, xau uta cuctolyla amd TavoUoLGTUTOUS TOAU-
eneéepyaotixoie xouPBouc (SMP nodes), xafévoc and touc omoloug meptéyer m eneepyaoTtéc.
Oéhouue va avabécouue ta tiles Tou yobpou JO xatd uhxoc tre mpding didotacne otov (o
eneéepyaoty| evoc xéuPou. Ynobétouue 61t o @uowxde apliudéc m unopel va ypagel wg e&ic:
m = mg X M3 X - X My, OTOU M2, M3, ..., My, € N. Enouévwe, utopolue vo enthéEouue toug

e&nc nivaxeg ouadonoinong:

1 —mo —My, 1 1 1
PG = v ! xauw HY = (P9)~1 = 0 T'TQ 0 (3.2)
[0 0 m, | [0 0 Tl

Mpdyuatt, o yéyiatoc aptbude Tov tiles Tou Tepiéyovral ot ula oudda eivar det(PY) = m, ool

dnhady) ue tov aplud Twv enelepyaotdy evéc xéufou.

Ocdenua 3.1 O rivaxac HY, nov Siverar and tp oyéon (3.2), opilet évav éyxuvpo uetacyn-
yatious ouadonoinone, oclupwva ue 10 adyoplbuixd UoYTEAO moU TEpLYpd@nxe oTNY TALdYeaPo

§2.2.

Anédelln: e va anodeléouue 6t o nivaxac HY opiler évav éyxupo petacynuatiousd

opadonoinone, apxel va Seiéovue ot

1. HED% >0, énov DY elvar o nivaxac elaptioewy tou ydpou twy tiles J°

2. omoiadiimorte tiles (j_é,js/ € jG) ¢ [Brag ouddag elvar aveldptnra uetaét toug.

Eyovue vnobéoer (BAéne §2.5) 6t o mivaxac eéaptiioewy D° rmepiéyer uévo 0 xau 1.
Erouévwce, n nedtn ouvbixn woyler ndyvta.

T va anodellovue T Sedtepn ouvbiixy, urobérouue éti o mivaxac DS ioodtar ue to
uovadiaio nivaxa. Axoun xar av undpyet didvuoua eldetnons Ue TECLOGOTECOUS TOU €VOGS
doooug, Ga eival (oo ue To dfpoloua teploodTepwyY TOU €VES uovaldiaiwy dtavuoudtwy eéde-
pone. Enouéves, Oa ovurnceidaufdverar otny napaxdtw anddelln oay uueon eédptnon:

Av ta tiles j_é,jg/ € J% avixouv atyy (Sia oudda j_é, LoyveL:

¥+ 0+ A e
. : £ £
mo mo

|HCj5| = [HY5| =

5 .S/
L )
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. . . . .q/ .q/ . / Lal
GUAGE G s =0 S i+

Enionc, av undpyer dueon 1 éuueon eldptnon and to tile j_é oto 75, Loy el
N . n
J5 =35+ Nidi,
i=1

ornou A\; € N xau d; elvar to i-016 povadiaio Sidvuoua eédptnonc. H todtyra avty unopel va

yeagel too8vvaua we e&ijc:

brov X = (A, An). Zuvernde,

i =St Ni=1,....n

Enouévec, niodtnra j9 +55 4+ 55 +j5 = jf/—i—jﬁq/—l—- . -+j§71/+j;?/ unopel toodvvaua
va yoapel o¢ e&r:
AL+ A+ A, =0

Ermetdf A,...,\n € N, toyUet:

Apa, Sev undpyet dueoy, olte éuueon eédetnon uetald Svo tiles tov avixovy otny (Sta oudda
j_é e JC xa dra ta tiles Utag ouddas Tou ybeou JG Unogoly va vrodoyLotoly Tautéypova
ané touc eneepyaatéc evac xoufou.

Erouévwe, olupwva ue to adyoptfuixs uoviédo uag, o napandve UETAOYNUATIONOC oud-
Sonoinonc elvar €yxuvpoc. =

Hopdderypa 3.1:  Oewpolue uta cuotolyio ToOAU-enelepYdoTHGOY XOUPwY UE 2 enelepyaoTES
(CPUs) xau ylo xdpta dixtbou (Network Interface Card - NIC) o xafBévac. O xdptec dixtou
Topéy oLy TN duvatdtnTa dueons tpootélaone e Uviune (DMA), ondte unopolue vo uhonoLr-
GOLUE VO UOVTENO EXTEAEOTC UE AAANAOETIXEALYY ETLXOLVOVIAC XAl UTOAOYLOU®Y. Oewpolue,
enlong, évav 2-dlactato ophoydvio yHeo JO. Oéhouue va avabécouue Ta tiles xatd uhxoc tne
Sudotaonc j7 otov idlo encgepyaotd (CPU), énwe anewoviletar 010 Tyfua 3.8 ue to yxpL BEAT.
Ov eme€epyaotéc Tou Btou xoufou avarauBdvouv dUo yettovxés ypouuéc and tiles.

Enouévwe, xatd to ypovind Brua extéreone t=0, n CPU 0 tou xéufou SMP 0 uroroyilel
to tile (0,0). Koatd tn didpxeta tou BAuatoc t = 1, 1 CPU 0 tou x6uPou 0 unohoyilet to tile
(1,0), evéd r, CPU 1 tou (dtou x6ufou urohoyilet to (0,1). ‘Ouota, xotd tn didpxeta Tou Bhuatog
t = 2, n CPU 0 unohoyilet 1o tile (2,0), evéd n CPU 1 unohoyiler 1o (1,1). Tautdypova,
o dedouéva mou unohoylotnxay oto tile (0,1), ta onola ypetdlovtat Yo TOV UTOAOYLOUS TOU
(0,2), anootéhhovian otov x6ufo 1. Katd tn Sdpxeta tov BAuatog t=3, oo CPUs tou x6ufou 0
ouveyllouv Ty extéleon twv tiles pe tov o tedémo, eve) ou CPUs tou xéufou 1 Lexrvoldy tny

(St Sradixasto ue tic ypauuée and tiles (o,2) o (o, 3).
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5 EE0D  ferr )
: .
‘ opciéa(s,ﬂ/

Ko6upBog 1

Ko6upBog 0
0

til 2: l & /
ile(2, )O“déa(&o) tile(3,0)

Py 3.8: Mapdderypa 3.1 - Xddpog twv tiles

jch opGBA(3,1)

opada(3,0)

Yy 3.9: Mapdderypa 3.1 - XHpog Ty opddmy

T Ty Topaywy? NS YeovodeoUoAdYNong 6To TapddeLypo autd, ouadonotoue uall to tiles
TOL EXTEAOUVTOL ToTOYPovVa 6Tov (8lo x6uBo. Buyxexouuéva, eQapUb6lOVUE TO UETAOY NUATLOUS
opadoroinone oto y&Heo 1wy tiles J¥, o onolog amewxoviletar 6to Lyfua 3.8 xot TopdyouUE To
Y&po 1wy ouddev JC (Zyhua 3.9). Ou aviictouyol tivaxec opadonolnong, oUuGwva Ue T oyéon

(3.2), vy Ty mepintwon auth elvat

1
0

1
0

pPC =

—2 G _ G\—1 _
) ] xavw HY = (P%) —[

N[ =
[ E—

Enouévwc, ta tiles (1,0) xou (0, 1), ta onola, 6nwe Adn avopépaue, extehodvial TauTdyYpova GTOV
i8to x6ufo, tonobetovvtol wall otny oudda §G = |HE(1,0)7] = |[H%(0,1)T] = (1,0)T. Ouolwc,
ta tiles (2,0) xou (1,1) toroBetolvrar uall otny oudda j_é = (2,0)7. Trta TyAuata 3.8-3.9,
anetcoviletar to Bruo extéheonc, xatd to onolo Hu exteleotel xdle oudda, xabde xar to Brua

extéheonc, xatd to onolo mpayuatonoleltal xde uetaopd dedouévwy.

Yrov Mivaxa 3.1, Setyvouue mowa tiles Tou ydpou J° Ba extelestoly and xdbe CPU xatd T,
Sdpxela TV TEAOTWY BNUdteny exTEAEoTC XL oL oUVTETAYUEVES TNg avTioTolyng ouddac. Edxoia
ouunepatlvoupe 6Tt xdfe oudda j_é = (¢, 45) € JC 0a exteleotel xatd TNV didpxeta ToU YPOVIXOT
BruaTog extéheong t(j_é) = j% + 5§ ané tov x6uPo j§. Enopévec, to Sidvucuo yeauuutxhc

YeOoVOSEoUohbYNeNC YL To Topddetyua auté Ba eivon TI¢ = (1,1).
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Ilivaxag 3.1: Mapddetypa 3.1 - Buata extéheong o€ cuotolyio TONU-EMEEEPYACTIXGDY
wouPwy pe 2 enedepyactég otov xabéva - Extéleon pe aAAnhosmuxdAudr emixolvmviog -
UTLOAOYLGGV

Ex]'tgs:ﬁ)\io;ng CPU0 x?ﬁ%io\ ouéda | CPUO x?}“ﬁ%il\ ouddo
o | (3) ()
o) (91 ()
> ) () (E)
s ) (o) 1(e) 1 (3) (1)
G () TE)IG) () ()

Mopddetypa 3.2: Ly neplntwon tou ot xdptec dixtvou (NIC) e ouotoyloc dev tapéyouy

T SuvatdTnTa dueonc tpoonéhaonc ot uviun (DMA), to Iopdderyua 3.1 tpononoteltat we e€hc:

. lile(0,3) il
JZ N | 9(1 ,2)
, /opgéa(3,1)/
(

k6uBog 1

K6upBog 0
0

. ¥
tlle(2,1)0”d6§(3’0) tile(3,0)

Yy 3.10: Mapdderypa 3.2 - Xddpog twv tiles

Katd 1o ypovixé Brua extéreone t=0, n CPU 0 tou xéufou SMP 0 urnoloyilet to tile (0,0).
Kotd ) dudpxeta tou Bruatoc t = 1, n CPU 0 tou xéufou 0 unoroyilet to tile (1,0), evéd n CPU
1 Tou dtou x6uPou unoroyilet to (0,1). Méhic ohoxinpwbel o utohoyloude Twy tiles autdy, o
anapaitnta yia Tov utohoyloud tou tile (0,2) dedouéva petagépoviar otov x6uBo 1. Katd
ddpxeta tou BApatoc t = 2, oo CPUs tou xéufou 0 cuveyilouy tny extéheon twv tiles ue tov (Lo
1670, evdd ou CPUs tou xéufou 1 Zextvoly v dta Stadixaoto ye Tic ypauués and tiles (e, 2)
%ot (e,3).

opada(3,0)

Yy 3.11: Mapddetypa 3.2 - Xdpog Twy opddwy



219
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I v mapaywy?h Tng xeovodgouordynors oto mapddetyua autd, 6nng xatr oto Ilopddery-
ua 3.1, opadonototue pall ta tiles Tou exteroUvtat Tautdypova atov (dlo xéuBo. Tuyxexpluéva,
eQapUOLOUUE TO UETAOY NUATIOUS ouadorolnane 6To Yoo Ty tiles JS, énwc gaivetar oo Ly#-
ua 3.10 %ot mopdyouue To ¥Hpo Twv opddwy J¢ (Syhua 3.11). Ou tivaxec ouadonoinorg eivor
(Stot pe autolg mou yenowonothinxay oto Hapdderyua 3.1. Mta Nyruata 3.10-3.11, anetxovile-
ToL 10 BAua extéreons, xatd To onolo Ou exteleotel xdfe oudda, xabdc xat to BAua extéleong,

»0td To onolo mpayuotonoteltol xdbe Uetapopd dedouévwy.

IMivaxoag 3.2: Mapddetypa 3.2 - Bpoata extéheong oe cuototyio TONU-ENEEEPYACTINGDY
wOpPuY pe 2 enelepyactéc otov xabéva - Extéleon ywpic ahAnroemuxdAvr emxolvmviog
- UTOAOYLGHEY
Brpa
Extéleong

x6ufog 1
CPUO CPU1 | opdda

x6ufog 0

CPUO CPUI1 | opdda

o | (o)

o wo vo —lo ol

(o)
v ) () ()
2 o) G ) (e (1)
w1 G) GG TG) G

Yrov Hivaxa 3.2, Seiyvouue mow tiles Tou ydpou J° Bu exteheotoly ané xdbe CPU xatd
1) SLdpXEL TV TEGOTWY BNUATOY EXTEAEGTS XL OL GUVTETAYUEVES TN avTloToy Mg ouddag. Xu-
unepaivoupe 6Tt xdbe oudda jé = (§,55) € JC o exteheotel xatd THV SLdpxEld TOU YPOVLXOU
BruaTog extéleong t(j_é) = 7% ané tov x6uPo j§. Enouévec, 1o didvuoua yeauuxic xpovodeo-

HohbYNoNC YLa 1o Tapddetyua auté Oa eivan to I = (1,0).

3.4.1 Tpapuxry Xpovodpouohdynon

Ocdenua 3.2 Otav yenowonoieitar to uoviédo extédeons ue aiinloemxdivgn entxovoviag-
UTOAOY LOUGY, TO XATIAANAO OLAVUOUR YPUULXTIC ¥EOYOOROUOASYNONS Yid TO YGPO TWY OUddwY,
ToU TapdyETaL UE Evay UETATY NUATIONS ouadornolnong, dnwe opiletar and tn oxéon (3.2), elval
TO

ne =(1,1,...,1).

Anddein:

(3.2), t0 mpdsro Sidvuoua-otidy Tou nivaxa eéaptioewy D° = I uetacynuatiletar oto Sidvu-

Eypapusloviac to uetaoynuatiousd ouadonoinons nou opiletar and tn oyéon

=7 -
oua d5 = H9d5 = (1,0,...,0)T. Enionc, 10 i-016 Sidvuoua-otily tou nivaxe eéxptioewy
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DS =1,i=2,...,n, uetaoyquatiletar oto Sidvuoua HGd_f = (1,0,...,0,-2.0,...,0)T.
Apa emifdAder ato ydpo twv ouddwv tic eaptiioeic

1
(1,0,...,0,|—],0,...,00" = (1,0,...,0,0,0,...,0)"
m;

Xol 1
(1,0,...,0,[—1,0,...,00" = (1,0,...,0,1,0,...,0)T.

m;

Aprady, o nivaxas eéaptijocwy yia to ybeo twv ouddwy eivar o e&ic:

1
0 1 0 0
DG = :
0 0
0 O 0 1

Avalprodue xatdAAnho Sudvvoua yeauuixic ypovodpouordynone 1% = (n{, ... 7F) 1¢-
Tol0 dote xdbe oudda j_é € JC va unoloyiletar xatd Ty Sudpxeia tou Biiuatoc extédeons
t= HGjZ’. Ocwpovue 6t ot teleutalec (n—1) ovvretayuéves utag ouddag unodetxviovy toy
xoupo tyc ouotorylag nou Ga exteléoer tpv oudda avty. Téte, ot ouddec jé = (5¢,...,i%)
xot ja/ = (¢ +1,58,...,58) Ga extedeotodv Siadoyixd oo (8o xéuPo. Yrdpyer eédptnon
petall Toug, drwe umodewxviet n medty otidy tou DE, aAdd Sev undpyet avdyxy yia Eeywpt-
016 Briua entxotvovias uetall twy vo Brudtwy vrnoloytouol, agol ta andpaitnta Sedouéva
Beloxovrar 118y oty tomxyj uowpalduevy uvijun tou xduPou. Xvvendc, n ypovixi anéotaci
TOUG chal — HGj_é = 7' unopel va woovtaw ue 1. Apa 7§ = 1. Enlone, 5 i-ootf oty
tou mivaxa DY (i = 2,...n) vrodewxvie wia eldptnon uetald twy oudswy §G = (59, ..., 58
xa jal = (¢ + 1,58, 58,08 + 1,58, ..., 5S). O ouddec autés extelodviar oe yer-
tovixoUs xdufous, ondte uetall twv avilotolywy Brudtwy vtcloyiouol yperdletar éva Briua
emxowvovias. Auté onualver 6te n ypovixy anéotacy touc cha/ —HGja = 771G—|—771-G meémnet
va tooUtar pe 2. Apa, 78 = 1,1 =2,...,n. Apdady, yia 1y yeauuixij yeovoSeouoddynoy
tou ydpou Ty ouddwy J€ emAéyetar 1o Stdvuoua TI9 = (1,1,...,1). =

Emonuaivouue 6t otic gpyaoieg [GSKO1], [STKO02], yia to povtého extéheonc Ue alAnhoETL-
xdhun oe povo-enelepyaotixolc x6ufoug, to Stdvuoua yYeauuxic yeovodpouohdynong II ¥rtav
(1,2,...,2) obugova e ) Bewpla UET-UCT [AKPT99] (enedr to Bértioto alnhoemixalu-
TTOUEVO GYHUA TROEXUTITE HTAV OL YPOVOL ETULXOLVOVEAC XL UTOAOYLOUOU YTay (ooL, GOTE OAT T
enolvevia va xpUfBetat - ahAAnROETIXOAUTTETAL UE TN @don utoloytoudy). Tlag’ éha autd, otny
Teplntwon noku-enelepYaoTiXdY XOUPBwY, Tou e£eTdloVUE €30, O UETAGYNUATIONOS OUadoTolN-
ong PY otpifet ehagpd 1o ydeo (dec ota Tyhuata 3.8 xar 3.9, Tic oyetinéc Béoelc ToV oUddwv
(3,0) xau (3,1)). Xuvenddc 10 BEATLOTO AAANAOETUXOAUTTOUEVO OYHUA TPOXUTTEL UE YEYom TOU
dtavbopatog (1,1,...,1). Emonuaivouye, enlong, 6t 1o Sidvuoua autd dev elvar to (do pe to0
ddvuopa ypovodpouordynone tou Hodzic [HS98], agol tdpa avagpepbuaote oe ouddes, evéd o

3

Hodzic avagepdtay o tiles.
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Ocdenua 3.3 Otav ypnowwonoteitar To UovTédo exTéleans ywplc ainoemxdAvgn enixovoviag-
UTOAOY LOUGY, TO XATIAANAO OLAVUOUR YPUULXTIC XPOYOOPOUOASYNONS Yid TO YGpO TWY OUddwY,
ToU TapdyETaL UE Evay UETATY NUATIOUS ouadonolnone, énwe oplletar and tn oxéon (3.2), elval
TO

n = (1,0,...,0).

Andédelln:  Onwc nepiypdpnxe otny anddeiln tou Oewpruatoc 3.2, o nivaxac elaptiocwy

YL TO Y@dpo twv ouddwy elval o:

1 1

0 1 0
DG — Co

0 0

0 0

Avalnrovue, xar ndAl, xatdAAnlo Sidvvoua yeauuixic ypovodpouoldynons

Tétolo dote xdfe oudda ja € JC va vnodoyiletar xatd Ty Sidpxeia Tov Buatoc extédeons
= HGj_é. Ocewpodue 6t ot tedevtalec (n—1) ovvretayuéves utac ouddac vnodewxviovy toy
xouPo tne ovatoryias nou Ga exteléoer tny oudda auty. Tote, or ouddec ja = (§9,...,5%)
ot ja/ = G¢ +1,59,... ,jn) fa exteleatoly Siadoyixd oto (Bio xduPo. Xuvendc, n ypo-
yudf andotacy toug 1195 G’ - %; G = = 7§ unopel va toodtar pe 1. Apa 7 = 1. Enlonc,

N i-00T) oThAy TOU ITLWZ}{O( DG (i = 2,...n) vnodewxvier wia eldptnon uetall twv ouddwy
jG = (§¢,...,59) xar j¢' = (5¢ —|—1,]2 ,...,jgl,jf + 1,58 1,...,35). Ou ouddec avtée
extelolvrar o€ yettovixolc xdupouc, ondte uetall twv avriotolywy vroloyLtoudy yeetdletal
uetagopd twy andpaitntwy dedouévwy. H uetagopd avty, oc avrifeon ue to uoviélo extéle-
on¢ ue aAAnroenixdivgn, unopel va yiver xatd ty didpxeta tou Biuatoc mov unoloyilovral
T dedouéva, oqusaa)g ,uo/hg voxAnpwﬁouv ot unodoyiouol. Autd mypouvez otL ) ypovuxi and-
otaoy toug 19 G’ — 1% G = =7+ 7& unopel va tooUtar ue 1. Apa, 7¥ =0,i=2,...,n.
Anlady, yia ) yoauuwxy ypovodpouoddynon tou ydpov twv ouddwy J emtdéyetal to Sid-
yuoua 1% = (1,0,...,0). =

Hapdderypa 3.3:  'Eotw évac opfoydvioc n-didotatog ydpog aré tiles J, mou oprobeteitar
wcelhc 0< 42 <wfi=1,...,nxuuf >uli=2,...n Egapuéletor oc autéy uetooyr-
pomouég ouchono'mong obugwva ye 1 oyéon (3.2). Enopévac, to tile j_é AVAXEL TNV OUdda
Gﬂzmmﬁ, T
Axo?\ouewvwg T0 UOVTEAO exTEAEOTC UE AAANAOETLXAAUYT, exTelelTal xaTd T SLdpxELo TOU
Briwotog t(j ) Z g ijf%— Zn%mfij (eVuguva e To SLévucUa YRUUUIXAS XpOVOSEOUONGYT-
i= i=

onc % = (1,1,. 1)) H oudda (0,0,0) 6o extereotel xatd 10 tpdTo Briua eXTENEONC Lin = 0.
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Houoc&x(z u?, | uf

S
ng . Lms |) B unohoyiotel xatd to tehevtalo BAU tnar = 21 uf + Z |- -|.

1=2
Enopevmg, o) ocpt@yog TV BrudTey oy omomsnou Ych ™mv okox)\npmmq g sxre)\sorg (makespan),

etvar: Ooperiap = 1+ tmaz — mm—ZUS+ZL J+1_Z( _1)+2Lw 71J 1 4G4
i=1

overlap Z w; + Z ’L —| —2n+2 (33)

omov w; =uf +1,4=1,...,n elvar To TAdTog Tou tile space xatd uhxog tng dedBuvong 7.

Ouolwe, axohouBdviag 0 YovTENo exTéreonC UE AAANAOETUXEALYT), 1) oudda

z Zﬂ s | J5 38 T
G ;i n
j (1:1 ]’L ) L 2J7 Y L nJ)

Ql
I
)
~Q
I
[]=
<
Y
E)
C
<
=
e
<
18]
[
™
A
o
&
R
<
C
Q
[
R
=2
O
[
§

extehelton xatd ) didpxeta Tou BAuatog t(j

ueic ypovodpouoréynone 114 = (1, O

u
m—"J) 60( UTIOAOYLOTEL XaTd To TeEheuTalo

)
Bua extéreonc tmin = 0. H oudda (Z uf, sy s
i=1
n
P tmae = D u?. Emouévec, o apthuéc tov Brudtov mou araitelton Yo Ty ohox M ipwor e

n
extéheonc (makespan), elvor: nonoveriap = 1 + timaz — tmin = Y uf +1=

n
pnonoverlap = Z w? —n+1 (34)

3.4.2 AvdbBeom tov tiles oc enelepyaotés

INa v ovouatoroyio twv x6uPwy, utobétouue 6t ol dabéoiuol Tohv-enelepyaotixol xoufot
elvar otouytouévol oe éva exxovixd (n — 1)-8idotato miéypa. Enouévee, xdbe xbéufoc npoo-
dropiletar and éva (n — 1)-didotato ddvuoua. Emonualvouvue, wotdoo, 6t autd dev anotehel
TEPLOPLOUS NG QUOLXAC dtdTadhc uag, aAAd uta adufaon yia va anodobel oe xdbe xéufBo uova-
dwd Gvoua. Axohoubdvtac tn olufaocn auth, ou (n — 1) teleutaies GUVTETAYUEVES ULOC OUd-
dag unodeweviouy tov x6ufo otov omolo Oa extereotel. H npdtn ouvtetayuévn yenoluonoteltat
MOVO YLOL TOV UTIOAOYLOUS ToU ypovixol Bruatog, xatd to onolo Ou exteieotel. Yuvendg, to
tile j_é = (j7,...,72), mou avixer oty ouddu j_é = (§%,...,59), Ba exteleotel otov xéuPo
S s
U8 = (s L D)
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Ouolwc, o xdbe xéuBo Beweoltue éva (n — 1)-StdoTaTto etxovixd TAEYUA ETEEEOYAGTAOV UE
Y \ \

ewxétec {cpu € Z"7H0 < cpuy < may1,1 < 2 < n— 1} Téte, %8B tile j5 = (57,...,55)

;S .S

; / . S S / J5 J

exteheltan and tov eneepyooth (CPU) (55 %mae, . . ., j, %omn) Tou xéufou SMP ([22 |, ..., [ ]).
note woévo T tiles ue v Bl ouvteTayugvn j7 avatibevtal otov dto enelepyaoty| Tou (Blou

0) til 5 L 7 0 d 14 5

x6ufou.

[opatnpotue, enlong, 6Tt av xdmolo and 1o oToLyela M, Tou aviioTpopou Tivaxa ouadortol-
nong toovtan Ye 1, n aviiotolyn cuvtetayuévr Tou SLavioUaTog TeoodLloglotold Tou enelepyaoTH

unopel va nopaielnetat, ool Ho toodtar ndvta ue 0.

3.4.3 Tevixeuom: Avdbeor oc enelepyaoTtég xATd UX0S OTOLAGONTOTE dLACTAOTS
Tou yoeou J°
Av Béhouye va avabéoovue otov Bto enclepyaoty, evég xouPou ta tiles xatd urxog tng i-0oThg

StdoTaorc Tou YGpou J7, anodetvieTal ue Tov (8lo TpéTo 6Tt oL xaTdhAnhoL Tivaxec opadonoinone

elva:

m 0 0 0 0
PG - -m ... —My_ 1 —MmMi+1 ... —Mp
0 0 0 0 mn |
o - (3.5)

e 0 0 0 0

0 ... 7= 0 0 0
HE =P 1= 1 ... 1 1 1
1

0 ... 0 T 0

0 0 0 0 m%

OTOU My X« -+ X Mj—1 X Myl X -+ X My, = M. 'ONOC X0 TEONYOUUEVWS, TO XATIAATAO SLdvuoua
Yoouuxhc ypovodpouohéynone eivan 119 = (1,...,1) otny nepintwon oAAnhoemxahunTéuevne
emoLvwviag, 1 n¢ = (0,...,0,1,0,...,0) OTNV TEPITTWOT TOU 1) EMXOLVWVLK ol Ol UTOAOYL-
ouol extelolvtal oe dtoxpltéc gpdoelc. Eniong, xdbe tile st = (j¥,...,72), mou avixel oty
oudda j_é = (¢, ..., ), extedelton otov xéuPo (57, ..., 551,58, ..., 5) omé Tov eneepyaoty
(55 %ma, . .. 7jf_1%mi_17j%9+1%mi+1, ey 53%my). 'Onwe Tponyouuévee, av éva ard Ta Staydvia

otolyelo Tou avtioteogou Tivaxa ouadonoinong m, = 1,z # i, Té6TE 1 AVTLOTOLY Y CUVTETAYUEVT,
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ToU SLVIGUATOS TPOGBLOPLEUOY TOU ETEEEPYUGTY) UTOPEL VoL TopahelneTaL.

Hopdderypa 3.4:  Oewpolue yla cuctolyla and nohu-enelepyaotixolc xoufBouc ue 2 enelepyo-
oTéc o pia xdpta dixtiou otov xabéva. Oewpolue, entore, évav 3-didotato yopo amné tiles JI.
Avafétouue otov (Blo enelepyaoty| ta tiles xatd uhxog tne didotacng j35, 6Twc anewcoviletol oTo
Yyfua 3.12 pe ta yxpr BéAN. Ou enelepyaotéc tou WBlou x6ufou avarouBdvouy dUo yelTovixég
Yoouuée ané tiles, Tou avixouy oto Bto entnedo j7 —j5. Tlugova e 1 oxéon (3.5), enthéyouys

Toug e€c mivaxeg ouadonolnong:

2 0 0 3 00
PS=| 0 1 0 xocLHG:(PG)*lz 010
-2 -1 1 111

i

K6ppog (0,1) géuﬁoc (1,1)
) 4 /,,v"

k6ppog (1,0)

Yy 3.12: Mapddetypo 3.4 - 2 x 1 enelepyoctéc oc xébe xdpBo - Extéheon pe
OAANAOETUNAAVYT) ETUHOLYWVIAG - UTONOYIGHEY

Y10 Eyfua 3.12 anewovileton 1 opadonolnon tov tiles xat o ypdvog extéreonc xdbe Bruatog
uTohoYtoUoU XL emxoveviac. Ntov mivaxa 3.3 detyvouue mola tiles Tou ydpou J¥ Ha exte-
Aeotoly and xdfe enelepyaoti Twy 3 npdTwy XOUBwv tng ovotolyluc oe xdbe BAua extéieonc.
Eoxoha ouurepaivouue 61t xdbe oudda (5, 55, 5§) € J9 extereiton otov x6uPo (3¢, 5§) xatd o
Briua extéleong t(j_é) = j9 4+ 4§ + 5§, Enopévac, o Sidvuoua yeauuixic YpovoSpouohbyneng
Yo 10 Topddetyua auté elvor mpdyuott to I1¢ = (1,1,1).

Ouolwe, oto Yyfua 3.13, anewxoviletar 1 opadonoinon twv tiles xou o ypdvoc extéheonc
%dfe Briuatog emxolvmviog xal UTOAOYLOUOU GTNY TERITTWOY TOU ETUXOLVWVIA XAl UTOAOYLOUOL
Sev adhnhoemahiTToviar. Ytov mivaxa 3.4 delyvouue mow tiles Tou yGHeou JO O exterecTtolv
and xdbe enelepyaotsi TV 3 TE@TWY Xx6UBwv Tng cuotolylac ot xdbe BAua extéheons. Eixola
ouurepatvouue 61t x80e oudda (5, 55, i) € JC extedeirar otov x6uBo (¢, 5§) xatd o Brua
EXTEAEDTC t(j_é) = j§. Enopévee, 1o SLévuoua Yeauixic YpovoSpouohbYnone Yol T0 Tapddelyud

auté elvar Tpdypatt to TIY = (0,0, 1).
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pLou W PLOW P W

Ilivaxoag 3.3: Mapddetypa 3.4 - Bpata extéheong e cuototyio TONU-EMEEEPYACTINGDY
wOuPuV pe 2 eneepyactés otov xabéva - Extéleon pe aAAnlosmuxdAudr emxotvwviag -
UTLOAO YLV

Brua x6ufBog (0,1) x6ufog (0,0) x6pfog (1,0)
Extéleons || CPUO CPU1L ‘ opdda | CPUO CPU1 ‘ opdda | CPUO CPU1 ‘ opdda
0 0
0 0 0
0 0 )
0 1 0
1 0 0 0
1 0 1
0 0 0 1 0
2 1 1 0 0 0
0 1 2 1 2
0 1 0 0 1 0 2 1
3 1 1 1 0 0 0 0 0
1 0 2 ) 3 ( 2 3 ) ( 0 2
0 1 0 0 1 0 2 3 1
4 1 1 1 0 0 0 0 0 0
2 1 3 4 3 4 1 0 3
0 1 0 0 1 0 2 3 1
5 1 1 1 0 0 0 0 ( 0 ) 0
3 2 4 5 4 5 2 1 4
IMogdderypa 3.5:  Oewpolue uta cuotolyia tohv-enelepyaoTx®dy xOuBwy ue 4 enelepyaoTéc

otov xaféva xau ulo xdpta Sixtvou. ‘Onwe xat oto Hapddetypa 3.4, Oewpodue entong évav 3-
Sidotato ophoydvio ybpo ané tiles J°. Avabétouue otov idio enefepyaoth ta tiles xatd urxoc
e SudoTaong jz;?, onwe anewoviletoar oto Eyfua 3.14 ye ta yxpt Béhn. Ou enelepyaotéc tou

i3Lou x6uBoL avahauBdvouy Téooeptc yerTovée Yeauuée ané tiles tou avixouv oto 3o jY — 5

K6ppog (1,0)

Yy 3.13: Mapédetypo 3.4 - 2 x 1 enelepyacté oe xdbe x6pPo - Extéleon yopic
OAANAOETUXGAV(PT ETUHOLYWVIAG - UTOAOYIGHEY
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Ilivaxag 3.4: Mapddetypo 3.4 - Buata extéheong 6e cuotolyio TONU-EMEEEPYACTIXGDY
wOPPwy pe 2 eneepyactés otov xabéva - Extéeon ywpic aAAnhoemxdAvdr emixovmviog
- UTOAOYLGHEY

Brjua x6pPos (0,1) x6pPos (0,0) x6pPos (1,0)

Extéleorns | CPUO CPU1L ‘ opdda | CPUO CPU1L ‘ opdda | CPUO CPU1L ‘ opdda

0 0
0 0 0
0 0
0 0 0 1 0
1 1 1 0 0 0
0 1 1 0 1
0 1 0 0 1 0 2 1
2 1 1 1 0 0 0 0 0
1 0 2 2 1 2 0 2
0 1 0 0 1 0 2 3 1
3 1 1 1 0 0 0 0 0 0
2 1 3 3 2 3 1 0 3
0 1 0 0 1 0 2 3 1
4 1 1 1 0 0 0 0 0 0
3 2 4 4 3 4 2 1 4
eninedo.
Eniéyouue tov avitiotpogo nivaxa ouadonolnong:
4 0 0
PS=1 0 1
-4 -1 1
Enopévwe, o mivaxag oyadonoinorg Oo elvo:
1
7 00
H=10 10
1 11

Y10 Yyfua 3.14 anewxoviletat v opadonoinon twv tiles, xaldg xar ta BAuata extéreong xatd

To onola mparyuatonoteltar xdfe Briua unohoylouol 1) emxowvoviac. Xtov Iivaxa 3.5 Selyvouue

now tiles Tou ydpou J¥ exterotvtor ané xdfe CPU tov Totdv TpdTey x6ufev Tne custotytoc

xatd to mpdra Bruata extéheonc. Erntorg, avaypedgetor 1 avticTouyr oudda tou ydeou JO.

Edxoha ouunepalver xavelc and tov Ilivaxa 3.5 1t xdbe oudda (le,jg,jg) € JC Go exteheotel

otov x6uPo (¥, i§) xatd 1o Brua extéheone t(j_é) = j¥ 4+ 3§ + 5. Emouévaec, to Sidvuoua

YooUUXAC YPOVOSPOUOLOYNONC YLl TO Tapddetyua autéd ebvon o Tkt to 119 = (1,1,1).

Ouolwe, oto Yyfua 3.15 anewxoviletat 1, opadonoinon tov tiles, xabodg xo to frivata extéhe-

ong xatd to omola mpayyatonoteltat xdbe Brinoa unoloyiouol ¥ emixotvwviag oTny Tepintwon nou

autd dev ahhnhoemixaiintovion. Ntov Mivaxa 3.6 delyvouue mota tiles Tou yhpou J* extelol-

vtat and xdfe CPU tov 1ptdv tpdtwy ®x6uBwy the cuctolylag xatd ta tedTta BRudTta eEXTEAEOTC.
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Kéilﬁoc (1,0

Yyfua 3.14: Mapddetypo 3.5 - 4 x 1 enelepyactés oe xébe x6uPo - Extéheomn pe
OAANAOETUXAAV(T ETUXOLVLVIAG - UTOAOYIGHUEY

Entore, avaypdoston 1 aviiotolyn oudda tou ydeouv JC. Edxola cuunepaiver xavelc and tov
Mivaxa 3.6 6t %x40e oudda (5, 55, 55) € J¢ 0a extedreotel otov x6uBo (57,55 xatd 1o Bhua
EXTEAEOTC t(j_é) = 7§ = j7 + 35 + j5. Emouévec, To Siévuoua yeauuixic ypovoSpouoléynone

Y1 To Tapdderyua auth eivan xar téh 1o TIY = (0,0, 1).

IMogdderypa 3.6:  Oewpolue Ut custolyia Tohv-enelepyaoTXGY XOUBwY Ue 4 enelepyaoTés
otov xaféva xou ula xdeta Sixtdou. ‘Onwe xoL ota Tponyolueva nagadelyuata, Bewpolue enlong
évay 3-8Ldotato ophoydvio ydpo and tiles J. Avabétouue otov (Slo enelepyaoty ta tiles xatd
ufxoc tne ddotacnc j5. Ot emelepyaotéc Tou 80w x6uPou avahauBdvouy Téooeplc YetTovxée
Yoouués, Tov onolwy 1) TeoBolf ot éva eninedo jP — j5 oyruatilel tetpdywvo. O avtiotpogoc

nivaxog opadonoinong elvou:
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Ilivaxag 3.5: Mapdderypa 3.5 - Bpoata Extéleong oe cuototyia mohu-enedepyastixdy
w6uPwy pe 4 x 1 enedepyactéq otov xabéva - Extéleon pe aAAnhostindAur emixotvmviog
- UTOAOYLGHEY

B x6uBos (0,0)
Extéleong || CPUO CPU1 CPU2 CPUS3 ‘ opdda
0 0
0 0 0
0 0
0 1 0
1 0 0 0
1 0 1
0 1 2 0
2 0 0 0 0
2 1 0 2
0 1 2 3 0
3 0 0 0 0 0
3 2 1 0 3
0 1 2 3 0
4 0 0 0 0 0
4 3 2 1 4
0 1 2 3 0
() () () (1
5 4 2 5
Brpa x6ufBog (0,1)
Extéleong | CPUO CPUL CPU2 CPU3 | opdda
0 0
2 1 1
0 1
0 1 0
3 1 1 1
1 0 2
0 1 2 0
4 1 1 1 1
2 1 0 3
0 1 2 3 0
5 1 1 1 1 1
3 2 1 0 4
Brpa x6ufBog (1,0)
Extéheons | CPUO CPUL CPU2 CPU3 | opdda
5

)

)

Enouévac, o nivaxac oyadonoinorg etvo:

3 00
H=10 1 0
11 1

/ Z ’ . ’ S ’ 7 7
Y10 Eyfua 3.16 éyouue anewxovicel mota tiles tou ydpou J2 avatifeviar otov dto xéufo.

Yo Tyfua 3.17 éyouye eoTidoel 610 TUAUA Tou YGpou J¥ mou avatifetor ot évay x6uPo xo

delyvouue ot tiles Tou TURUATOS AUTOV UTOPOVY Vo EXTEAEGTOUY TAUTOHYEOVA GE SLAPORETIXO0UG

eneepyaotéc. Ta tiles autd avixouv oto BLo yxpL entnedo.

Ytov ivaxa 3.7 Setyvouue mow tiles tou ydpou J¥ Gu exterestodv oné xébe enelepyaoth
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Js

koupog (0,1)

e e S S A e S |
A ’\7 } - 10 \ \__— N
.]3 k6ppog (0,0) KO6pBoG (1,0)

Yy 3.15: Mapddetypo 3.5 - 4 x 1 enelepyncté oe xdbe x6pPo - Extéleon yopic
GAANAOETUXEAV(T ETUHOLVLVIAG - UTOAOYIGHEY

TWV TELOY TPGTwV XOUBwv e cuotolyiac xatd Tt Sudpxeta xdfe ypovixol Bruatog. Erlong,
Setyvouyue ol elvar 1 avtioTolyn oudda tou ydeou J¢. ‘Ouota e o TponyoUUEVY TopadelyUaTd,
ouumepaivouue 6Tt %xdbe oudda (5, 5, i) € JC extedelrar otov x6uBo (3¢, 5§ watd 1o Brua
extéheorne t(j9) = j& + 5§ + j§. Enopévec, to Sidvucua yeauuxic ypovodpolohdynorg etvar
xou ok T19 = (1,1, 1).

Entone, otov Hivaxa 3.8 detyvouue mow tiles tou y@pou J° Oa exteheotoly and xdbe eme-
EepYaoTh TWV TELOY TPGOTHY XOUPBWY tng ouotolylag xatd tn didpxeta xdle ypovixod Bruatoc.
Eniong, Setyvouue moto elvor 1 avtlotolyn opdda tou ydpouv JE. '‘Ouow ye To Tponyolueva
napadelyyata, cuurepaivouue 6Tt xdbe oudda (5,55, 55) € J¢ extedeiton otov xéuBo (¢, %)
»0td T0 BAuc extéleong t(j_é) =3¢ = j7 + 75 + j5. Enouévec, 1o Sidvuoua Ypouuxic ypovo-
Spouohéynong eivan xou wé TIY = (0,0, 1).

3.4.4 Béhtiotn enthoyr) TV my

I'ia tnv ehayrotonoinoy tou makespan

Ocwpolie Thpa, 6nwe xau oto Moupdderyua 3.3, évav ophoydvio ydeo ané tiles Jo: V5% € J°

toylet 0 < 37 <w?, 0 <i < n. Egapuélouye o8 autdy UETAGYRUATIONG opadonolnene, ouUowv
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Ilivaxag 3.6: Mapdderypa 3.5 - Bpoata Extéleong oe cuototyia mohu-enedepyastixdy
wouPwy pe 4 x 1 enelepynctéq otov xabéva - Extéeor ywplc ahAnroemuxdAvr emxot-
VOVIOG - UTOAOYLGGY

) )
o)) )
c ) ) () ()
) () (o) () (e)
IHEORORONG
) () () ()

Brpa x6ufogs (0,1)

Extéleons || CPUO CPU1 CPU2 CPU3‘05L da

0 0
1 1 1
0 1
0 1 0
2 1 1 1
1 0 2
0 1 2 0
3 1 1 1 1
2 1 0 3
0 1 2 3 0
4 1 1 1 1 1
3 2 1 0 4
Brpa x6ufBog (1,0)

Extéheons | CPUO CPUL CPU2 CPU3 | opdda
4 1
) 4]
0 4

ue ™ ey ayéon (3.5). 'Ouota pe ™ oyéon (3.3), anodewxvietat 6Tt 0 aptudc Tov anattoVUEVLY

BrudTtwy Yo Ty oAoxApwor Tne extéreonc Ba elvol

overlap Z wk: + Z k -| —2n 42 (36)

k=1 ki

omov w; =uf +1,4=1,...,n elvar To TAdTog TOU YOEOU TLV tiles xatd ) Sebbuvor, i.

[Mpoxewévou va eraytotonotniel 0 GUVOAXOS YpoOVoC EXTEAESTC, TETEL VO EMLAECOUUE TNV
i-ot1 StedBuvor), xatd urxog g onotag avabétouye ta tiles otov 8lo enelepyaoty, €éToL GoTE Vol
woyver wi > wi Yk =1,...,n, agol 1w eivon n dudotaon J¥ tou eunhéxetor oty oyéon (3.6)

UE TO UXPOTERO TOANATAUGLUOTING GUVTEAECTY).
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.S
J
‘A
koppog (0,1) koppog (1,1)
@ O -3 ?
O O ® o
@) O ® d
@ o] -] ®
@ O ? -]
(@]
O o 8 @
° L @ O S : ]
O 0
-3 L O O -] L ]
o] * L g *—P
() o O ® ® jIS
/ e o o 3 °
S o ®
® O O - -]
] O O L ]
O O L] L)
O O L e
.S [} @ O e 9
J3 /képpog (0,0) k6ppog (1,0) K6ppog (2,0)

Yy 3.16: Mopdderypa 3.6 - 2 x 2 eneepyactéc oe x8he x6pPo

Metd tnv emthoy? Tne i-0TAC JLEVBUVOTC, ATUAELPOUUE TIC GUVIPTYOELS Ve OXEQULOU UELOUC

otn oyéon (3.6) wc elhc:

n S n S

w w
> wp > m—’f—2n+2§@overlap<§ wy + ) m—’“—n+1
k=1 kti K k=1 Pl

Erouévece, unofétovue étL o ypdvoc ohoxhhpwone tne extéieorc (makespan) elvat neplnou end-

S
7 ’ w 7 7 7
yLotog 6tay ehaytotonoleltor To dbpotoua y . Xopgova ye to Afuuo LC.3, 1 ouvbiixn auth
ki
Loy el otay

_ .S m . .
my = wy 5w S 5 Jk=1,...,n,k #1. (3.7)
1o Wi Wigq---

n

Puond, autd dev elvor Tdvta e@utd, eNEWT| OL GUVTEAEGTEC M, TEETEL Va elval @uotxol aptiuol.

Hoapéyet, duwg, Tdvta éva TEOCEYYLOTIXG XELTHELO Yol TNV emAOYY Tov my. Awnctntixd, autd

s
ONUALVEL OTL TEETEL T MM VU ETEL)\E'YOUV WOoTE Ol )\OYOL e val elvat 660 TO SuvaTédy TE)\'I]O'LEGTEQOL

0 EVaC oTOV JANO.
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L ] L ]
s ) - » .—>-s L e
.5 ] . A é ? ]ls
] ° { I ° .
® [
° { . °
5 . js ‘ ;

Yyfue 3.17: Mopdderypa 3.6 - Opddeg and tiles mouv extelodvrar tawtdypova oe vy
x6uPo

Hopddevypo 3.7: Oewpolue wa cuctolylo and nolu-enelepyaotixols xouBoug ue m = 4

eneZepyaoTtéc oTov xabéva xaL évay 3-8udotato yheo JO ue uéyehog 20 x 100 x 20. Auté onuaivel

6t wi = 20, wi = 100, w§ = 20. Apa, cVUGWVA UE TNV TEOMNYOUUEVT avdAuGH Uac, 1 BéATLETN
1

m

emhoyr O elvon: @ = 2, my = 20 (ﬁ)§ =2, mg = ;- = 2. Hpdypott, ov egopubécouye

e TéS autéc ot oyéon (3.6), mpoxtntel 6t 0 aptBudc TV anatTtoVUEVLY BriudTteny Yo Ty
ohoxhhipwon e extéreotc Bu elvon 2= 156. Avtifeta, av emhéyoue my = 4, mg = 1, n oyéon
(3.6) Bo €dtve v Ty, 2= 161 > 156.

Av 1o péyeboc tou ydpou JS elvar 20 x 120 x 150 (wf = 20, wg = 120, wg? = 150),

T6TE, oUUPOVA UE TNV TEONYOLUEVY, avdAucY| yac, 1 Béltiotn emhoyy| Ou elvat: @ = 3, my =

20 (ﬁ) * = 0.816. O minoréotepoc puoxbe aptBude mou dupel Tov m = 4 elvor 0 my = 1.

Apa, mo = 7t = 4. Egopuéloviac Tic Ttues autés ot oyéon (3.6), tpoxintet 6Tt 0 anoutoluevog

aptfuée Brudtov yo tnv ohoxhfpwon e extéheonc Ba elvar 9= 336. Avtifeta, av emiéEouue
mi = mg = 2, n oyéon (3.6) dlver Ty A K= 356 > 336.

AvtiBeta, 6tav ulobeteitar 10 povtého extéheonc ywpelc aAANoETXdALY emxoLVLViaG XoL
UTIOAOYLOUGY, OIS TpoxUnTeL and T oyéon (3.4), n emthoy) TV napaétewy my, dev ennpedlel

ToV uTtoAoyloud Tou makespan.

I'ia Ty ehayrotonoinoy Tou xdoTOUG ENLXOLVLVIAG

Edxoho mapatnpodue 610 TRonYoUUEevo Topddetyua 6Tl 7 onuacto Trg EMAOYRS TWV My, OTWS

131 mepLypdonxe elvar 1660 UixpdTepn, 660 1 uéylotn Sidotacn wi elvar moAG ueyoltepr amé
Tic utdhoineg daoTdoelc wy, . . . ,wf_l,wa, o ws Tou Ydeou. Apa, ow elval TEOTIUGTERO VA

EMAEYOUY OL TWES TOV My, UE XELTHELO TNV EAXYLETOTOINGY, TOU GYXoU emxoveviag UeTald TwV
#x6uPwv. Autéd toylel oA TEPLOGETERO GTNY TERITTWOT U1 AAANAOETUXANUTTOUEVNC ETUXOLVWVLAC,

agoL, tote, elvar Eexdbupo 6TL 660 ULxEdTERD elval To QopTio emxolvwviag, 1600 YeNnyopdTERd
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IMivaxag 3.7: Mapdderypa 3.6 - Bpoata Extéleong oe custolyia mohu-enedepyactixdy
wOPPLY pe 2 X 2 eneepyactés oTov xabéva - Extéleot) pe aAAnhoemxdAvdT emxoLvwviog
- UTIOAOYLGHEY

B xéufos (0,0)

) ()
I I € I )
c ) ) ) ) )
o)) () () ()
G ) ) ) )
o) B ) G IG)

~d
34

Extéheons | CPU(
S
i
il

,0) CPU(0,1) CPU(1,0) CPU(L1) | op

(
)| (
HE [

NN O NOIOoON O
N e T~ | ©
= Olw O = O Ry

=W oo wo

)

Y L K=

\.H MN——— N

Brjpa x6ufog (1,0)
Extéleons | CPU(0,0) CPU(0,1) CPU(1,0) CPU(1,1) ‘ opdda
2 i
3 0 0
0 2
2 2 3 1
4 0 1 0 0
1 0 0 3
2 2 3 3 1
5 0 1 0 1 0
2 1 1 0 4

OMOXANPOVETAL 1) EXTEAEDT).

Eotw I}, 0 éyxoc emxotvoviag yia éva tile xatd urixoc tne k-ootric didotaorng, énwe gaiveton
oto Yynua 3.18. Av tomofetrioouue otny Bla ouddo mima tiles, o dyxoc enxolvoviag yetald
TV TOAU-ENEEEPYAOTXGY xOUPBLY Oa elvat l1my = mﬂlll xaL lomy = mﬂQZQ, 6mwe anewxovileton
oto Yyfua 3.19. '‘Ouota, av tonobethcovue otny 8t opdda my - - - mi—1Mmyy1 - - - my, tiles, o
byxoc emxotvoviag Yetadd tov x0uBny tne cuctotyiac Bu elvar mﬂklk. Apa 0 GUVOALXOC bYyXOC

, lit1

emuolvwviog yio ulo oudda Oa glvat ligrer = m (m1 +o ot T o). Yugwva

1

7 I 7 I I 7 _ m n—1
ue to Afuua 1.C.3, n ouvdptnon auty| nopovctdlel ehdytoto étav my = I <m) ,

E=1,...,n, k#i ®uoxd, agol oL cUVTEAEGTEC My, TEETEL VoL elvan Quotxol aptBuot, oL autd
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Ilivaxag 3.8: Mapdderypa 3.6 - Bpoata Extéleong oe cuototyia molu-enedepyastixdy
wopPwy pe 2 x 2 enelepynctég otov xabéva - Extéeot ywplc ahAnroemuxdAvr emxot-
VOVIOG - UTOAOYLGAY

B scéupos (0,0)

Extéleong | CPU(0,0) CPU(0,1) CPU(1,0) CPU(1,1) ‘ oudda

0 0

0 0 0

0 0

0 0 1 0

1 0 1 0 0

1 0 0 1

0 0 1 1 0

2 0 1 0 1 0

2 1 1 0 2

0 0 1 1 0

3 0 1 0 1 0

3 2 2 1 3

0 0 1 1 0

4 0 1 0 1 0

4 3 3 2 4

0 0 1 1 0

5} 0 1 0 1 0

5 4 4 3 5

Briua x6ufog (0,1)

Extéheang || CPU(0,0) CPU(0,1) CPU(1,0) CPU(1,1) | opdda

0 0

2 2 1

0 2

0 0 1 0

3 2 3 2 1

1 0 0 3

0 0 1 1 0

4 2 3 2 3 1

2 1 1 0 4

Brjua x6ufog (1,0)

Extéleong | CPU(0,0) CPU(0,1) CPU(1,0) CPU(1,1) ‘ oudda

2 1

2 0 0

0 2

2 2 3 1

3 0 1 0 0

1 0 0 3

2 2 3 3 1

4 0 1 0 1 0

2 1 1 0 4

TO XELTNELO ELVOL TPOGEYYLOTLXO.

Y10 unéhoimo tou xegaralou autol Bo cuyxplvouue BewpnTixd xat TELPOUUTIXG TS TEOTEL-
véueveg uelodoug petalt toug. Ilapdho mou 1o mopandve Oewpntixd anoteAéouata UTopody va
EQUPUOGTOUV GE OTOLOSHTOTE XUETH YKOPo and tiles, dnwe e&nyhoaue otny nopdypeapo §2.2, o cu-
veyloouue yernotdonoldvtag ophoydvioug ydeoug and tiles, dnwe ota tponyolueva Tapadelyuota.
Oewpolue TNV anhonolinon auth aeXeTd BOAXH VLo TNV XATAVOTOT TN OUCLIC TWV TEOTELVOUEVKY

LWBedY, eV eV Teploptlel Ta TAEOVEXTAUATA 1) UELOVEXTAUATA TWV CUYXELVOUEVWY UEHOSwWY.
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I I,

Yyua 3.18: ‘Oyxog emxoveviag ylo éva tile
iP5
24 ml,

/_/\
FH1E 1441 AT AHAEE P14 AteaE, s
==

Eyfua 3.19: Avtictoryog byxog emxotveoviag ylo pio opdda

3.5 Oczopntxr XoyxpLo

Yy nopdypago auty) Ha cuyxplvouue Bewpntixd Ty alovixr; opadonoinen, tou anewxoviletat 6To
Eyhua 3.3, e TV TeoTELVOUEVY], ouadoTolnoy UTERETLTESOU, oL anetxoviletal ota Ny ot 3.4

xol 3.8 yto TV mEplnTwor 2-SldoTaTwy Yhpwy ot cuotolyiog xOuPwy ue 2 enelepYUOTEC GTOV

xabéva.

uTTEPETTITTEDO

L \ \ \ \

, VY
~ ) [ 0000
1 \ \ \ \

— P — N N \ N

[ \ \ \ \
N N N N N op
cPuo y “ SN Ty
d i i f N
[ \ \ \ \

X XN

() ® (v)

Yy 3.20: Anopaitnto ondotpo twy tiles oto oyfua alovixrc opadonoinong

'Onwg éyouue HdN avagépet, 1 afovixt| ouadonolnoy dev umopel va expetarievtel Ty umo-
roylotud oyl xar Tov dVo enelepyaoT®dy evoc xouPBou, mopd ubvo av ondoovue xdbe tile oe

utxedtepa uno-tiles, dote vo unoloyilovial oplopéva and auTtd ToEdAANA, 6K QalveTol GTO
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Yyfua 3.20. YrnoOétouue 6t évag enelepyaotic ypetdletat ypdvo o Yio Tov UTohoyLoud evig tile
ue dwotdoec , y (Eyrfua 3.200). Térte, Ba ypedleton ypdvo 5 Yo Tov uToloyLoud evég avi-
otouyou uro-tile ye Swaotdoec -, ¥ (XyAua 3.20v). Ta uno-tiles mou Snutovpyoldvtar unopolv
va unohoytotoly and 2 enelepyaotéc oe N + 1 unoloyiotixd BhAuata, tapeufdirovioc N Briuata
oLy ypoviouoU, alugwva Ue to BéATioTo didvuoua Ypauuxic ypovodpopoldynong (1,1), énwe
oto Lyhua 3.20y. Av o uéoog ypbévoc mou yeetdleTal Yo T0 GLUYYEOVLOUS TwV 300 eNelepYaaTMdY

eVOC XOUBOL EVAL taynch in, O CUVOMXOC ¥pOVOC YLa ToV UToAoYLoud dVo tiles Ha elvon

N +1

/6 =« N + Ntsynch,in (38)
To B ehayroTonoleitar dTay
N= /% (3.9)
tsynch,in

Enouévwg, 1 ehdyiotn i tou B etvan Bin = o + 24 /atsynch_in > Q.
BOewpolue évav yweo enavarienv ue uéyeboc X x Y, otov onolo egapudlovye tiling emt-
Aeyovtag opboydvia tiles e uéyeboc zy, (n.y. ota LyAuoata 3.3, 3.4 woylet % = 10,% = 6).

Yndpyouv ot axéioufec enthoyéc:

1. Zuvduaoudc tou yovtehou extéreonc ywpelc arinhoeuxdivdr (tou vlomoteltar ue yeriomn
blocking xAficewv) ye tnv alovixh opadornoinen. Téte, o aplhude twv Brudtov mou yeeld-
Zovtan Yo Ty ohoxhhpwor Tne extéreonc elvon 9= % + % — 1. H eAdyrotn didpxeta ya
éva Bua extéreonc elvon olugova ue ) oyxéon (2.4) Bmin + teomms OTOU teomm Elvar 1
xeovixt Sudpxeta Tng emxotvwviag Yetall Vo x6uBuv. Enouévng, o 6uvolixdc yeévog tou

yeetdleton elvor

X Y
Tblocking,vertical = p(ﬁmzn + tcomm) = (; + @)(ﬁm’m + tcomm)

2. Tuvduaoude tou Yovtéhou extéheonc te ahAnhoemxdiudn (Tou LVAoToLelTaL UE YpHion non-
blocking xAfoewv) ue v alovixy) ouadonoinon. Téte, o aptude twv analtodueveny Bn-
udtev Yo TV ohoxhhpwon e extéreornc Ba elvar = % + % — 2. Ylougwva ue T
oyéon (2.5), O6TovTaS teomp = Bmin, 7 ENYLoTY Sidpxela evog Bruatog extéleons elvat
tstart-dma + MAT(Bmin, teomm_dma) + tsynchro- Apd, 0 GUVOAXSC YebdVOC TOU YpeeldleTal Yia

NV 0AOXATpWoT) TG EXTEAESTC Elvan

Tnon—blocking,vertical = p(tstart,drmz + maw(ﬁmin» 75comm,dma) + 7isynchro) =

x>~ (% + %)(tstart,dma + max(ﬁminv tcomm,dma) + tsynchro)
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Av ﬁm'm 2 tecomm._dmas LGXOE’-

X Y
Tnon—blocking,vertical =~ (; + 3)(tsta7't,dma + /Bmin + 75synchro)

3. BuvBuaoudc TOU UOVTEAOU EXTENEGNC UE AAANAOETILXEALYY) Ue TNV ouadonolnon unepentné-
dou. Téte, 0 aptiude Twv Bnudteny Tou yeetdlovtat Yo TNV OAOXAAEWGT, TN EXTENEOTC €LV,
olugeva ue T oyéon (3.6), P= X+ % —2. Yougova ye T oyéon (2.5), BETovtac teomp =
a, 1 e\dyotn Sdpxeia evée BAuatoc extéheons elval tspart_dma + Max(, teomm. dma) +

tsynchro- Apd, 0 GUVOAXOS YPOVOS VLo TNV OROXATRWOT, TNE ExTéAEOC Elvon

Tnon—blocking,hyperplane = p(tsta?"t,dma + max(a, tcomm,dma) + tsynchro)

= (% + %)(tstart,dma + max(a, tcomm,dma) + tsynchro)

Av a > teomm_dmas LOXOEL

X 3y
Tnon—blockz’ng,hyperplane = (; + Z)(tsmrt,dma +a+ tsynchro)

Yto TEpLOGATERA TEAYUATIXG TEOBAAUATY Loy UEL % = A < 1. Enouéveg, 10 UOVTIENO EXTE-

Aeong Ue alAnhoemxdAudr, o cuvduaoud ue afovixr opadonoinoy elvor o anodotixd and To

UOVTEAD EXTEREOTC Y WPl AAANAOETUXAALY), GTNY TERITTWET TOU Bmin > teomm, 0TV teomm._dma >
Y

2y A 3

(tstm‘t,dma + /Bmln + tsynchro) &fl < teomm > §(tstart,dma + ﬁmzn + tsynchro)- [ TEAY AT
x 2y

TeoBAjuaTa, 1 oyéon auty| cuVRBwe Wavoroteltal, agod A K 1. Entong, 1o uovtého ue aAAnhoe-

TxdAuT, o€ GUVBUUCUS UE OPASOTOINGT) UTEPETTESOU elvar Lo amodoTd and TO UOVTIEAD UE dA-

Anhoenxdiuly, oe ouvduaoud pe alovixh opadonolner, dtav (% —|—%)(tstamdma+a+tsynchw) <

(% + %) (tstart,dma +a—+ 2 \/ Oétsynch,in + tsynchro)- QEQPQVTQQ tstart,dma + tsynchro < «, TEPOXOTETEL

24/ tw"% > I’\Jg ~ %, OTOTE 1) TARATAVE® AVLOOTNTA YRAPETOL Lsynch in > O (%)2. Auté ogelhe-
TaL 0T0 YEYOVOS OTL, UE yehon Tng alovixrc opadonoinang, Eextvdel yeryopdtepa o TekeuTalog
enelepyaOoThC, EVE UE Ypnom Tne ouadonolnone utepemnédou, elvat ueyahitepoc o pulude ene-
Cepyaotog oy dedouévmv. Apa, 1 ouadonolnorn unepemnédou elval tpotudteprn 6tav 7 StdotaoT
ATEOVLOTE TOL YGpou eV tiles oTov (8Lo enelepyaoty| elvol apxetd ueyaAlTtepn amd TLg UTOAOL-
nec dtaotdoetg. Idving, oe xdle neplntwon, 1 opadonoinoy UEpeTESOU EYEL TO TAEOVEX TN
ot dev yperdletar emniéoy tiling oe xdbe tile yio v exuetdiievor tne utohoyloTxAc Loy voC

TwV eNEEEPYATTOV.

Emouévoc, To o uoviého emxotvwviog xot opadonoinong elvat npotiudtepo o xdfe neplntw-

z 7 z z Z z z ! !
o1}, eapTdTat and To Yo TNELoTLXd Tou UAxoU. Tlpénet, Snhadh, avd nepintwon va unoloyilouue
TLC TTAPAUETPOUC TTOU EUTAEXOVTAL 0TO LOVTEAO (UTOANOYLOUOL, XOGTOC APYIXOTOINONS EMUXOLVWVI-

g, #66T0C UETAPOPdS dedouévmv) xal va xabopllovue 6t cuvéyela mio and dha Bo ddoel Ty
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uPniétepn anddoon. T'evixd, oxomég Tou oy RUaTog Ue AAANAOETUXAALYY), GE GUVBLAGUS UE TNV
ouadonolnor UTEPETLTESOU, ElVaL 1) EXUETIAAEUCT, TV GUYYPOVWY YOQIXTNELOTIXGOY TOV XAPTOVY
dixtlou, 6nwg eivar 1 DMA, RDMA, Zero Copy, axéun xat xdoeTeg SixTiou UE EVOWUATWUEVOUS
enelepyYAoTEC. LUVENKC, 0 cLYBLACoUSGS auUTéC Ba elval amodoTxde dTay Ta YUEAXTNELOTINS AUTH

UTEYOUY GTNY TEAYUATIXOTNTO.

3.6 Ilewpapatixd Anoteréopota

3.6.1 Ilepopatixy Yrohoyiotixy IThatgdpua

Yy gpyaoctio [STKO2] egapudotnxe to uoviého extéheonc ue arlnloemxdiun, tou elye mpota-
el oty epyaota [GSKO1], yenowonotdvrac ouostolylo LoVo-eTelepyaoTndy XOUBWY UE XdpTEC
duxttou PCI-SCI. Xty napoloa epyacta, 6nwe xar otic [ASTKO02a], [ASTK02b], [ASTT05], tpo-
XELLEVOU VO ATOTLUHCOVUE TLS TROTELVOUEVES UEBGBOUC, TEEEAUE Ta TELPGUAT Uag O Ulo GUGTOL-
yla mohv-enelepyaotdy pe Linux. Kdfe xéufog elye 128MB RAM xat 2 enelepyaotéc Pentium
IIT ota 800 MHz. Ot x6ufol tng cuctorytac Stacuvdéovtay ue Saxtiito SCI, yenouuonoldvrog
xdptec dixtdou SCI Dolphin’s PCI-SCI D330. Ou xdptec SCI unootnetlouv npoypouuatiousd
ue votpalbuevn uvhun, elte wéow avtohhayhc unvuudtony (Programmed-I0 messaging), eite pe
aneubelac mpoonéhacT, ot UVAUY. XpEnoUOTOLRoOUE TS AELTOURYIEC TOU TUEHVA Yol oVTOAAAYT)
unvuudtwy ue dueon tpoonélaot otn uviun (DMA - direct memory access). H xAivion pouttvév
Tou upYva Tpoxakel emmiéov x6oT0g 0 xUXhoLUS poAoYLOU Tou enelepyaoTh. Mnopolue, duwd,
VO OOQUYOUUE TS ETUTAEOY aVTLYpu@ES amd To YOpo Yerhotr (user space) otrn Quolxr UVAUT
(kernel space - physical memory) ue yphior, DMA. Io v emuxowvovio ue DMA, decuebouue
070 YOPO TOL YEHOTN CGEASEC TOU AVTLOTOLYOVUY GE GUVEYOUEVES TEPLOYES TOU YOEOU QPUOLXEY

Sevblivoewv.

3.6.2 Ilepopatixd Acdouéva
H egapuoyt mou }pnolLonotcaue anoTeAoUTAY ond TOV ToEAUXAT® XEOdx:
for(i=1; i<=X; i++)
for(j=1; j<=Y; j++)

for(k=1; k<=Z; k++)
ATi][j] [k]=func(A[i-1][j][k],A[i][j-1]1[k],A[i] (5] [k-11);

6mou A elvar évag mivaxac aptiudv xvntic utodiaetolic (floats) ue Staotdoeic X X Y X Z o
X =Y << Z. Xoplc BB tne yevixdtnrag, emAéyouue we tile éva opboydvio e mheupég
TapdAhnieg ota enineda ij, ik xou jk. H didotaocn k etvar 1 peyahltepr, ondte 6Aa ta tiles
xotd urixog autrc anewxovilovtat atov (dto enelepyaoth, 6nne eldaue oty napdyeago §3.4.4. O

dlaotdoelg ¢, j xdbe tile toovvton ue x, evéd to Gog tou tile xatd urxoc g Stdotaong k toodton
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’ 7 X .- ’ 7 , . . 7 - ’ 7
HE Z. YT[OCPXOUV, ETCO{J.EV(L)C_, e tllPS NATA HT‘XOC TWV 8[.0(6‘[0(68(})\) 7 Mol 7 Xl > tlleS HATA HT]XOQ

e Stdotaonc k. O 6yxoc tou tile toodton ye g = x2

Z, xat, ool o dpliude Twv Slbécluwy
ene€epYUOTOV ElVaL YVWOTOS amd TNV aeyh, 1 LoV dyvmoTy TapdueTtpog elva To 2.

Y10V Topandve YOeo eQapldécaus 1660 alovixr ouadonolnot, 660 xaL ouadonolnot UTERETL-
nédou, oe ouvduaoud ue blocking xat non-blocking xhfioeic entxotvoviog (dniadh, oe cuvduaoud
UE U7 CAANAOETUXOAUTITOUEYT XAl AAANAOETUXAUAUTTOUEYY emtxolvavia avtiototya). Agold 1 alo-
vixT) oaBoTolinon Xl 1} OUASOTOLNGT) UTERETLTESOL UTOEOUY VO GUVSLAGTOUY XaL UE TLg U0 TEpL-
TTOOELS AAATAOETUHAAUTTOUEVNC XAl UT) IAANAOETUHAAVTITOUEVNC ETUXOLVOVIOG, TELQOUATIOTAXAUE
xou Ue Toug Téooeplg duvatolg cuvduacuolc. T'a xdbe ydpo enavarideny Twv Tapadetyudtomy
uac xat xdfe duvatd Vdog tile, unoroyiouue 10 CUVOAXS YEOVO EXTENEONC TV TEOOdEKWY To-
pamdvew oynudtey. Ia v vAomolnoT Twv oYNUATOY JUTGY, YENOWLOTOLACUUE To VAUATO TOU
Linux (POSIX threads), xot onuatogopelc yia T0 ouyypovioud uetall tov eneepyaostdv Tou

{8tou x6uPou xar tou odnyold SISCI pe tic aviiotolyeg BBALoOAxES yio emxolvwvio YeTadl Ty

TOAU-ETEEERYAOTIHOV XOUSBOV.

0.095 T — T
: practical ---=--
theoretical ------

0.09 f

0.085

Tile Execution Time (sec)

0.075 |4

0.07

0.065
0

50 100 150 200 250 300 350 400 450 500
Number of pieces

Yyua 3.21: Alovixr| opadomoinom - Xpbvog extéheorng evég tile oe oyéomn pe tov
apLBd TLY XOPPATLDY GTa oTola el StaoTaoTel

Kot apynv, 6cov agopd tnv ulonolnon tng alovixric ouadonolrong, enaknfeloaue netpaua-
wxd ™ oyéon (3.9), n onola Beloxet 1o Béhtoto ypdvo extéleonc evic Lebyouc and tiles oe évay
x6ufo SMP. Avafécaue Tov utoroyloud vo tiles atouc dbo enclepyaotéc evdc x6ufou SMP xan
UETENOOUE TO YpOVO EXTEAEOTC O GUVAETNON Ue Tov apliud twv uro-tiles ota onola yweloTtnxe
x80e tile, Gote va unv nopaflactolyv xatd TNy extéleon oL eCupTHoELS HETAED TV ETAVAATPEDY.
To newpouotixd anoteréouata, poall ye 1o GewpnTixd oavoUeVOUEVO SLAYPUUUN €YOUV ATELXOVL-
otel 610 Lyhua 3.21. H Gewpntind ouvdptnon unoloyiotnxe ue ) Boreta tne oyéone (3.8), ue
a =~ 69msec woL teynen in = 1lpsec. O twéc autéc unoloyloTnxay TetpauaTid TeéyovTag éva
amhG TUAMa xGS3xa YLALESES popég xat utohoylloviag 6Ty oUVEXELL TO UEGO YPOVO EXTENEOTS.
Av oto dudypauua autd Beoue 10 oNUELO Nyest theoretical, ONAAST T0 onuelo N oTo onolo emtuy-

Yavetal To Bewpntind eAdytoTo xou yia auThY TV TLr Tou N Bpolue Tov avtioToLyo TEpUUATIXG
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Yyfua 3.22: AZovixt opadonoiner - Eoticon 1o onueio ehayictou tou Staypdpupotog
tou Y ytfjuatog 3.21

ITivaxoac 3.9: Yhlonoinon oyfjpatoc emxotvoviag yopic olnroemuxdiudn oe SCI
[ Thread 0: [ Thread 1: ]

foreach group assigned to node(i,j) do{
receive from node(i-1,j)
receive from node(i,j-1)

foreach group assigned to node(i,j) do{

receive from node(i,j-1)

compute_tile(i,j,k,CPUO)

compute_tile(i,j,k,CPU1)

send to node(i,j+1)

send to node(i+1,j)
send to node(i,j+1)

semaphore_post(sem_s1)
semaphore_wait(sem_s2)

semaphore_post (sem_s2)
semaphore_wait (sem_s1)

XEOVO eXTEAEONC, TEOXUTTEL OTL 1) dlapopd UeTall TNg TUWAC AUTAS XoL TOU TELROUATIXOU Ay i-
otou elvar Aydtepo ané 0,15%. H Swadicaota auth gatvetar oto Lyfua 3.22, oto onolo éyouue
E0TLEGEL GTNY TEPLOY N EAAYIGTOU TV dtaypauudtny Tou Lyfuatoc 3.21. Enopévwe, unopodue va

YENOWOTOLAGOLUE GTal TELRdUATd Uag TNV TLHR Niest theoretical AVTL TNS Npest-

To yeyovéc autd Suxatoloyeltar ye anhéd tpomo we €€hc: Av Oewproouue uio uetaBohyy SN

. ; / . _ 5N ' ,
tou N, t671€ 1 avtiotolyn wetaBoly| tou 3 Oa elvon 63 = —ON(NTIN) +tsynch.indN. Av otov T0TO
( SN 2
6B __ ‘Nbest,theoretical 1

autod Bécovue N = Npest theoretical TEOXUTTEL OTL 7, . Enougvec,

in 1 N ]

e + Npest,theoretical +\/tsynch7in
600 ULxElTEET ELVAL 1) TUPAUETEOC Lsynch in OF OXEGY UE TO «, TGO UxpdTEERT elvan 1 onuacia
e axpPolc emhoyric Tou N. Awonctnuxd, oty axpala nepintwon teynchin = 0, UTOPOUUE Vo
TETUYOUUE ouGtaoTxd To (dto anotéheoua yia évo ToAD Ueydho edpog Ty Tou N (Snh. yia TOAD
ueydha N). Xty mpdlrn, 6UmG, T0 teynch in OEV elvat ToTé aueAnTéo xou dev umopel var ayvonbet
OTLC TPOYUUTIXES UPYLTEXTOVIXES TOAU-ENEEEPYAUOTOV.

Agol vhornothlnxe 1 afovixr ouadonolnoy xot tpooeyylotnxe and ula Bewpntxy| oyéon, vlo-
Toufjoae 660 To blocking 660 xal To non-blocking oyfua emixowvoviag. '‘Ocov agopd to block-

ing oyfua emxowvwviag, uhonouiinxe pe tn Borbeta Tou Peudoxddixa tou Hivaxa 3.9. To non-

blocking oyruo vhomouifinxe ue ) Borbea Tou Peudoxddixa tou Ilivaxa 3.10. Emonuaivouue
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Ilivaxag 3.10: Yhlomoinon oxfpatog emxotvoviag pe odnrosmixdiudn oe SCI

[ Thread 0:

[ Thread 1:

[

Enedviynon

foreach group assigned to node(i,j) do{
trigger_interrupt to node(i-1,j)
trigger_interrupt to node(i,j-1)

wait_interrupt from node(i,j+1)

send_dma(node(i,j+1),data)

foreach group assigned to node(i,j) do{

trigger_interrupt to node(i,j-1)
wait_interrupt from node(i+1,j)
wait_interrupt from node(i,j+1)
send_dma(node(i+1,j),data)
send_dma(node(i,j+1),data)

Eidonolnon «tponyoluevovy x6ufov:

«Eluo étowwog va eyt dedouévan

Avapovy) uéypt oL «enduevow xéufol

va elval étolgot va deytolv dedouéva

Apyxonoinon ylag yetagopds DMA
6e YELTOVIX0US %x6Ufoug

compute_tile(i,j,k,CPUO)

compute_tile(i,j,k,CPU1)

wait_dma()

trigger_interrupt to node(i,j+1)
wait_interrupt from node(i-1,j)
wait_interrupt from node(i,j-1)

wait_dma()
wait_dma()
trigger_interrupt to node(i+i,j)
trigger_interrupt to node(i,j+1)

wait_interrupt from node(i,j-1)

Avapovy yia tnv ohoxArpwon
uLag petagpopds DMA
Ewonolnon wenduevovy xéufwv:
«To dedopéva cog €pbacavy
Avapovy uéypl oL «emépevowr xéufot
VoL ONOXANPAGOUY
MY anootoly dedouévwy

semaphore_post(sem_s1)
semaphore_wait(sem_s2)

semaphore_post (sem_s2)
semaphore_wait (sem_s1)

Y)oroinon barrier

Yy 3.23: Awcvbivoeig emxotvoviog petagl Twy eneepyacTtOy

} }
(ij+1)  (ij*1)
CPUO CPU 1
(i-1,)) (i+1.j)
J SMP Kk6pBog(ij)

i (1) (1)

6L og %8B Briua extéheong, xdbe mohu-enelepYaoTinGS XOUBOC 6TO 1] MUINESO, UE CUVTETAYUEVES

(1,7), AoBdver and toug yertovxolc xéuBouc (i — 1,7) xou (i,5 — 1), unohoyiler xor oTélvel

otouc x6ufouc (i + 1,7), (i,7 + 1) (BAéne Eyrua 3.23). Enewdy, n xifon send_dma() dev elvar

blocking, o unoloyloudg v tiles exteieltar TaUTOYpOVA UE TN UETAUPOEE SESOUEVLY UETAEY TWV

TOAU-ETEEERYAGTIUADY xOUPwY. Metd tnyv extéleon tne xAfone wait_dma (), elvon B€Bato 6t €youy

ohoxhnpwlel o uTtohoyLoude xat 1 emxoLvwvia.

H vhomolnomn tng alovixrc opadonolnone xot tng opadonoinone unepemnédou enttedynxe ue

xenon g xatdhhning poutivag compute_tile(i, j, k, CPUx). It tnv ulomoinon tng alovi-

xfc ouadonoinong yenowonotfoaue Tov Peudoxddixa tou Hivaxa 3.11. O aptbudc twv uno-tiles

oe xdfe tile emhéyOnxe olugwva ye ) oyéon (3.9). Ilopatnpodue bt n vAomolner e opado-

Ilivaxag 3.11: Yhomoinomn aZovixrg opadonoinone & opadornoincng unepemnédou

AZovixy] opadornoinoy

compute_tile(i,j,k, CPUO):

compute_tile(i,j,k, CPU1):

foreach subtile of this tile do{
compute each iteration of this subtile
semaphore_post(semi)
semaphore_wait(sem2)

foreach subtile of this tile dof{

semaphore_post (sem2)
semaphore_wait(seml)
compute each iteration of this subtile

}

Opadonoinoy

UREPETLTED OV

compute_tile(i,j,k, CPUO):

compute_tile(i,j,k, CPU1):

compute each iteration of this tile

compute each iteration of this tile
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Tolnong UTEpETLTESOL YTay ToAU Lo amhy), 6nwe gatvetoal otov Ilivaxa 3.11.

Total Execution Time
for 16x16x1024k Iteration Space
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Yyfue 3.24: Mepopatixd arotehéopota: Xdpog emavarfipewny 16 x 16 x 1024k
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Yy 3.25: Mepopatixd arotedéopota: Xidpog emavalfipewny 24 x 24 x 1024k

[ ) A metpauatinddy UETPNOEWY, TRECAUE TOV (8Lo xGBxa, Ue Sldpope TiwéC Twv X =Y
xau Z. Ye xdbe oyfua pag evBLagépel 0 eEAAYLOTOS GUVOAMXAS YEdVog exTéleong Tou emTtelyOnxe
oe éva Béhtioto Vdoc tile (Bréne [GSKO1], [STKO02], [HS98]). Ta netpapatind anoteréopata, Tou
anewxoviCovtal ota Byruata 3.24-3.28, delyvouv 61t oe xdbe neplntwon elvat tpotiudtepn 1 non-
blocking emxotvwvia and t blocking entxolvovia xat n aovixr ouadonoinoy elvar TpoTUOTERT,
ané tnv ouadonoinor unepemnédou. To UixpdTepo EAAYLOTO EMTUYYAVETAL GE OAES TLC TEQLTTE-
oelg Lexdbapa 6Tav yernowdonololue ouadonolnoy unepemnédou o ouvduaoud Ue non-blocking
ETLXOLVWVLAL.

'‘Ocov agopd v ouadomolnor unepemnédou, oe cuvduacud ue non-blocking emxolvwvia,
obuguva pe ) fewpla vag yia ) ypovodpouordynen (oxéon (3.6). o aplBudc Twv Brudtwy tou
yeetdlovtat Yo Ty ohoxAfipwor tne extéheonc elvar P(z,y, z) = % + % % —4. H eAdyiotr,

didpxeta evée BuaTog extéheons, Onwe npoéxude otny tapdypapo §3.5, elval (tsiart dma + teomp +
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Total Execution Time
for 32x32x1024k Iteration Space
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Eyfua 3.26: MNepopatind arotehéopata: Xadpog emavalfipewy 32 x 32 x 1024k
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Eyfua 3.27: Nepopatixd arotehéopata: Xdpog enavorfipewy 32 x 32 x 512k

tsynchro)- Ae%, Tnon—blocking,hyperplane = (S + % +Z — 4)(tstart-dma + teomp + tsynchro)- H oyéon
aQUTY YpNoLonoinxe Yl TNV TopAYWYH TV GEwpnTxdy Sloypouddtoy oy ynudtoy 3.24-
3.28 ue TWWES Lstart_dma T tsynchro = 100psec xou teomp = xQZtcompl, OTOU teomp1 ELVOL O YEOVOG
extéheonc plac emavéhndne xat uetpRlnxe 6t elvar toog ue 39, b6nsec.

Mrnopoiue edxola va entBefordoovue and ta Lyfuata 3.24-3.28 6Tt oL Ypaguxés TapaoTdoELS
TV BewpnTX®Y HoVTEAWY TANGLELoUY TOAD TIC avTIoTOLYES TELPUUATIXES, b)Yl UGVO oTo emthuuntd
ENAYLGTO, ARG oL XaTd Unxog GANG TNS YeaPLXS TapdoTaong. LUvends, To Oewpntixd uoviého

Ypovodpouordynone emBeBatdvetal Yéoo and To TELPUUATING ATOTEAECUATA.

3.6.3 EnextaoludTNTo TV TEOTELVOUEVDY LOVTIEAWY

To fewpnuind yoviého tou xe@ahalou autol elval apxetd yevixd, HoTe va unv Stagogotoleitol
onuavTixd e uta evdeyduevn enéxtaot tng undpyouvoog agyttextovixfc. Tag’ dha autd, unopoly

var TeoxOPouY HATOLES TEUXTIXES SLAPORES, TLC OTOIEC AVIUSELXVOOUUE GTNY TORAEYEAPO AUTY.



244 Extéleon tov tiles e cuotolyia tolv-eneiepyaotdy

Total Execution Time
for 48x48x512k Iteration Space

7 T

h)}perplane grou;‘)mg - nonbloclkmg communication — -

hyperplane grouping - nonblocking communication (theoretical)
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0‘&
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A

55

Time (sec)
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iv %gk

0 5000 10000 15000 20000 25000 30000 35000
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Yy 3.28: Mepopatixd arotehéopata: Xdpog emavalfipewy 48 x 48 x 512k

[ mopddetypa, av mpoohécouye Tohu-enelepyaotinols xOUBoUS, 0 dpyXdg YMPOg TOY ENa-

, , , . , , t
voarhbewy uropel va xorel oe mepltocdHTepa xot uwxpdTeca tiles. Ernouévwce, o Adyoc COTP
1y 3

comm_dma
! I3 7z, z
unopel va uetwbel yio SGo Adyouc:
1. Ye xdfe wbuPo avatibevior Avydtepol unoroyiouol, eved 0 dYxog Twv SeS0UEVKDY TTOU TEETEL

var ueTopephody 8 HeELOVETAL aVEAOYA.

2. Av 10 dixtuo xopeotel (agol neptoobrepor x6uPBot Ha Gélouv va otéhvouv o évac otov
dAho eplocdTER SESOUEVA, TAXETAUPLOUEVA GE TEPLOGOTERA UNVUUITA, 1) adENoT TOU YeoVou
tecomm._dma 00 €lvol xdTL mepLoabtepo and avdroyn g adinong Tou dyxou TV SeSoUEVWY

TIOU UETAPEQOVTAL.

'Ouwe, av fewproovue uLa eQopUoyY HE OUOLOUOPYES ECUPTROELS, oUUGOVA UE TO aAYopLOULXS
uwovTtého TNne mapaypdgou §2.2, xat uia Tontohoyia Slachvdeong torus, cav aUTHY TOU YENCULOTOL-
ROQUE xATE THY EXTEAEDT) TWV TELPAUETOY Log, 1o dixtuo 8¢ Oa xopeotel €&’ attlac tng abinong
Tou apliuol Twv xéuBwv. Auté woylel eneld?, xdbe xéufoc Do mpénel var MoV Vel UGVO UE TOUg
YELTOVIXOUS ToU, OTdTE dev Holpdlovial Tépol UETALY TV SLUPORETIXMY XUVUALDY ETUXOLVWVIOC.
Emouéveg, uovo o mpdtog amd Toug Topandve AOYoug UTopet var €xel xdmoto aviixtuto étav Tpo-
obétouue neptoodtepoug x6UBouc. Av, duwe, eaxoroulel va toylel teomp = teomm dma; OV Do
ahhdZel tinota otny ulomolnoy tou wovtéhou. Yny avtifetn neplntwon (teomp < teomm.dma), OEV
Do elvan anodotxn ) yeron neptocdtepwy x6UPov. To medBinua autd, dung, dev Hu elvor Héua
TN YPOVOSEOUOAGYTOTC IOV TROTELVETAL GTO XEPIAALO aUTO, aAAS o onualvel éTL 1) uTdpyouca
unodour, emxotvmviag elvat ToAD apyY| Yo Vo EXUETAAAELTEL O, TNV UTOAOYLGTLXY LoV TOU GU-
othuatog. Enouévwc, Ou Arav xaldtepa va unv yenowuonotnfody éhot ot Slabéaiuol xéufot Tou
ouoThUTOC, éTwe TpoxUntel oe avdioyT meplntwon xau otny gpyaocto [HS98]. "Ouwe, av Bew-
phoouue we dedouévo éva alyypovo dixtuo daolvdeorne (SCI, Myrinet), dev elvar modd mbavéd
va pldoouue oe autd To onuEelo, eldd dTav TEOXELTAUL YLo TOV UTOAOYLOUS EVHS UEYEAOL YGEOU

eMAVAATPEWY EVOC TPaYATIXOU TEOBAAUATOS.
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Av mpochéooupe enelepyactéc oe xdle x6ulo, Ou unopolue xat AL va xépouue Tov apytxd

tcomp

XOpo emavalfibeny o uxpdtepa tiles. O Aéyog ; Bo petwbel xon mdAL, alhd yio évay

comm_dma
uévo réyo: Aiydtepol unoloyiouol avatifeviar oe xdle enelepyaotr. Xuyxexpuéva, o Aoyog

tw:’:’jgma Oo elval avtiotpdgpne avdioyog tpog Tov aptiud twv enelepyaotdy péoa o xdbe xou-
Bo. Ynv mepintwon auty, dev UETAQELOVTAL TERLOGHTERA SESOUEVA UEGW TOU BIXTUOU, Aol oL
emmAéov eMECEQYAOTES EMUOLVOYOUY UETAEY TOUC %ol UE TOUC 1dY] UTAEYOVTES GTOV XOUB0 UECK
e porpalouevng uviune. ‘Ouwe Bo auEnboldy Alyo ol mapdueteol tsynchro X tstart dma, 4QOU,
TPATOV TEPLOGOTEPOL ENEEEPYAUOTES MPETEL VO APYLXOTOLAGOLY TLC EMOUEVES ATOGTOAES Xat AfeLg
TOUS XL, SEUTEROV, OL AELTOURYLES AUTES BEV UTIOPOUY VoL EXTEAOUVTAL TAUTOYPOVA U6 SLoOopETIXA
vAuaTa Tou Btou x6ufou (to teptBdihoy Tpoypeauuatiouol dev elvat thread-safe — Bhéme xow v
vhomoinon tou Ilivaxa 4.10). To npdinua autd urnopel vo Abel e v avdbeon 6hov tou @do-
TOU ETUXOLVOVIOG OE €Val VUL Xal TOUTOY POV UE UELWOT) TOU XG0TOUC UTOAOYLOUKY TOU VAUITOS
autold. Me v tey vy auth|, oL enelepyaoTég dev TAPAUEVOUV AVEVERYOL TEQLUEVOVTOS GE XATOLO
onuelo ouyyEoVLOUOY, agol 0 6YX0C TV UTOAOYLOUGY Tou avatifevtal ot xdle viua entxolvmviog
UTOPEl Vol £YEL UTOAOYLOTEL TPONYOUUEVWS, BOTE O GUVOAXOC GYXOC ETUXOLVWVIACHUTOANOYLOUOY
va elvat ouoLduopga xataveunuévog otoug enelepyactés xdle xéufou. H axpfric Adorn tou npo-
BrAuaToc autol Siepeuvdtor and to Nixo Apootvd, ota mhalota tng Sudaxtopixic dtatel3rc Tou,
7 omota exnoveltol oto Epyaothiplo YrohoyioTix®dy Yuotrudtony.

Mito dAAn Thevpd tou Béuatoc tne enextaoctudtntoag (1 onola agopd Tov alydpiuo dpouohs-
Ynone, Oyt T0 UAXG) elval va €youpe 1600 UEYENO YOEO eNAVAAPEWY, GGTE Vo UNY UTOPOUUE
va Tov yweloouue ot Abya tiles. Anhady), egopudloviac pla ey vy eTLAOYTC TOU UETAOYNULOTL-
ouou tiling and autéc mou meprypdgoviar otic gpyaotec [BDRRI4], [Xue97a], [Xue00], [RRO4],
[KRC99], [LRWI1], [WL91a], [PHPO03], [MHCF98], unopel va npoxiouv neptoadtepes yoauués
an6 tiles and tov apllud twv dbéowwy eneepyaotdyv. Tote, o npénetl va egapudoovue ula o
oUvhetn uébhodo avdbeonc Twy tiles oe xéuPouc xat eneepyaotéc, énwe otny gpyaocio [AKK0O4]

xat 6to Kegdhato 4 e Statpf3c authc.
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4

Xp0ovodpoUoAOYNGY) GE TENECACUEVO

oetbund ®ouSwy

4.1 Ewayoyn

To oyfpota Touv neotdbnxay 6to Teonyoluevo xepdialo fewpoly 6Tl uTdpyeL aneptdplotog apLh-
uéc xouPwy, 1 6t 1o péyeloc twy tiles éyel emheyel étol dote va ypeedloviar téool xéufor,
6ooL elvan Stabeoipol otny undpyovoca cuatolyla utohoylatdy. Autd, dunc, de cuufalvel ndvta,
apol ot apxeTég TepLntioelg unogel To uéyeboc tov tiles va emAéyetol Ue XpLTHELO TNV ETLXOLVL-
via [BDRR94], [Xue97a], [Xue00], [RRO4], 4 tnv tomuxdtnta otic avagopés otn uvhun [KRC99],
[LRWO91], [WL91a], [PHPO3], [MHCF98]. Y¥tnv epyaoctia [AKPTO00] o Avdpdvixoc x.a. mpbtelvay
éva oy v avdlfeone tov enavaliPewy ot ouyxexpuévo aptiud eneéepyaotdv. Autéd Ha unopoloe
Dewpentixd va yevixeutel xat yio Ty avdbeon twv tiles oe noAu-enelepyastixoic xéufouc. ‘Ouwc,
N mohumhoxdNTa g extiunong mowa tiles Ha avatefolyv oe moroug xéuBoug elvar TOAS ueYdAT,.
‘Eva tétolo oyfua avdbeornc unopel va elval Bértioto Dewpnuixnd, adid Sev elvan mpaxtind va ev-
owuateiel oe éva gpyaielo autdpatng topaywyhc xdduxa [GDAKO02a]. And v diin mhevpd, 7
QUTOHUOTY TTapaY WYY XOSIa Ywelc vor Aaufdvetar ut’ 6gm 1 xaTAVOUY) XAl 1) YPOVOSEOUOAGY o

TWVY UTOAOYLOU®Y GTOUC ETEEEQYUCTES EYEL OPLOUEVO UELOVEXTHILOTAL

1. Hapdyovton morkéc depyaoiec, ol omolec de ypetdlovtan mpayuatixd, ool Eenepvoly oe
aptiué Toug drabéoiuoug enelepyactés. BUVEnNHOS, Unopel o ypdvog apyLxomolnong Twyv Siep-
yooldy va glvat, ywelc Adyo, ocuyxplolog e 1o ypdvo extéecric TOUC, OTWC SLUTLOTOOUUE

xatd tn Selaywyr mewpaudtwy yio Ty epyacto [GDAKO2al.

2. Enlong, €lHooTe UTOYPEWUEVOL VA EUTLOTEUTOVUE TO AELTOURYXO GUGTNAUA YLOL TNV YPOVO-
dpouoAOYNOT TV SepyYaoLdy xat TNy avdbeot) Toug oe cuyxexpluévoug enelepyaotéc. T

Tapddetyua, To MPT avafétel autduata xuxAxd TLg Slepyaolec 6TOUC EMEEERYATTES, TRAY U
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TOU UTOREl var anéyel ToAD and tr BEATLOTN XaTavou.

3. Téhoc, oty nepintworn tov nepltoodtepes and ula depyaoties avatifeviow otov dto enelep-
yooth, N Bektiotonoinon tou oyAuatog xou Tou ueyéboug tou tile oUugwva ue xpLthpla To-
mxétnTac avagopdv otr uviun [KRC99], [LRWI1], [WLI1a|, [PHP03], [MHCF98], unopet
VoL UNY EYEL TA AVOUEVOUEVO ETLOUUNTE anOTEAEGUATA, @Oy 1) CUY VY UETAYWYT] TEPLEYO-
Uévou UETaZ) TV SLERYAOLEY UTOREL Vo UNV TOUG EMLTEETEL VO ETOVOLYPNOULOTIOLAGOUY T

dedopéva mou Eyouy Hd1 €pbel atny cache.

I 1o Aéyo autd, yeetaléuaote Eva xavovxd, Teplodind oyfua avdbeone, éotm xau av dev elvat
t0 Béhnoto. Yt epyaciec [BDRVII], [CDRI7] o Boulet ».a. xou o Calland x.o. anédetlav
Dewentixd 6tL 1 xuxhix) avdleor 2-8idotatwy tiles oe ouyxexpuuévo apliud eneepyaotdv elvar
Bértiotn. Enlong, otnyv epyaocia [MAO1] oo Manjikian xoat Abdelrahman nogouctacay uta evai-
Aoty u€hodo yeovodpouoldynone Tou yoeou oV tiles oe cuyxexpluévo apliud enelepyaotdy,
Ywplc, dume, vo Adpouy urt’” 6dm étL e ypetdletol entxolvwvio YeTald TV ENEEEPYAGTEHY TOU (SLOU
%x6ufou, agol ta anapaltnTa SedoUéva UTOPOUY VO TPOGTEAUGTOUY UEGK TNG XOLVAC UVAUNG.
Y11 ouvéyela, Ho mapoucLdooue UEpHd oY UATA YPOVOSPOUOAOYNOTC TOU Y®eou Twy tiles
og nenepaoUévo TANboc xouBwv. 'Okec oL oyéoelc, Tou avagépovtal TNy xatavour, Tov tiles,
7 TwV ouddwy otoug xouBouc g cuctolylag xal oto aviiotolyo PAUdTA EXTENEOTC, UTOPOUY
VO EQOPUOGTOUY GE OTOLOBNTOTE XUPTO Y®po amd tiles, 6nwe opllovue otnv mapdypago §2.2.
'Otav, duwe, vnohoyilouue Tov apliud TOV Budtewy Tou AmotToUVTAL Yol TNV OAOXAR®OT TNg
extéleone (makespan), Bewpolue 61t 0 ydpoc twy tiles elvar opboydviog, onwe otic oyéoelg
(3.3), (3.4), (3.6). H amionolnon auth yenowonoteiton yioo va avadelloupe tig Poowés déeg
TV TPOTELVOUEVWY OYNUATWY Ywplc ToAd moddmhoxa pabnuatixd. EEdAhou, dev meplopilel tal
TAEOVEXTAUATA 1) UELOVEXTHUATA TWV TEOTELVOUEV®Y UEDOBwY, eXTHC amd auTtd TOU agopoly TNy

lor) xatavouy| gdeTou gpyaactag.

4.2 Kuxiuwe) avdBeon

Ytic epyaoieg [BDRVII], [CDRIT] anodeiybnxe Oewpnund 6t 1 xuxhixy| avdbeon 2-didotatmy
tiles oe menepaouévo apllud enelepyaotdy elvar BéATiot. Qotéoo, ot Dewpnuixol unoloyiouol
v epyaotdy [BDRVIY], [CDRI7] de AMduBavay un’ 6 10 ®66T0C EMUOLVOVINS YLoL TNY AVTOAAA-
Y7 Sedouévwy. Ilpoxewévou va yevixeboouue TNy TpoceyyLon auth yia n-didotata tiles xou yia
ouoTolytec mohv-enelepyaoTix®dy xOulwy, Hewpolue 6TL ou Swabéotuol xéuPol oynuatilouvy éva
exovx6 (n — 1)-8idotato mhéyua and pa X - -+ X pp, = p noku-enelepyaotinolc x6ufouc. Avabé-
TOUUE, AOLTOY, XUXAXE TS ouddec atoug xéufouc autolc. Anhady, avabétouue xdle oudda j_é

otov x6uBo (3¢ %pa, . . ., 55 %pn), 6Tec galvetor oto Tyhua 4.1.

Ocdpnua 4.1 O apibudc twy Prudtwy extéleonc (makespan) yia tny xvxAux) avdfeon eviéc
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Karavopn Twyv tiles og k6PPBOUG av UTTAPYOUV
6001 KbuPol xpeldlovial

B SSNSNNS
swp2 &\\\\\\\\\\\\\ bty
1%\\\\\\\\\\\\\\ P ASSN SRS DN S S S SN

2
SPo \\\\\\\\\\\\\ \ocrun \\\\\\\\\\\\)‘j\\\\\\\\\\\\\w crun

Auth n deopida até tiles avaribetal
OTOUG 2 UTTApXOVTEG KOUBOUG &
eKTEAEITAI OPOU OAOKANPWOEI N
EKTEAEON TNG TTPWTNG deopidag

5 B

S

Tiles ekkivnong deouidwv

XpovodpopoAdynon o€
2 K6uBoug

Eyfua 4.1: Kuxhief avébeon otoug xépBoug g custouyiag

oploydviov ydpou and tiles oe nodu-eneéepyaatixolc xdupfous, Gewpdvtac alAnloenixdAuyy emt-

XOLYWYIAC X0l UTOAOYLOUGY elvar:

n S L S
pcyclicfoverlap = Z |:(’U);S - 1)%mlpl + ([1:;—‘ - 1)%]91 1S . ’77:;]17]71—‘ <
= Cne (4.1)
< 22 [(mi + 1)pi] = 2n + 2 + wy H[mpﬂ
=2

Arédelln:  Kdfe xéufoc Ga exteréoel (1:5? T x o x | w, | yeauuéc and ouddec. Av

2P2 MnPn
ot ypauuéc and ouddeg, mou €yovy avatebel otov [(Bio xdufo, extedodviar ue Aeéixoypapixij
oewed, n yoauus (e, i§, ..., i) Oa extedeotel arov xbufo (5$%pa, . .., 55 %pn) uerd and

1; LL ] H (mwk] dAdec yoauués, ov omolec emPdirovy xabfuotéonon wi Ppudtwy g

xdbe pia. Eno,uevwg, n ouvoAuxij xauoTtépnon moty TNV EXTEAEGT TNS YeaUUTS auTic Ba elvat

wy Y lvpcj H [nzi’;k] Briuata extédeons. Enlone, énwe paivetar oto Yyrfjua 4.1, n Géon
=2 © k=it
% oyo?(Scxg, oe 0)(5077 ue o oquelo exxlvpone uac deouldac elvar (jC, j$%pa, .. ., S %pn),

omov jl = jl + Z Ji %mzpz

1=

Yuvendic, av n VPLOTAUEV]) CPYLTEXTOVIX]] EMLTOENEL TAUTOYPOV]) EXTEAECY) UTOAOYLOUY
xau emxowvwviag, axolovbdviac to uoviédo extédeons ue aAiploemixdivgy, 5 oudda j& Ga
exteleatel xatd 1) Stdpxeta Tou Briuatog

= +ZJZ %p1+wlz[le H

Pi k=i+1

] (4.2)

mk:pk
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Apa, 0 apifudc v Prudtwy mov yperdlovtar yia v oloxAjewaon tnc extédeonc elvau

pcyclic—o’uerlap = maxt(jG) - mlnt(jc) +1=
(1.C.3) 3

. n S n n S
=" uf + 22 {uf%mipi + L%j%pz} + wf 22 [L;,,J ) I1 1[mu;’;k +1=
i= i= =it

VLY S [ — 0%+ (150 = D% +f +uf | (751 -1 (m“;ikﬂ -

- m
=2

k=i+1

(qcn &

> |:(w§ — 1)%m;p; + (f:;s] - 1)%pi:| +wf E[Q[quw

i— mipi

O npditoc bpoc tou de€lol oxélouc e oyéone (4.1) avitnpoownelel 1o ypévo tou ypeetdleto
Yo vor EexuvioeL 1) eXTEAEST, 0TOV TeAeuTalo eNeepYaOTY, EVK 0 SeUTEPOC 6POC AVTLOTOLYEL OTO

XeOVO Tou 0 xdbe eneepyaoThc anaoyohelTaL EXTEAGDGVTAC UTOAOYLOUOUC.

Adupa 4.1 H ypovodeouoddynon tov Oewpenuatoc 4.1 elvar éyxupn avy

n s
w
wy || [—E-T > (my + 1)py,
mMppk
k=l+1

Vi=2,...,n tétoto dote wf > mypy.

Andédeln: o va anodellovue tyv eyxvpdtnta tov oyfuatoc avtoy, apxel va delovue Ot
ta dedouéva nov ypetdloviar yia tov unoloyioud evic tile Ga elvar dabéoiua drav yeeia-
otoly. Av ta anapaityra Sedouéva elvar Stabféowua yia tov vnoloyious twv tiles exxivyonc
Ty deouldwy, Ga elvar Stabéowua xar yia onoodfrote dAdo tile twy Seouibwy. Yrolérou-
ue ot ta tiles elvar apxerd ueydla, dote va mepixdelovy dAa ta Siaviouata eédptnong.
Yvvendc, xdbe tile umopel va elaptdrar uévo and ta yettovixd tov. To tile exxivyonc
utag Seouidac éyer ouvtetayuévec e uopwrc: j° uigim = (0, x2amapa, ..., xnmypy), 60U
z; € N (i = 2,...,n). Apa, Oa exteleorel otov xdufo (0,...,0) xard to Bruc exté-

n

Ae0nC torigin = WY i z, [1 T wy ]] (Bréne oyéon (4.2)). Av xp > 1 (mou mpoino-
i=2 '

MmrpPk
k=i+1 P

bérer up > myp), auté to tile exxivyone Seouldac eaprdrar and to tile 7% dependence =

(0, zomapa, . ..y T 1M_1DI—1, TP — Ly Zi 1M 1DI41s - -+ s TnMinPp ), TOU exteAelTal OTOY

xéuBo (0,...,0,pp — 1,0,...,0) xatd to frua extédeons taependence = (my + 1)pr — 2 +
n n

S L S
wig[z:z[ycz . HH[#E% | — ) ]:[H[#’;k]]. Enedyf ta tiles avtd extelodvriar oe Siagopetixolc
1= =1 =

xoupoug, yia va elvaw Siabéoua ta anagaityta Sedouéva, neémel va toyUet torigin—tdependence =

n S

2= w ] [m“;’;J > (my+ 1)p. H aviodtpra autlj npénet va toyver ¥l = 2,...,n tétowo
k=l+1 '

wote wls > myp;- =

Av 1 ouvBH@r Tou opiletan oto Afuua 4.1, dev Loylet, autd onuaivel 6Tt Bev UTACYEL TEOYUO-

Txd ENAeLPT) ENEEEPYAOTAV XATd UNXOC NS dldotaone I. Aniadn, unopolue va oyeSLAcOUUE T
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XPOVOBEoUOAGYTIOY XaTd Ufixog TS SLdoTacng auTHC Gav Vo elyaie TOG0UC ETEEERYAOTEC GGOUSG

yeeralouaote. T napddetyua, Selte tn Stagopd uetall twv Yynudtwy 4.2 xat 4.3.

$§§§§gﬁ | =@@©©

RIS = ©@®
SO\ 0007 ..

CPUO XpovodpopoAoynosig

CPU1
\\\.\\\\\ ]
—Pm'VCPUO XpovodpopoAdynan os amspiopioTo apibué t
EMe§EPyaocTWV

v

SMP1

\ ]

Adsia owAnvworn, ps)(pl va givai
Ta

EoIp r.d/ H

fva

5p

Xpov

HOAGynon os ouy £vo
apwpo £Me§EPYAOTWV

Yy 4.2: Kuxhix] Avéfeon: Xpovodpopohéynor dtay Sev umdpyet mporyhatind €N
Aewdm eneepyaoTOY

Av npénet va ouuSiBaoctolue pe uio xAaoouxt| apyttextovixy Stacvdeong UeTtall Twv xOuPwy
(dnhadi| ywels uto xdeta Sixtdou mou vo umopel va avokaufdvel To pbpto emxovaviag, ywels va

anacyoleltat o enelepyaothc):

Ocdenua 4.2 To makespan yia xuxiixy) avdbeon evéc oploydviou ydpou and tiles otous xou-

Bouc utac ovotorylac, axolovldvrac to uovrédo extédeons ywplc alAnloemixdivyy, eivau:

pcyclic—nonoverlap = E [(w;g - 1)%m1pl] H ( ij =
i - (4.3)
Zm2p27n+]‘+wlsn|(mpz“
1=2 1=2

Arnédelln: Onwc oty anddeiln tou OQewpijuatoc 4.1, n xabuotépnon yia tny évapén twy
UTOAOYLOUGY TToU avTioTolyoly o uia oudda, arnotedeltar and 6o uéen: tnv xabuvotépnon
mov opeldetar otic Aeixoypapixd nponyolueves yoauués nou €yovy avatebel otoy (8io xdufo
xar Ty xabuotéenon mou opelletar otic mponyolueves ouddec ¢ (Stag yoauulic. Xuvendc,
n oudda jé extedeltan xatd ) Sidpxeia Tou Bluatoc extédeons

t(j¢) = ;& + SZ[J’J H

Pi k=i+1

] (4.4)

mk:pk
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Yyfua 4.3: Kuxhoer Avébeon: Xpovodpopohdynomn dtav undpyet mpaypotixd ENketdn
enegepyacTAOY

NEE Y

A

XpovoSpopoASynon o€ GUYKEKPINEVO
apIBpo emEEEPyATTWV

\Y% \Y% \Y% \% \%

—r \vJ

Orndre, 10 makespan yia 10 oyfua auté elval

pcyclzc nonoverlap — MaXx ( _é) mlnt(.]_é) +1=
(I. C’ 3) v us L
up + Z [wf Yomipi] +wi 3 [LmijJ . [mkpﬂ +1=
=2 =i+
(I.C.4) n s 2
= Z [(wf = 1)%mipi] +wi +wf Z ((j] ) H fml;’;kﬂ =

=2 2

(1.c.my & v
=" % [(wf = 1)mipi] +wf [ :;J

=2 1=

Afupa 4.2 H ypovodeouoddynon nov meptypdpetar oto Ocdponua 4.2 elvar mavta €yxuen, Ue

TV unébeon ot wy > w =2,...,n.

Arnd6delln:  Onwc oty anddeln tov Ajuuatoc 4.1, yia va anodeléovue tny eyxvpdtnta
Tov oyfuatoc autod, apxel va Sellovue dti ta dedouéva mou yperdloviar yia tov umoloyt-
ouoG evdc tile elvar Stalféowua tnv aviiotoryn yeovixij otvyur. Kdfe tile exxivnone deouidac
3% origin = (0, x2amapa, ..., xnMupy) (v; € N (i =2,...,n)), extedeltar xard to fijua exté-
S
Ae0n¢ torigin = WY Z lxl H [n;‘;’;k]l (ovupwva ue ) oyéon (4.4)). Av x> 1 (rov mpoi-
=2 k=i+

nobétel 6t ul > mypy), auté to tile exxivyone Seouldac edaprdtar and to tile jsdepende"ce =

(0, xamapa, ..., p_1my_1pi—1, Tynupr — 1, T 1M, -y TaMyPr), T0U O extedeotel
n n E n E
. ‘ ‘ o S wy, wy,
xatd to Bua extéAeons taependence = mupr — 1+ w3 [zi [ [55-11 — I [55-1)

=2 k=i+1 k=141
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Aol oto poviédo extédeonc ywelc arAnloenixdivgn ta dedouéva uetapépovrar uetall twy

xouPov xatd ) didpxeta tou (Siov Briuatoc nou unodoyilovtal, yia va elval étolua ta anapai-

L S
yra Sedouéva, mpénet va toyUel torigin — tdependence > 1 < wi ] [m?;J > nmyp. H avi-
k=l+1 K
n wS
oétyta auty LoyUet medyuat ¥l = 2, ..., n tétow dote wP > mypy, enetdfwy [[ [—k-] >

MmEpPk

k=l+1

U)“ls > U]ig > mypy.-

4.3 Katonteixr avdbeon

SIS

SMP!

CPUO
S® ey cput
SN NN
=S e G—0 »CPUO ;
e XpovodpooAdynorn os amepiopioTo apibuo t
EmegepydoTWV i

XpovodpoloAdynon os CUYKEKPIUEVO . | i
apIOuo smeEspyaoTiwv Aspya Bripara sktéAgong

Yyua 4.4: Katomtpuxr| avébeon otoug xdpBoug tng custouyiag

T v mapaywy” tou oyAuatog autol, avalétoupe ta tiles otoug xéufouc dnwe @atveton

oto Yyfua 4.4. Anhoadn, avabétovue xdbe oudda j_é oTov X6UP0o

35 %p2 av (45 /p2) Cuvée 35 %pn av (G5 /pn) Cuvée
(p2 — 1) — §S§%pa av (5§ /p2) meprttée  (pp — 1) — 5§ %pn av (S /pn) meprttic

(

To oyfiuo autéd €xel 10 TAsOVEXTNUA OTL BEV UTAPYEL avA XN UETAQORdS SE8OUEVWY GTa GpLo TWY

deouldwyv twv tiles, ondte danavdtal Aydtepog Ypdvoc YLa ETLXOLVWVLA.

Ocdenua 4.3 O owvdvaouds tov oyfuaToC XaTonTELXC avdbeons, ue to UovTédo extéleonc
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ue ardnroemxdivgn, ae oploydvio ydpo and tiles, diver makespan:

n n

w?s
pmi?"ro*/‘—ove7"lap = Z [(U}f - 1)%77%1% + ( ml—‘ - 1)%2%} - Z [(mz + 1)]%] +2n — 2+

=2 =2
[t + 5l 1pl - 2042 1500 < (5)
< [u + 3 loms+ 1p] - 20+2) FI[2E7

Anédelln: Onwc xar oto oyfjua xvxhixic avdbeone, av ot deouidec 1wy ouddwy extelou-

viaw oe Aeéixoypapuxif oewpd, n deoulda mou nepiéyer ) yoauun (e,55 ..., ) ba exteleotel

n el n
uetd and y. L%j T 1 Wi dAdec deouldec. H xabuotéonon e’ awtiac xdbe ulac and
i=2 ‘ 1

k=il PR
TS MEONYOUUEVEC 850;1[8& elvar ueyadutepn and tpv avtiotolyn xabuotéenon oto xUxAixo
oyfua. looUtar e wi + Z [(m; + 1)p;] —2n+2, agod npénet va oloxAnewbel o unodoyoudc

utag 0AéxAnens 850/1L60(g npzv apyloet o vnoloyiouds tns enduevns. Erions, ané to Xyij-
o 4.4 auynspatvouys ot n Géon uiac ouddac oe a)(eor) ue 70 tile exxivnone e avtriotoLyne

Seoutdac elvar (&', jS%pa, . .., iC%pn), érov j& = j5 + Z §2%mp;. Enouévec, n oudda

i=

jG exteleltar xatd to Brua extéleons

=37+ i %pi +
=2

S—I—Z[(mi—i-l)pi] —2n+2
i=2
Ernouévec, 1o makespan eivat

pmirror—overlap = maxt(j ) mll’lt( ) +1=
108 o & s
=" uf + >0 ui%mipﬂr{ml |+
=2

e

k=1+1

+1=

+ {wf + i [(m; + 1)pi] — 2”+2} i

=2

2.

(I.C.4) (107) n [(
=2

= )%+ ([4] = %] = 3 (i + Dpi] + 20— 2+

[T,

=2

+ {wl + 2::(2 [(m; + 1)p;] — 2n + 2]

'Otav epapudlouvye 10 oyfua autd de ypetdletar va anodei&ouue 6Tt Ta anopaltnto dedouéva
etvar Staféoiua xatd Tov unoloyioud xdbe tile, agol, npdtov, ta tiles xdbe deouldog eaptdvion
uévo and ta tiles g Srag ¥ Ae&ixoypapixd nponyoluevwy Seculdwy xat, deltepoy, Sev uTdpyEL
replntwon va aAANAoETIXOAUTTOVTOL OL UTOAOYLOUOL BLUQORETIXGDY SEoUldKV.

Av Bev undpyet éMewbrn enelepyaotdy (wP < mypi, Vi = 2,...,n), T8 TPOTELVOUEVL OYH-
woto elvor teodvapa.  Alhde, cuurtepalvouue and tig oyéoec (4.1), (4.5) 6t 8 cyetic—overiap
< @mirmr,overlap. H duagopd touc ogelietal 610 YEYOVOC OTL 6TO oYU xaTomTewxnc avdle-

ong xdfe @opd mou TEAELOVEL 0 LTOAOYLOUOS ULag deouldog and tiles xan apyilel o umoloyioudg
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NG EMGUEVNC UTAEYOLY Oplouéva depya Briuata EXTEAEGNC YLoL XATOLOUS aTd TOUC EMEEEPYATTES,
onwe gatvetat oto Yyrua 4.4. Enouévac, dtav 1 Sidpxeta evog BAUNTOC EXTEAEGTS TOU XUXALXOU
oy fuaTog LoolTal UE TN SLdpxela evog BAUATOC TOU XATOTTELXOU GYHUITOS, TO GY UL XUXALXTS
avdbeone elvar mpotudtepo. Autéd ocuufaiver cuvibwe 6tav axoroubeltal 0 HOVTEND EXTEAEDTC

ue aAANAOETULUEALY,.

Ocdenua 4.4 Otay ovwvdvdletar 1o oyfua xatontpixic avdbeons ue to uovtédo extéieonc

xwelc alAnloemxdivyn, To makespan elvar:

pmir'r’or—nonove'r’lap =

= 3 [(u = %mip] = 5 01+ [ + z;szpz a1 A e
< |:w1 + Emipi—rm-l} H(mZpﬂ
1=2 =2

Andédeln: H xafuotéonon nou emfdAdetar and xdfe ula and ti¢ mponyolueves deouldes

elvar wi + Z m;p; —n + 1. Yuvendc, n oudda jG vrodoy(letar xatd to Biua extédeons
=2

TeNTel s\ S TEEE s

L) =Jr +(wy + 3 mipi —n+1) 3 | [7] kH 1fmk’;k1

=it

=2 =2

. Ondte, to makespan elvau

- -

pmirror—nonoverlap = maXt(jG) - mint(jG) +1=

us + Z [uf %omip;]| + { + Zmzpz—n—&-l} Z [Lnﬁjkﬂ 1[,;2';1
it

(1.0:3)

=2

(r.e.7) &

1=2 =2 =2

n n s
55 [~ Vst~ S5 ma =14 [+ 35 mps— 1] T

Ané tc oyéoec (4.3), (4.6) npoxinter 6t 8 eyctic—nonoveriap <& mirror—nonoveriap- (Elvow oo
uévo otny mepinTwor mou undpyet o aptbudc unoloyiotdy tou yeetdletal.) Top’ dha autd, awol
T0 ©66T0¢ EMXOLVLVLAG dev XxpUBeTaL XdTw Amd TO XOGTOC UTOAOYLOUGY, TO GYHUA AUTO EVOEYETAL
var S)OEL UxpdTERO UVORXS Ypbvo exTéreomnc, AOYw TNne xahUtepng alonoinong tou dbéoiuou
glpouc Lodvng. Luyxexpluéva, av utdpyouv dUo ubvo xéufol xatd urnxoc xdnotag dtevbuverng,
xavévog x6UBog dev oTéAver o haufBdvel dedouéva xatd uixog tne dtevuvong authg. Ondte to

%60710¢ emixolvoviac Bu elval to ULeb.

4.4 AvdbBeor dadoyxdy tiles oTov dLo xo6ufio

Evodhaxtixd, olugwva ue tny npocéyyton tou 860nxe otny epyacto [MAO1], yevixebovide tny

vl n-dldotatoug yheoug xot AauBdvovtac un’ 6dm 6TL B ypeetdletol emxovwvior ueTall TwV
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J

o€ 2 k6upoug

Yy 4.5: Avdfeon yertovixdyv opddnv otoug xépPoug tng cuctotyiog

enelepyaoTOY ToU (8Lou xéufou, unopolue vo avabétovue Stadoyixéc ypauuéc and tiles otov (8Lo

enelepyaoty), Onwe galvetol oto LyAua 4.5.

Ocdenua 4.5 Otav ovvduvdletar to oyfua avdfeons Saboyixdy tiles otovs xoufove, ue to

uovtédo extéleonc ue arAnlocmixdAvyy, to makespan mouv mpoxuUntel elval:

noews S n w? n w?
pcluster—overlap = H |lepz-| wy — 2n+ 2+ Z|V wf@ -| + Z :US -| (47)
i=2 =2 [t =2 mi[ -]

Arn6deln: [ va xataoxevdoovue to oyfua autd, tonoletodue uall oe éva olunieyua ta

yettovixd tiles (53,45, . .., 52), anewxovilovide ta oe éva supertile 77 TILE ue ovvtetayuéves
.S .S - n .S
(G2, 1—2—],...,|—2—]). Ondre, n avtiotoryn OMAAA eivar j& = (j7 + > | —2—],
(ﬁ—‘ (mnTIEn 1=2 ’miipi-l
. .S -
|—=1], ..., L%J) xau Ba extedeotel xard 1y Sidpxeia tov BHMATOX t(j°) =
2[ 5pms Ml

n

1+ > LLUJSJ Yuvend¢, to MAKESPAN fa elvau
i=2 m;[ L

it
pCLUSTER—OVER.LAP = max t(js) — min t(]g) +1=

1.C.4 n ws " wS
UEV g — ot 24 D[]+ D[]

i=2 [50] i=2 mi

L s
Agou xdbe TILE anotedeltar and [[ [ wip} tiles, av unoféoovue ot n dudexeia xdbe Briuatoc
i=2 ‘

m;

extédeans xabopiletar xvplwe ané 1o ypévo UnoAoytouol teomp, éva BHMA eivar toodbvauo

ue T1 f;:il Prinata extédeonc (elapdvrac to ypdvo mou ypetdletar yia Ty apyixonolnon
i=2

¢ DMA xau to ovyypovioud). Apa, o ouvolixdc apifudc fnudtwy nou ypetdloviar yia tny
odoxAfjpwon tn¢ extéleanc elvat

S
pclusterfoverlap = H [7:1%117;-' pCLUSTER—OVERLAP =
S
i

i=2
n ws g n w" n wS

= lmm{wr —2n+2+ 21+ X [—=—1 .
i i=2 [5i-] i=2 mi[ 5]

mip;
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AT']{.L{J.OL 4.3 IO)(&EL pcyclic—overlap Spcluster—overlap-

Anédelln:  Orav undpyovy door enelepyaotéc yperdlovra, (wZS < myp;, Vi = 2,...,n),
ta mpotewvdueva oyfuata elval toodivaua xat evxoda npoxintel and tic oyéoeis (4.1), (4.7)

0/-” pcg,/clicfo'uerlap :pclusterfove'rlap- AWKDO.OETU{O@ (47) =

S
ws
pcluster overlap > Z -1+ [775 —1| + w1y H

o 1 mal ] )

Ay OGéoovue wf = X;MiDi—Yi, 00U x4, y; elvar axépaiot aptbuol xavx; > 1,0 <y, < m;p;—1,

T0T€E Loy UeL:

(wy — 1)%mip; = mup; —yi — 1 .
fwi?} 1 e mipi — | %] — 1 = (w — 1)%mp; < [—%—] -1
wS iPi T

w? (I.C. 5) =
R At QUC S P S P
w5 (1.C.5) . opi S | ——s5 | —
[mb(uwf ~I -1 ="pi— I-mylmlj —1 mafﬁ]
= pcyclicfoverlap < pclusterfoverlap-
_|

Enopévwe, to oyfua autd Sivel yewpdtepo makespan and to oy xuxAuric avdbeonc. H
Slapopd TOUC EYHELTAL GTO YEYOVOC OTL GTO oy fud LTS apYel TEPLOGOTERO Vol LEXLVAOEL O TEAEU-
tatog enelepyaothc. Lty mepintwon mou toylel wi >> wy (i = 2,...,n), 0 xpbvoc exxiviong
elvon auehntéog Unpootd 6To YEéVo Tou 0 xdbe enclepyaoThc Elval anaoyohnuévos, ondte Loy Vet
p . Np H z ’, e 7 2 8 2 )\ 7, bl

cyclic—overlap 8 cluster—overlap- 118VTWS, 1 TpoNYOlUEVY Labnuatiny oyéon Sev €xel AdfBet ur
6hn 10 Ypbvo mou ypeeltdleTal Yo TNV UEYLXOTOLNGY TWV URVUUGTWY oL YLO TO GUYYPOVLOUS TV
eneepyaoTody. Aol oto oyfiua autd yeetdloviol ALYOTERA UNYOUOTO XoL ALYGTEROS GUYYPOVL-

ouOlg, 08 XAMOLES TEPLTTHOELS UTopel va anodelybel Mo anodotind otnyv medln.

Ocdenpa 4.6 Otav ovvdudletar 1o oyfua avdbeons Staboyixdy liles otovs xdufoug, ue 1o

uovtédo extéleans ywelc aidnloemxdivgn, to makespan mou mpoxUntel elvou:

n
pclwstvyr‘ nonoverlap = C wig —n+1+ Z ’V -| <C (wf -—n+1+ Z mipi> (48)

=2

s
w;

n
onov 1 <C < H[mp}
i=2
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AnédelEn:  To tile (57,75, ...,52), nov avriotoryel otpy OMAAA

. s o S js Jn
jG:(Jl +ZL wls Jat wg‘ J7,L+§J)
i[5 l mel20] U P

n

extedeltar xatd ) Sudpxeta tou BHMATOX t(55) = j¥+5 [iissj Yvvendg, to MAKESPAN
i=2 [

mip;

!

Tou mpoxUntel elvat

n S

3 . 2 1.C.4 w;
P crusteEr-NoNovERLAP = max t(j9) — mint(55) + 1 e wi —n+1+ E [Tﬁq]
i=2 ;

mﬁpi1

; mipi

1=

n S
Eva vrodoyiotixd uro-BHMA elvar toodtvauo ue [] [—+-] vrodoyiotixd uro-Bruate, aArd
2

S
w; 7
o | umo-Bruata emixo

n
éva vno-BHMA enuxowvoviac elvar tooddvauo ue Avydrepa and [ [

i=2
voviac. Xvyxexpiuéva, av to goptio emxotvovias elval to [8io xatd unxoc 6Awy twy dteufiv-

oewy emxovoviag, (6nws yia napddetyua toylet yia ta tiles nov mpoxintouvy and tn uélodo

nov mpotelvetar oty epyaocia [Xue9Ta]), o dyxoc twy dedouévwy nou mpéner va uetapepbolv

yia éva TILE, énoc paivetar oto Lyfua 4.6, eivar [] [ w] 15— <] (w—s] go-
i=2 =2

mipq i= (1’7,—1)’7 w mipiq

céc 0 dyxo¢ twy dedouévwy mou mpénel va uetapeploly yia éva tile. Enouévwc, to makespan

m;p; —‘

oty meplntwon auti elva

n o s
pcluster—'rLo’rLoverlap = C(pCLUSTERfNONOVERLAP (Where 1< c < H |— y —‘) =

i—9 mipi

n s
pcluster—nonoverlap =C (wig —n+1+ ;[%1)
i= mip;

SO0 e
SO0

Yyhua 4.6: Opoadomnoinot emxotveviag

Yuunepatvouye, hotméy, 6Tl o oyéor Ue To oyua xuxAwhc avdleone, n uébodog auth €yel
TO UELOVEXTNUA OTL Elval UEYUAUTEROC O apyxdS YpoVoS exxivnong Tou teheutalou enelepyaoTh).
'Ouoe, €xel xal TO TAEOVEXTNUO TOU UIXPOTEPOU XOOTOUC ETUXOLVWVLAC, TO OTolo UELOVEL o~
VI T0 GUVOALXS yedvo extéheoTc, Wlaltepa 6tav eqopudleTtal 10 UOVIEAD exTélEomC Ywplc

AAARAOETLUGALT.
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l%\f\\“\\\(\\\(\\(\k\\m\\: S YT
NN i s \\\
o REETRRS \«\ \E\\

%\\\\\\\\\\\\\ o L \

XpovodpopoAdynon
o€ 2 k6ppoug

E\E\E\E\Q CPU1

%9

Eyfua 4.7: Avaxataoxevy tiling

4.5 Avaxoataoxevy) tiling

MmopoUuE Vo XATAGKEUAGOUUE €Val TLO amoS0TIXd oYy Tida TeocapuélovTag TLg SlaoTdoes Twy tiles

otov aptfué Ty Stabéouwy x6uBov (Eyfua. 4.7). Ankad, ocvozxocrocoxeuéc(ouue Ta tiles Tou ozp—

. , " . !
Yol ydpou enavolibewy, Gote vo tpoxidel w?

= mipi, (i =2,...,n) xou v} =w H Ty
Anhadt, ppoviilouye Gote 0 dyxoc Tou «véour tile va Loobtal ue tov dyxo tou «noc)\tou» tile,
oTOTE %ol €VaL «VEO» LTIOAOYLOTLXS Brua Oa elvan toodlvayue Ue éva «nakldr UTOAOYLOTIXG Bruc. Av
ax0AoUBTiGOVUE TO UOVTEND EXTEAEOTC UE AAANAOETUXEALYT, O aplbuds Twv Bnudtny tou ypeeld-
Zovtaw Yo Ty ohoxMpwon tne extéheong, olugwva ue t oxéon (3.3), ba etvar 8 crite—overiap =

n S/ n ’LL)S/
211)1- +%[ﬁi172n+2$
i= i=

mn

pretilefoverlap = Z [(ml + 1)]31] —2n + 2 + wls H my pl (49)
i=2 ;
Yty megintwon tou wi%mp; = 0 (i = 2,...,n), toyle retite—overtap =8 cyclic—overtap- Ato-

POPETIXA, pmtile_m,erlap < pcyclic_over,-lap. H Sragopd toug €yxettal 0to YEYOVHS OTL TO oY HUa
xUXAHC avdleong dev avabétet Tov (BLo axplBog aptiud and tiles oe xdfe enelepyaoty, ue ano-

TENECUA AVLOT) XATAVOUT] TOU QopTlou, axdun xal otny teplntworn opbhoydviou tile space.

'Otav ypnowonoleltar 1o Hoviého extéleonc yowpelc arlknioemixdiuvdr, o aptbudc twv Bnud-

\

TWY TOU omou‘touvcou yLo 'cnv ohoXAhipwor TNe extéleonc, oluQwva Ue TN oyéorn (3.4), elvon

pretzle nonoverlap — Z w -n+1=

S
pretzle nonoverlap — E m;p; —n+ 1+ w7y H
=2 ]

(4.10)

mpz
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7 2 z, 4 14 2
Ané ¢ oyéoec (4.3), (4.10), npoxinteL 6Tu @retile_mnoverlap §@Cydic_nonoverlap. Enlonge, éva
«VEO» UTOAOYLOTLXG UTO-BrUd ELVOL LEOJUVOUO UE EVOL «TaALd» UTOAOYLOTIXG LUTo-(Brud, aAAd éva

2 z ’ ’ 7, 7 7 2 7 7 I3
«VEO» UTO-PBriua ETMXOLYWVLAG €lvat LEOSOVUUO UE AYOTERO amtd EVAL «TAALG» LTO-BTU0 ETLXOLVWVLOG.
Yuyxexpuéva, 6nne xat 6to Oedpnua 4.6, av 10 x60T0¢ EMUOLVWVLNC ElVaL (8L0 XaTd uHxoc GAwY
TV Slevbivoewy emxolveviag, 0 6Yxog Twv Sedouévwy Tou Teénel va uetagepholy ya éva «véo»

n
tile etvor > %ws < 1 opég 0 6YXOG TWV JESOUEVKDY TOU UETAQEROVTAY Yia €val «TtaAld» tile.
=2 (n—1)
iPi

Yuunepalvouue, Aowmdy, 6Tt 1o oyfua autéd elval oe xdbe meplntworn npotiudTEpo and dha

TOL TPONYOUMEVA, AV dev UTdpyel dAAOC TopdyovTag Tou Vo Teplopllel TNy eMAOYT TOU GYHUATOC
Tou tile (6nwc false sharing, cache locality [KRC99], [LRW91], [WL91a], [MHCF98], [PHPO03]).
Mrnoget vo expetariedetal TAREOS TNV UTOAOYLOTIXY Loy 0 OAOY TOV XOUB®Y XAl Vo ETLTUY Y AVEL
Téheta xatavout, opTiou, ToukdyLoTov aToug opboydvioug ydpoug and tiles, ywpelc va emBaiie
emtnAgoY ToAUTAOXOTN T ‘Oung, av, eEXTéC and T1) YpoVodpolohdYNoT) o8 Uia TapdAANAT apyLTE-
XTOVLXY, UTAEYOUV Xat GAAOL Tapdyovieg Tou enneedlouy TNy EMAOYT TOU LEYEDOUC oL GYHUITOC
Tou tile, To oy autd unopget vo anoderyOel un anodotind, agod avadLopyavivel TAHEWS TN GeLEd

EXTENEONC TWV ETAVAATPE®VY.

4.6 Ilepapatixd Anoteréopata

4.6.1 TIlewpopotixry Yrohoyiotixy IThatgdpua

[o v anotiunon Twv npotevéuevwy uebddwv, yenowonotioaue wio cuctoyia and dbo mavo-
uotbtunoug tohu-enegepyaotixols xéuPoug pe hettovpyixé olVotnua Linux. Kdfe xéufoc éyel
1GB uvrunc RAM xo 2 eneepyaotéc Pentium III ot 1266 MHz. O xéuBot tne cuctolyla
EMXOLVOVOUY UeTald Toug Ue éva alyypovo Sixtuo Myrinet, ypnowonoidvtog ) low level (-
BALoOhxn avtariayric unvuudtewy GM.

[ va aromotnfoly ol Stabéciuol eneéepyaotés oe xdhe x6uBo 660 1o Suvatdy Lo ATOdOTIXE,
7 vhomoinot uac yenotuonotel ula Staduxacio toAamAdy ynudtey (multi-threaded process) oe
%dfe x6ufo, omou o apluds TV YNUdTeY woltal he Tov aptud TV eMEEEpYAOTOV TOU XOU-
Bou. O mohvvnuatixéde mpoypaupatioudc (multithreading support) otnpiletoar oty avilotoiyn
BBhobhxn tou Linux (LinuxThreads library). Ta vAuata mou exterolviat otov (o x6ufo
EMUOLVOVOUY UETAED TOUC YENOLUOTOLOVTOS UotpalOuevn uviuy, eakelgoviag €ToL TNy avdyxrm
aviohhayric unvupdtoyv. T tny avialiay? unvuudtoy wetold Ty SLlEpYaol®dy ToU EXTEAOUVTOL
oe dtapopetixols xéufoug, yerowonoteltat 1 éxdoon 1.6.3 tne Myricom yia to GM [Myr02]. To
GM etvor yto yaunhot emnédou BBALo07xn avtadlayfc unvuudtoy yio 1o Myrinet. Anoteleiton
and uta BUBALeHH N Tou yenotuonoteltal and TO TRPOYPEGUUATA GTO Y®EO ToL YehHotn (userspace
programs), évov 0dny6 yia to Aettoupyxd abotnua (OS driver) (otn duxr wog neplntwon npdxet-
tor v évar Linux kernel module) xon éva Tpbdypaupa Eréyyou tou Myrinet (Myrinet Control

Program - MCP), nou extehelrar otov LANai, tov evowuatwuévo uixpoenelepyaot RISC e
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xdpta Suetou Myrinet. O odnydg tou GM yenowonoteitor xatd tny extéleor) Ulag diepyastog
07O YGpo ToL YpRoTn Ylo Vo avolyel xat va xAelvel GUpec (ports), xabdc xal yio vo decuelel
(allocate) xat vo ehevbepdver (free) uvAun xatdhhnin yio petagopd DMA. Kdbfe OUpa anotelet
€val dxpo entxolveviag, To onolo yenowonoteltal we dwmpoownela (interface) yetall tne Sepya-
olag 670 YOEo ToL YeNoTn xat Tne xdptac dxtdou. Agol avollet pa B0pa, uia Siepyaota utopet
va emuxolvwvel ameubelag e v xdpta dixtlou, ywelc vo mpayuatonolel XAACELS GUGTAUATOS
(system calls), napaxduntovtag dSnhady| o Aettoupyxd clotnua. Enouévee, dhec ol avtohhayéc
dedouévev yivovtar xateubeloy amd xoL TEOC TOUS XATAYWENTES TOU YDEOU TOU XEHoTY.

INa tov €heyyo tne poric dedouévey uetalld tou host xau g NIC, n anootohy| xav 1 AAdn
unvuudtey pubutleton ye oxutdhes (tokens). Apyuxd, xdbe diepyaoia €xel évav optouévo aptbiud
OXUTOAGY Yot amooToA? xau yioo ARy, Do va unopel va Adfet évar uivuua, 1 Stepyaolo npénet
va 8@oel 010 GM éva xataywent uviune xatdAinio yio yetagopd DMA, aneheubepdvovtog
TauTéypova Ut oxuTtdAn Adrne. ‘Otav @idoel éva urvuua, 1 unyoavh DMA tng xdetag Myrinet
torobetel to dedouéva anevbelog oTov XaTaywenTy| 0LTé ToL BeloxeTal oTo Ydeo Tou Yehotn. H
diepyaoto ehéyyel meplodind av €xet épbel véo urvuua xar dtav auté GUUBEL, avaXTd TN OXUTAAT
Mg, Avtiotouyn Staduxaoto yivetar xot yio v anoctohy, unvoudtwy: H diepyaoto aneheule-
POVEL ULd OXUTAAT, anOoTOANC {NTOVTAC TN LETES00Y] EVOC UNYOUOTOS Ao TOV XATOYWEN T TOU
Beloxeton 6T0 YWEo Tou Yenotn. Tnv avaxtd dtav éxel ohoxhnpnbel 1 Siadixacio anocTolfc,
onéte exteleitan and 1o GM 7 aviiotolyn cuvdptnor enavagopds. Enedy) n unyoavi DMA oty
AAETA SIUTUOU avohauBAveL T ueTapopd dedouévey uetall tne uviung Tou host ol tng xdptag
dixtbou, ywelc va eumhéxet T CPU, elvon Suvatd) 1 ahAnioemxdiugn emxovwviag xal UToAoYL-

OUOV.

4.6.2 Ilewpopatixd Acdouéva

[l VoL amoTLURCOUUE XAl VoL GLYXELVOUUE 6TNY TedEn TLS EMLTAYUVOELS TTOU UTopoUY Vo ETLTELYHOUY
ané xdbe éva and ta téooepa oyfuata avdbeone, oe cuvduaoud ue xdbe éva and to dVo uovTéra
EXTENEOTC, EXTENECUUE UEPIXEC OELREC TIELRAUATIXGY UETEYoEDY. O xOdXaC TOU YpNoLUOTOLCoUE
Yo o Metpduatd pog elvon o e€rig:
for(i=1; i<=X; i++)
for(j=1; j<=Y; j++)
for(k=1; k<=Z; k++)
Ali][j] [k]=func(A[i-1][j][k],A[i][j-1] [k],A[iT (3] [k-11);

6mou A elvar X X Y x Z mivoaxog aplBudy xivntic unodtastorfic xat toydel X, Y << Z. Xoplg
BArAPN e yevixdtnTac, Bewpolue o tile, évay x0Bo ue Thevpéc nopdhiniec ota enineda ij, ik xa
jk. H 8dotaor k elvon 1, ueyohitepn, ondte 6o ta tiles xotd urxog autrg anetxovilovtal 6Tov
{dLo enelepyaoth, dnwe mpotdbnxe otic epyaoies [AKPTI9], [GSKO1]. H nheupd tou xufuxo tile

woolton ue z. Enouévwe, undpyouv % tiles xatd uAxoc Twv SlacTdoewy 7, j xal % tiles xotd urxog
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e ddotaone k. O dyxoc Tou tile toolton pe g = 2. Tluowva e 1 péhodo tou TepLypdpnXE
oty epyaotia [HS98]. o 6yxocg g éxel emheyel €tol dote va Loy UeL teomp = teomm, APOU UeTERONXAY
TELPUUATLXE O YEOVOC UTOAOYLOUGY avd eravdAndn, o anattoduevog yedvog petagopds avd byte
dedouévmv, xafie xal To X66TOC aPYLXOTONONS XL TEPUATIONOV NS EMLXOLVLVIAC.

Agol uhomohfinxay xou o Téooepa oy HuaTa avabeoTg, oe cuVSuUaoUS oL UE Ta U0 LovTEAA
EXTENEOTC, GUUPOVA Pe Touc Peudoxddixes Ty Iivdxnv 4.1, 4.2, uetprdnxe 1 anddoon 6LV TV
oYNUdTLY xoL ouyxelonxe ue tn Bewpentixd avauevéuevr anddoor. Ia ta didgopa ueyEédn Ty
tiles, exteréotnne and pla oelpd mepaudTLY Yia xdbe cuvduaoud oyfuatog avdbeornctuoviélou
extéleong, petafdirovrac to uéyebog tou ydpou enavarieny. Yta Eyfuoata 4.8-4.10 éyouv
anelxovioTel Ta TetpaaTind anotereouota, Yall ue T avilotolyeg BewpnTxEC YpupIxés mopa-
otdoetg. Q¢ Yétpo g anddoorng €xel yenowonolniel o Adyog Tng emTdyLVONE Tou emtTeVyOnxe
TPOC TNV XAAUTERT) SUVATT) EMLTAYUVOT) YLa T1) SESOUEVT, LPLOTAUEYY TULIAANAT, APy LTEXTOVUIXCY. Ar-
Aadh, €yel amelxovioTel Ypapixd o Adyog Tng emtdyuvong mou emttelyfnxe mpog tov aptbud Twv
enefepyaotdhy Tou yenotuonothinxay. Aga, 600 o x0vtd elval Ut Yeapuxy TopdoTtacT) oTr Uo-
vada, 1600 mo anodotixd elval To avilotolyo oyfua. ‘Onug gatvetor xot ota Yy riuata 4.8-4.10,
oL paxTLxol ypdvoL eEXTEAEOTS TV TEUUdTOY Slogépouy and Tig aviloTolyes Dewpntixée mpo-
Brédeic To moNY xotd 3%. T to oyfuato ue aAAnhoemxdAud emxoLveviae Xal UTOAOYLOUAY,
1 Stapopd auth unopel va anodobel ato yeyovog 6t xan 1 unyavh DMA oty xdeta Myrinet xou
1 CPU ngoonafolyv, tautdypova mbavédtata, va npooneAdeouy SeSoUEVE TNG UVAUTC.

Overlapping Execution Scheme Non Overlapping Execution Scheme
1.2 1.2 T T

T T T
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Yyfua 4.8: MNepopatxd Acdopéva: Méyefog Tile 32 x 32 x 32

YuUTEPALVOUUE, AOLTGY, 6TL GE GAEC GYESOV TLC TERLTTAOOELS TO GY AU AVOXATAOXEVYC ToU tiling
EMLTUYYAVEL TNV xahOTepn anddoor, Téco netpauatind, 660 xal fewpntind. To anotérecua autd
ATay avaUeVOUEVD, agol To oyRua avaxataoxeurc Tou tiling mpocopudler mAfows tov aplbud
v tiles 6Ny undpyouoa cuatolyia utoloyloTdy. ‘Oung, ota nelpduatd vog anoheldaue To
ATOTEAEGUATA TOU XOGTOUC TV cache misses, YpnoLLOTOLOVTAC Uixpd TALTY Y OpwY ETAVIATPE®Y.

[apatnpolyue, enlong, 6Tl 1o oyfiua avdbeong Sadoyxdy tiles otoug enelepyaotée, yenouuo-
roldvtog Uog tou tile = elvon LoodUvauo pe To oy avoxatacxeuc Tou tiling, yenoiponoldvrog

Udog 4z. To anotéheoua aUTS HTAV AVAUEVOUEVO, 0QOU ATO TNV XATAOHELY) TOV OYNUATWY, OL
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Ilivaxog 4.1: Y)onoinon oynudtwy avébeong twv tiles oe enelepyactés tay o xGHpog
Ty tiles eivau opboydviog

EyAua Kuxiuxers Avédbeorg

FOREACH CPU with coordinates (cpu_ids,...,cpu_idy)
in SMP node with coordinates (smp-ida,...,smp_id,) DO
FOR (t2 = smp_ids * ma + cpuids; tz < w5 ; ta+ = ma % p2)
FOR (t3 = smp_ids * ms + cpu_ids; ts < wf; ts+ = ms3 * p3)
FOR (t; =0; t; <wi; t1 ++){

Execute pre-computation part of Communication

Execute Computation of tile (%¢1,%2,%3)
Execute post-computation part of Communication

}

Yyua Katontpuxrs Avdbeong

FOREACH CPU with coordinates (cpu-ids,...,cpu_idy)
in SMP node with coordinates (smp_ida,...,smp_id,) DO
s
—0- w2 .
FOR (22 =0; 22 < ’—mQ*p2—|, Ig—‘r-l—){

to = x2 xma * p2 + (1 — 22%2) * (smp_ida * ma + cpu_ida) + (£2%2) * (M2 x p2 — 1 — smp_ids * ma — cpu_ida);
s
IF (t2 < ws3)
wS
FOR (z3=0; s <[ 215 ws++){
ts = x3 * m3 * ps + (1 — 23%2) * (smp_ids * m3 + cpu_ids) + (x3%2) * (m3 * ps — 1 — smp_ids * m3 — cpu_ids);
IF (t3 < w5){
Execute pre-computation part of Communication
Execute Computation of tile (t1,t2,t3)

Execute post-computation part of Communication

}
}

AvdBeon yertovixdy tiles oe %dbe enelepyaoty

FOREACH CPU with coordinates (cpu-ida,...,cpu_idy)
in SMP node with coordinates (smp.ida,...,smp_id,) DO
FOR (t1 =0; t1 < wls; t1 ++){
Execute pre-computation part of Communication

S
FOR (t2 = (smp_ids * ma + cpu_ids) x [ —2—1;

mo*po
’UJS
to < min(ws, (smp_ids * ma + cpu_ids + 1) * [pips )i L2+ )
S
FOR (t3 = (smp_ids * ma + cpu_ids) * [ —2—1;

m3*p3
ts < min(w3, (smp_ids * ms + cpu_ids + 1) * [
Execute Computation of tile (¢1,t2,%3)

}

Execute post-computation part of Communication

S
’LU3
m3*p3

Ds ta++){

Avaxoataoxevy] tiling

T maxpy T mg*p3

wég = m3 * p3
FOREACH CPU with coordinates (cpu-ids,...,cpu_idy)
in SMP node with coordinates (smp-ida,...,smp_id,) DO{
to = smp_ids * ma2 + cpu_ida;
ts = smp_ids * m3s + cpu_ids;
FOR (t; =0; ty <wi; t1++){
Execute pre-computation part of Communication
Execute Computation of tile (ti,t2,t3)
Execute post-computation part of Communication
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Ilivaxag 4.2: Ylomoinon povtéhwy extéheons oe Myrinet

Movtélo extéleong ywpls aAAnAoenixdAudn I Movtého extéleong we aAAnhoemixdiudm
Pre-computation Part of Communication
gm_provide_receive_buffer() If on first tile
do Execute a non-overlapping receive
poll the GM event queue gm_provide receive buffer() for tile (t1 + l,tg,tg)
process the event gm_send with_callback() for tile (t1 — 1,t2,%3)

until data received

Post-computation Part of Communication

gm_send with_callback() do
do poll the GM event queue
poll the GM event queue process the event
process the event until send & receive completed
until data sent Barrier for Threads in SMP
Barrier for Threads in SMP If on last tile

Execute a non-overlapping send

Overlapping Execution Scheme Non Overlapping Execution Scheme
1.2 1.2 T T

T T T
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Yyfua 4.9: Mepapatxd Asdopéva: MéyeBog Tile 128 x 32 x 32

enavaABPeLS ToU exTEAOUVTOL oL T SESOUEVA TOU UETAPEPOVTAL GTLS B0 AUTEC TEPLTTMOOELS Elvall
To (8L Auto Tou SLagépet elvat 1) oeLpd eExTéELEOTS TV ETavaiPewy, alhd oTa TopadelyuaTtd Yo
€youue efaheldel 10 x6oT0C TV cache misses, Tpoxeluévou va eEAEYEOUUE TN YpOVOdPOUOASYTOT
TOU ETULTUYYAVETAL ATh TA TEOTELVOUEVI GYAUATA XL OYL TNV TOTUXOTNHTA TWV SESOUEVKV.

'‘Otav axoloubeltal 1o povtého extéreone ywelc aAdnhoemxdiuvdr, n dagopd otny anddoor
TV TEG08PWY OYNUATWY avdbeong ogelhetal XUplng GTOV GYX0 TV SESOUEVWY TOU UETAQERO-
vrat. 'Onwg gatvetat oto Yyfiua 4.11, to oy xatonteixfc avdbeong dnutovpyel dinhdoto 6yxo
EMXOLVWVING amd TO oyHud avaxataoxeurc Tou tiling o to oyfua avdbeonc Stadoytxdy tiles
oToug eNelepYaoTé, eVl To oyfua xUXAxAC avdleorng dnulovpyel e€amAdoLlo Gyxo emtxolveviag.

'Otav axorouvBeltol To UOVTERG eEXTELEDT S Ue AAANAOETUXAAUDT), ETELSY| TO XOGTOC ETLXOLYVWVLIOG
eUBetaw XAt and 10 x6GTOC UTOAOYLEUOY, 1) SLawopd ToUg o@elAeTal 6Ta BUNTA EXTEAEGTC TTOU
oL enelepYAOTES TTAPUUEVOLY aveEVERYOL Teptuévovtag Tor anapaitnta dedouéva. O aptbudc twv Pn-
UETWV aUTOY elvat o Btog oTa oyfpata Xuxhxic avdbeong xow avaxataoxeurc tou tiling. ‘Ouog,
6TV YENOWOTOLOUUE To oyt avdbeong yertovxdy tiles otoug enelepyaoTéc Xl XATOTTELXHS

avdfeone, ta avevepyd Briuata extéheone (Bhéne Nyruata 4.3, 4.4) elvon o dimAdota.
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Overlapping Execution Scheme Non Overlapping Execution Scheme
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Yyfua 4.10: Nepopatixd Asdopéva: Méyebog Tile 256 x 32 x 32

zxn AIK 1
Zxnua avabsang diadoxikwy tiles n X1Ha KuKkAIKis avaBeong

avakaraokeung tiling Zxnua karomrTpiKnS avabeons

Q O SMP k6uBog 1 O Q SMP képpog 1

SMP kéuBog 1

SMP képBog 0

Yyfua 4.11: Aevbivoetg euxotvoviog petadd twy x6pBuy

Erlong, mopatnpodue 61t Ao tor oy iuato emTuy)dvouy xahlTepy anddoor, 6Tav 1) StdoTao
anewovione Ty tiles otov dlo enelepyaoty elvar pyeydin. To yeyovog autd ogeiietar oto 6T
6Ty aUTY 1) SLAGTAOT, AMEUOVLOTC ELVOL CUYXELTIXE [iXpT), 0 YpoOVoC Tou ypetdleTat yio va @Hdoouy
Ta TpKTo anopattnTa Sedouéva o vo Eexwviioel TNV extéleon o Teheutalog enelepyaoTtig ebvon

APUETA UTOAOYLOWOC OE OYEOT| UE TO GUVOALXO YPOVO EXTEAEDTC.

4.6.3 Acdouéva Ilpocopoidoewy

To nponyolueva metpapatind dedouéva €yxouv Angbel ot ula cuotolyia 2 ToAU-enelepyaoTINGY
x6UPov ue 2 enelepyaotéc otov xabéva. Hapatnpolue oto Lyfua 4.11 b1t oto oyfio avaxata-
oxeuric Tou tiling xat avdbeone dadoyxdv tiles otouc enelepyactéc Sev undpyel xavévag xouBog
TOU VoL TRETEL X T T7) StdpxeLa Tou {8Lou BUaTog xat vor GTEAVEL xat Vo AauSdvel dedouéva. Enoug-
VO, TEPLUEVOUUE OTL OL OYETLXES ATOBOCELS TWY TEGGdpwY oyYNudtwy avdbeone Oa uetafinboly
av emexTElVOuUE TNV UQLoTdUEVY apyttextovixy). [a va amoTiuRcouUE T TAEOVEXTAUATA TV
TPEOTELVOUEVODY GYNUAT®Y, GTAV YENOLLOTOLOUVTOL GUGTOLYIEC HeEYOAUTERES antd AUTHY TOL Elyaue
dtabéoiuy, exteléoaue OpLOUEVEC TPOCOUOLWOELS, TWV OTolwy Ta amoTteAéouata anelxovilovta
ota Lyruata 4.12-4.14. H anddoon xou Twv 1e66dpwy oy nudtenv éyel npocouotniel unofétovtag
ot 1 apywonoinor, e DMA xat 1o x6o7t0¢ ouyypoviouol uetald dbo enelepyaotdy Tou (lou

#x6uBou elvor aueintéa ae oyéaor Ue To YpoVo UTohoYLouoy evig tile, 6nwg ouunEpdvoUE XUTA TNV
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EXTENEGT) TWV TELPAUATWY GTNV TEAYUATIXT) UTOAOYLOTLXYH TAATQOoUA.

Yuyxexpiuéva, Gheg oL UETPROELS Ypovixdy Slaatnudtwy Bactotnxay otny eviolr rdtsc (Read
TimeStamp Counter), 1 onola undpyet oe dhouc toug erelepyaotéc tne Intel and tov Pentium
xou Uetd. H evtolnq auty| emtotpégel tnv Twun evée 64-bit xataywenth, mou auldvetal oe xdbe
x0xho poloyiol. Emedn n eviohn rdtsc unopel va xalelton xateuvbelav and Sepyaciec oto
YOpo Tou YpNotT, eV €YEL TO *60TOC TNS XAHoNS cuoThuatoc gettimeofday. Xuyxexpuuéva,
uetpriooue: 400 xOxAoug poroyiol yia T cuvdptnon send with_callback, nou etvon 0.316usec oe
évav enelepyaoty) PIIIQ1266MHz, 800 xbxhoug yia tnv gm_provide receive buffer, nou eivat
0.632usec oL 5598 wdhxhouc yia évo barrier, tou elvor 4.421usec. Apa, 10 GUVOALXS XHGTOC TOU
TUAUATOS TNE EMLXOLVWVING ToL dev Umopel va adAAniemxohuglel ue utohoyiouols slvan Aydtepo
and 6psec otr yewedteen neplintwor. To xéotog autd elvor aueATED O GYEOT) UE TOV UTOAOYLOUO
evog tile, mou oe xdbe meplntwon ypewdleton neplocdTepo amd 24msec.

'‘Ouota pe ta By fuorta 4.8-4.10, ot tiuég mou €youy tapaoctabel yoapud ota Yy ruata 4.12-4.14
exgpalouy, yia xdbe oyfua, Ty emtdyuvon nou emttedydnxe Tpog Tov aptBud TV enelepyYaoTMOY

, . EmuTédxvvon . ’ ) Z
ToU yenotuonothinxayv: ApiliGe X proiioTolotcrwy ereEeaTTo " Enouévng, 660 Lo xovtd elval Eva

Yedpnuo oto 1, 1660 Mo anodoTid elval To aviloTolyo oyHuUd.
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Yyfpa 4.12: Aedopéva Mpooopoidoewy: Xdpog twy Tiles - -+ x 16 x 16, Extéheon oe
TAéypa 4 X 4 xSpPouv pe 2 X 2 enelepynctéq ooy xabéva

Edxola mapatnpodue 61, 6tav de uog evdtagépel 1o x6otog and mbavd cache misses Aéyw
e avadlopydvworg tou tile space, to oyfuo avaxataoxevic tou tiling elvar AL To o amo-
d0TIS, EMELST) EXUETAAAEVETOL TAHPWS TNV UTOAOYLOTLXH LoYU GAwV TV x6uBnv xat €€’ oplouol
EMLTUYYAVEL TEAELX XATAVOUT, QORTLOU.

'‘Ocov agopd t0 oyfua avabeong Swadoyxdy tiles otoug enelepyaotés, yio uixpols ydeoug
and tiles Sev elvar anodotixd, e€ontiag Tou Yeydhou apytxol yebvou exxivnone. Qotdoo, 6tav
N ddoToon anedVLONS ToU YGpou Twv tiles otov Blo enelepyaoty| elvar apxetd Ueydin, To
oyfua auté emTUYYAVEL LPNAEC emTayUVOELS, ETEWY| ehayloTonolEl ToV OYxo TV Sedouévmy
Tou TeENeL Vo petagepboly.  Xtnv mpayuatxdtnTa, onwe eEnyrioaue otny mapdypapo §4.6.2,

T0 SLdypouo Tou avagEépETal 6To oy AU avdbeong Sladoyxdy tiles otoug enelepyaoTég, TEQTEL
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Yyfua 4.14: Acdopéva Mpocopoidoenwv: Xdpog twy Tiles -+ - x 16 x 16, Extéleon oe
TAéypa 2 X 2 xSpPuv pe 4 X 4 enedepyactéc oTov xabéva

TAVL GTO SLAYPAUUUN TOU OVUQERETOL OTO GYNIO avaxaTaoxeunc tou tiling av to uetatonicouue
nopdhnha otov dCova x (BAéne Lyfuata 4.12, 4.14). To oyfua avébeonc dadoyxdv tiles
otoug enelepyaotéc dev elval e€loou anodotixd pe to oyAua avaxataoxeunic Tou tiling uévo
otV TeplnTeon Tou T W dev elvar todhamhdoia Twv mp; (BAéne Lyfuata 4.13), Aéye dviorg
XATAVOUYIC TOU QopTiou.

Yuunepalvouue, enlong, 6Tt T0 oy Hua xUXALXTC avdbeonc elvat To (dto anodotixnd Ue To oy
avoxataoxeurc tou tiling, 6tav o aptbudg Twv tiles xoatd uixoc xdhe didotaong ¢ elvar molha-
TAAGLO TOU M;p; oL YETOWOTOLELTAL TO WOVTENO exTEAEOTC UE AAANAOETLXEALUYY. AlapopeTind,
av To wy Sev elvor TOANATALGLO TOU M;p;, 1) BLaopd TOUC oGElAETAL 6TO YEYOVEC GTL TO Gy AU
xUXATC avdleong dev emttuyydvel Téhela xatavour goptiou. ‘Otav yerotdonoteltat 10 UOVTEAD
eEXTEAEOTC Ywplc alhnioemxdiudn, 1 Stapopd toug ogelletal 6T0 YEYOVOC OTL, dnwe eENYHOUUE
oto Yyhua 4.6 xou oty Tapdypago §4.5, To oyfuo xuxhuxic avdbeorne npolnobétel neplocdTepn
emuoLvwvia, 1 omola Sev xpUBeton xdtw and 10 x66T0C TV UToAoylou®y. Erlong, to oyrfua

xUXAS avdleong umopel vo elvat o anodotixd and to oyfiua avdbeonc dtadoyxov tiles atoug
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enelepYaoTES, LOVO OTNY TEPITTOON TOU Y pNOULOTOLELTAL TO UOVTEND eEXTEAEGTC UE AAANNOETLXA-
Audm. Autéd ogelletal 610 YEYOVOC OTL, 0TV TEPITTWOT AUTY, TO EMTAEOV XGOTOC EMUOLVWVIOG
TOU XUXAXOU Gy AUATOC XPUBETAL XdTW antd T0 XOGTOC UTOAOYLGUMY.

To oyfua xatonteuxic avdbeon elval oyeddv ndvta 10 AydTepo anodoTind, eEXTéC and TNy Te-
plntworn nou ypnotuonoleltol 10 UOVTEND EXTEAECTC UE AMANAOETUXAAUYT o8 TAE YU 2 X 2 x6UPBwV.
Axbun o oty Tepintwon auth dev elvat o anodotixd and to oyua avdeorng Stadoyxdy tiles
otoug enelepyaotéc. OQuolaotixd, cUVSUALEL Tol UELOVEXTAUATA TOU oY AUATOC XUXAXHC avdbeong
UE To UELOVEXTAUATA Tou oyNuatoc avdbeonc dtadoytxdv tiles. Anhads, undpyet TouAdyLoTOV
évag x6ufog mou meENEL xat Vo oTelAeL xan var AdPBel dedouéva xatd tr Stdpxela evog Bruatog
extéleone (extéc av undpyouy To TOAU Vo xoufol xutd uixoc xdbe didotaong Touv TAEYUAUTOC
%x6uPwy, 6nwe ota oyfuata 4.8-4.10 xat oto Lyfua 4.14), ondte n ddpxeta Tou BAuctog exTéle-
oNc LooUTAL UE TNV avTioTolyn Sidpxeld Yo T0 XUXAS oy riud xat 1) BEATiwoT 6TNY EXUETIAAEUOT)
Tou urdpyovtog ebpouc Ldvne elvar aueintéa. Enlong, agpold dhot ot xéufol €youv Lextvioel tny
extéheon, undpyouv xdnota depya Brvata extéieonc (BAéne LyAua 4.4), avtiotorya Ue Tov apyixd

Yebévo exxivnone tou oyfuatog avdbeone Stadoyxov tiles otoug enclepyaotéc.

4.7 Avdbeor) dradoyxev tiles otov (do xOUfo ue xuxAixr emavd-

Andm

'Onoc Setéaue otic mopaypdgous §4.6.2-64.6.3, extdc and tnv tey vt avaxataoxeviic tou tiling,
N xoA0TeRT AndB00T) EMTUY YAVETOL €lTE UE XUXALXT| avdBeon, eite ue avdbeor Sladoyxdy ouddwy
otov 8o x6ufo. T T0 Aéyo autd, oyedidlovue 611 cuvéyela évay GLYBLACUS TwV 800 ou-
TOV oYNUATOY: To oy avdbeong dtadoyxdy ouddnwy oTtov (dto x6ufo ue xuxhxT enavaindm,
ehnilovtog va emtdyoue T yevuor Tourn UeTagd Twv dUo. EWwd étav mpdxeitar yio évav umn
opboydvio ydpo ané tiles, 1o oyfua autd elvar Suvatéy va emTUYEL YUUNAG XEOTOC ETUUOLVG-
viae (6nwc to oyfua avdbeonc dtadoyedy ouddny atov Blo x6ufo), ol TauTdypova GYETIXY
xahf, e€looppdmner, Tou @bptou epyaciac Uetall Tov enelepyaotdy (6nwe TO oAU XUXAXHC
avdbeongc).

'Onwe gatvetat xou 610 Lyrua 4.15, 1 ev AMoyw Spouordynon TeoxinTEL aV OUASOTOLGOUUE
xdmota yertowxd tiles, énwe xar oto oyrfua avdfeong Twv YELTOVXOY ouddwy atov (8lo xéufo.
INa mapdderyua, oto TyAua 4.15, éyovue ouadonotfoel by = 2 tiles. H Sagopd, oe oyéon ue
T0 oYU avdBeong YELTOVIXOY OUddwy, £YXELToL 0To YEYOVOS 6TL Thpa Sev ouadonolobue 1660
ToAAG tiles, dote va npoxdler apiude ypauudv ané TILES loog ue tov aptbuéd twv dtbéoiuwy
enelepyaotov. X1 ouvéyeta, avabétouue ta TILES, 4 OMAAEY tou npoéxudoy, xUxhixd 6toug

enelepYAOTES, GUOLNL UE TO GYAUA XUXALXTC avdbeang.

Ocodpnua 4.7 O ouvdvaoudc tou oyfuatoc avdfeone diadoyixdy tiles otov (fio xoufo ue xv-
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i
SR 7 N AN AN AN AN AN AN QD CPUO
X X X)X X T

SMPE N NN AN AN AN AN Y CPUO
X XN XN D Y T
SRS LN AN NN AN AN AN D CPUO

X XY XY X XY X

R

SMPZ N AN AN AN AN Y CPUO
X XN XN D DY D
SMPT NN AN AN AN AN D CPUO

X XY XY X XY XD

A & @& & & &~
SMPOJ;&\\\\\\\\\\\\\ cput ‘/
....... CPUO Opadotroinon 2
SEERSEE A s. diadoxIkwy tiles
J4 KukAikr) avd®eon o€ duo

TTOAU-ETTEEEPYAOTIKOUG
KOuBOUG

SMP1

SMPO

Eyfua 4.15: Avdbeon Sadoyixdy opddwy 6toug xépBoug g cucTotyiog pe XUXALXT
emavaAn¢n

xAuerj emavdAngn, ue to uovtédo extédeons ue aAnloenixdivgy, oe opboysvio ydpo and tiles,

olver makespan:

S n

Oblock—cyclic—overlap = | 2 [([Tﬂ = D)%mip; + ([55-1 = D)%pi| +wy [ [555:1] T1 bi(4.11)
= i=2 i
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Anédeln: o va emtevybel to oyfua avtd, 0,410(5071010(415 by X -+ X by, yettovixd tiles

(37,75, ...,32), ta onola aneixovi{oviaw oto TILE (57, L]ij ce Li—’fj) Ta dpta Tou ydpou

twv TILES nou rpoxUntet elvar 0..uf = wy —1 yia tpv npdty Sidotacy xat 0.. L:J = [7“,0:171

riai=2,...,n. Erouévoe, aviuxabiotdvrac ta wy ue [ﬁ ,i=2,...,n oty oyéon (4.1)
ot Aayﬁo?vovmg v’ 6¢n tn oyéon (1.C.2), nalpvouue tnv eéic éxppaon:

[ w) wp
f2BLOCK-CYOLIC.NONOVERLAP = Z {(( b 1—1D)%m;p; + ([ 1 -1) %pz:| +wj H[b mzpl

=2

n

Enione, agod xdfe TILE anoteleitar and [ b; tiles, av unobéoovue éti n Sidpxeia xdbe
i=2

Briuatoc xabopiletar xvuginwe and T0 ypévo UnoAoyLouoy teomp, xdbe BHMA fa eivar toodvva-

uo ue T b; Bruara (etapdvrac to ypdvo apyixonolnone twyv uetapopdy DMA xai to ypdvo
i=2
ouyypoviouol uetall twy eneéepyaotdy tou (Sou xéufou). Enouévee, o ouvolixde agibudc

Brudtov mou yeewdlovrar yia thv odoxAfjpwon e extéleans Gu elvau

n
pblockfcyclicfoverlap = pBLOCKfCYCLIOfOVERLAP H bi =
1=2

= |2 [P = 0%+ (2501 - 9]+ w5 H T

i=2 i=2 ! i=2

Ocdenua 4.8 O ouvvaoudc tov oyfuatoc avdleons Siadoyixdy tiles ovov (Sio xoufo ue xv-
XAty emavdAngn, ue to poviédo extédeonc ywplc aiinloemixdAvgn, oe oploydvio ybpo and

tiles, diver makespan:

w? S n w;
pblock—cyclic—nonoverlap =C E [([ Z —| - 1)%m1p1 + wy H [b mlpl-| (412)

n
omov 1 < C <[] b;.
i=2

AnoSsLEn O{uoza ue v anddeiln tov Oewpiuatoc 4.7, oty oyéon (4.8) avixabiotodue

0w ue [w1 1,i=2,...,n. Etol, npoxvnteL:

n

pBLOCKchCLICfNONOVF)RLAP = Z [(|—
=2

n

S S
801 = D%mapi| +wf [T 2]
=2

1=

Enionc, énwc otyyv andédeiln tov Oewpruatoc 4.6, xdbe vno-BHMA urnoloytoudy elva

toodvvauo ue [] b; vro-Briuata unoloyioudy, aird xdbe vno-BHMA enixowvwvias elvat too-

=2
n
Svvauo ue Avydrepa and [ by umo-fruata emxotvwvias. Xuyxexpiuéva, av ot anaitioets
i=2
emixovovias elvar (diec xatd uifxoc 6Awv twv Steufiivocwy entxowvwviac (énwe mpoxUntet
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and ) puébodo mov mpotelvetar and tov Xue otny epyaocia [Xue97a]), o dyxoc twv 8560yé—
n n

VoY mou mpénet va uetagepboly, dnw¢ paivetal oto Kyfua 4.6, elvar 1] b; Z CEym 1 < H b;
=2 =2

popéc o Oyxoc¢ Ty Sedoudvwy mou uetapéeoviar yia éva tile. Emouéveg, to makesp(m I'L'OU

meoxuntel elvat

pblack7cyclicfnonoverlap = C’pBLOCK—CYCLICfNONOVERLAP (éTEOU 1 < C < H bz) =
1=2

n S n s

pblockfcyclicfnono’UET’lap =C (Z {([%—‘ - 1)%m2pl:| + wig H [bli:pj)

1=2

=2

'Otav o yopog Ty tiles elvan opboydviog, ula mbavy) vhomoinon Tou oy fiuatoc avdbeone Stado-

v tiles atov (8Lo xoufo e xuxhuer enavdindn, dideton and Tov Peudoxddixa Tou Iivaxa 4.3.

IMivaxoacg 4.3: Yhlornoinom oyfpoatoc avéfeong dadoyxdv tiles otov idto xépPo pe
w0 emavdAngn, yia évay opboydvio xdHpo and tiles
Avébeam Sadoyuxdy tiles otov idLo x6uPBo pe xLxALx emavdindn
FOREACH CPU with coordinates (cpu_ids,...,cpu_idy)
in SMP node with coordinates (smp_ida,...,smp_id,) DO
FOR (tto = smp_ida * by * ma + cpu_ids % ba; tto < wS; tta+ = by % mao * pa)
FOR (tts = smp_ids * bs * m3 + cpu_ids * bs; ttz < wf; tts+ = b3 * m3 * p3)
FOR (t; =0; t1 <wi; t1++){
Execute pre-computation part of Communication
FOR (t2 = tta; to < min(ws,tta +ba); t2++)
FOR (t3 = tt3; ts < man(ws,tts +b3); t3 ++){
Execute Computation of tile (¢1,t2,%3)

}

Execute post-computation part of Communication

}

4.8 Ylorolnon yia un opboydvioug ywpoug and tiles

'Onwe mpoxdntel and toug Iivaxeg 4.1, 4.3, n vionolnomn TwV TEOTEVOUEVWY oyYNnuUdTwy elvat
apXETA amAT, 0Ty TepinTwon 0phoydviwy yhpwy and tiles. Xtnv nepintwor, duwe, ur ogboydviou
y®eou amnd tiles, ula evdeyduevn vAonolnoT uropet vo uny elvat anodotixy), 1 axdun xat Vo XOANJEL,

av 8 Angboldv ur’ 6m oplouévec AemtouépeLeg.

4.8.1 Avdfeor xatd to duvatéy mEpLocHTEPWY YELTOVIXGY tiles otov (duo x6ufo

Yougwva pe tov Peudoxddixa tou Mivaxa 4.1 yia to oyfua xuxduic avabeorng, ¥ tou Hivaxa 4.3
Yo 0 oy o avdbeong Stadoyixdy ouddny oTov (8lo x6uUfo ue xUxALxY etavdAingr), Bo utopoloe

xavelc va utoféoel 6t ya évay un ophoydhvio ydeo and tiles ot oyéoelg

ty = ZQS + smp_idoms + cpu_ids oL t3 = lgf + smp_idsms + cpu_ids
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N

tty = ZQS + smp,idgbng + Cpu,idgbg Mol ttg = l3S + Smp,idgbgm?) + Cpu,idgbg,

avtioTtolya, Unopody va Yenotuoroltnfoly Yo Tov LTOAOYLOUGS TwV oplwy Twv Bedywy. 'Ouwc, autd
10 oyAua avdbeone Ou elye we anotéheoua va avatifevtal otov dlo xé6ufo un opboydvia TuRuTa
Tou yOpou oy tiles. Autéd umopel va augrioel Tov dyxo emxoLVLVING TNG TEAXTS ToRAATANG

extéheons, 6nwe galvetat oto Lyhua 4.16(a).

A
smp (0,1) - cpu (0,1)

O smp (1,0) - cpu (1,0)
smp (0,1) - cpu (0,0) smp (1,0) - cpu (0,0)

smp (0,0) - cpu (0,1) @ smp (0,0) - cpu (1,0)

smp (0,0) - cpu (0,0) smp (0,0) - cpu (0,0) (o) AvaBeon twv tiles oe
ETTECEPYOOTEG AVAAOYQ WE TNV

smp (0,1) - cpu (0,1) O smp (1,0) - cpu (1,0) GTI'éO"l:GO'r’] TOUG aTTO TA KATW OpIa
TOU XWPOU

smp (0,1) - cpu (0,0) smp (1,0) - cpu (0,0)

smp (0,0) - cpu (0,1) @® smp (0,0) - cpu (1,0)

smp (0,0) - cpu (0,0) Tile Space: 0 <=j,% <= 100
0<=j,5<=7
S <=iS<=7

"

Js
smp (0,1) - cpu (0,1) —0 O—@ @—0 O smp(1,1)-cpu(l1)

smp (1,1) - cpu (0,0)
I:j i::I I smp (0,0) - cpu (1,1)
smp (0,0) - cpu (0,0) (B) AvdBeon Twv tiles oe
ETTEEEPYAOTEG WOTE VO SoBOUV KaTd
smp (1,1) - cpu (1,1) 10 duvaTdV YEITOVIKA tiles aToug

idloug KOuPBouUg
I—)O smp (1,1) - cpu (0,0)
smp (0,0) - cpu (1,1)

smp (0,0) - cpu (0,0)

smp (0,1) - cpu (0,0)

smp (0,0) - cpu (0,1)

smp (0,0) - cpu (0,0)

smp (0,1) - cpu (0,1)

smp (0,1) - cpu (0,0)

smp (0,0) - cpu (0,1)

»Y

Iz

Yyfua 4.16: Avébeon oe eneepyaotéc evég un opboydviou xhpou ard tiles

[Mpoxewevou va unopel va ypnowwonolniel o anodotixd to ebpog LHvrne, npotelvetal 1 yeron

TS CUVAPTNOTC

Lla+Bav|Lijat+B+b—1>1

adjust_mod(l, c, B,b) =
( ) [504 + B ahAo

(4.13)

7 onola cuvendyetal avdbeon tov tiles otoug enelepyaotéc dnwe oo Lyrua 4.16(B), av aviixo-
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Ilivaxag 4.4: Yhomoinon oyhpatog xuxkixtic avéfeong, yia évay pn opfoydvio ydpo
amnd tiles

Yyxfua Kuxhixrs Avédbeong
FOREACH CPU with coordinates (cpu_ids,...,cpu_idy)
in SMP node with coordinates (smp_ida,...,smp_id,) DO
FOR (t2 = adjust,mod(lg,mg * p2, smp_ida *x ma + cpu_ida, 1); ta < us; tot = mao * pa)
FOR (t3 = adjust,mod(lg,mg * p3, smp_ids * m3 + cpuids, 1); t3 < U3S; t3+ = ma * p3)
FOR (t1 =17; t1 <wuf; t1+4){

Execute pre-computation part of Communication
Execute Computation of tile (%¢1,%2,t3)
Execute post-computation part of Communication

}
émov unoBétoupe STl Ta dpla Ty Ppdywy 15, us, 15, uf, 1Y, uf, éxouy emavumohoyiotel, pe xpron g
pefdédou amahoigric Fourier Motzkin [BW95], [Ban93], dote va sivan xotdAAnAa yia T1 6etpd eXTENEGNG TGV

Bpdywy ta,ts, 11

Ilivaxoag 4.5: Yhornoinon oyfpatog avébeone Sadoyixdy olddwy ctov idlo x6uPo, yio
évay W opboydvio ydpo and tiles

AvéBeon yettovixdy tiles oe xd0e eneepyacti

FOREACH CPU with coordinates (cpu_ids,...,cpu_idy)
in SMP node with coordinates (smp_ida,...,smp_id,) DO
FOR (t1 =175 t1 <uf; t1++){
Execute pre-computation part of Communication
maz,ug —min,l§+1 -| ) .
ma*p2 ’s g
to < min(us,min_l5 + (smp_ids * ma + cpu_ida + 1) * (%ﬁ:jlz“] —1); ta++)

5. . .S
FOR (i3 = max(l5, min_I§ + (smp_ids * ms + cpu_ids) * [%}

I < . S . s . . maz,ué?fmin,l?‘?Jrl .
3 < min(uz,min s 4+ (smp-ids * ms + cpu_ids + 1) x [——3—""""=837-7 — 1); t3+ +){

m3*p3

FOR (t2 = maz(l5, min_l5 + (smp_ida * ma + cpu_ids) * [

Execute Computation of tile (¢1,t2,%3)

}

Execute post-computation part of Communication

}

émov min_ls = min(la(t1)) xou maz_us = maz(us(ty)). Opolwg, minls = min(ls(t,ta)) xou mazr_us =
mazx(us(t1,t2)). Ot Tipég autég umopoly va utoloylotoly pe e@appoyn g pefdédou anadotgrg Fourier
Motzkin [BW95], [Ban93] ota dpta Tou x&pou twv tiles, av Bewpricoupe étt egwtepindtepot deixteg Bpdywy
yivovtal ot tg, t3, aviictolyo.

Taotafoly Ta xdTw Spta TwV avtioTolywy Bedywy UE TG EXPOAOELS:

ty = adjust_mod(I5, mapa, smp_idams + cpu_idy, 1)
t3 = adjust mod(l5, m3ps, smp_idzmz + cpu_ids, 1)

N

tty = adjust,mod(lg, bamapa, smp_idabamsa + cpu_idabs, by)
tts = adjust_mod(l5 , bsmsps, smp_idsbsms + cpu_idzbs, b3)

Ou exgpdoeic autéc unopolyv va evowuatwiody otoug avilotolyous PeudoxdIxes OTwS GTOUC

ivoxec 4.4 »on 4.7.



274 Xpovodpoworéynor, oc nencpacuévo aplthud x6ufwv

Ilivaxag 4.6: Ylornoinomn oyfuoatoc xatormtpixfic avdfeong, yia évay un opboydyio
Yopo and tiles

Yyiua Katontpurc Avdbeong

FOREACH CPU with coordinates (cpu_ids,...,cpu_idy)
in SMP node with coordinates (smp_ida,...,smp_id,) DO
WS 1S
FOR (z2 =0; 22 < [MW —1; 24+ +){

ma*p2
to =I5 4 @ %Mo * po + (1 — 22%2) * (smp_id2 * m2 + cpu_ids)+
+(22%2) * (mao x p2 — 1 — smp_ida * ma — cpu_ids);
IF (15 <to < uj)

FOR (z3 =0; 23 < fmﬂf’i;—l;;:udﬂl —1; z3++){
ts = min_ls + x3 x mg3 x ps + (1 — x3%2) * (smp_ids * ms + cpu_ids)+
+(23%2) * (m3 * ps — 1 — smp_id3 * ms — cpu_idsz);
IF (I3 <t3 <uj)
FOR (th=17; t1 <ui; t14++){
Execute pre-computation part of Communication
Execute Computation of tile (t1,t2,t3)

Execute post-computation part of Communication

}
}

}

‘Onwg xaw otov Mivoxa 4.4, Bewpolpe 6L ta dpLat 15, us,
efvo xaT@AANAG Ylo TN GElPd TV JEXTAOY TwY BpdYwy ta, T3, 1.

15, u3, 17, uy, éxouy emavumoloylotel, Hote va

ITivaxoac 4.7: Y)onoinon oxfjpatos avéfeong Stadoyixdy opdduny otov 8o xépfo pe
xIAAL] emTavdAndn, yia évay pn opboydvio xdpo and tiles
AvdOeon Sradoyuxdy tiles otov (8o x6uPo pne xuxhuxn enavdindn
FOREACH CPU with coordinates (cpu-ids,...,cpu_idy)
in SMP node with coordinates (smp-ida,...,smp_id,) DO
FOR (tto = acljust,mod(lzs7 ba * Mg * p2, smp_ida * ba * Mo + cpu_ida * ba, ba);
tt2 < w3 tta+ = bz x Mo * p2)
FOR (tt3 = adjust,mod(ll;f7 bs * ms3 * p3, smp_ids * bg * m3 + cpu_idz * bz, b3);
tts < uuf; ttz+ = by * ma * p3)
FOR (4 =Uf; tn <wuuf; t1+4+){
Execute pre-computation part of Communication
FOR (fo = max(l5,tta); to < min(us,tts + by —1); to + +)
FOR (i3 = maa:(lg‘?, tts); t3 < min(ug, tts +bs —1); ts++){
if lls(tg,tg) <t < uls(tg, t3) Execute Computation of tile (¢1,t2,t3)

Execute post-computation part of Communication

}

‘Onwg xou otov lMivaxa 4.4, Bewpodpe bt ta bpta lg, uQS 12, ug 13, u*f éxouv emavunoloylotel, Gote
vo. elvat xotdAANA Yo 1) Gelpd TV SexTBY Twy Bpbywy ta,ts,t1. Emiong, 1o épto U5 (tty) umoloyileto
ané N oyéon mou divet to 15 (t2), avTixabloTdvTag T ta pe tta, v 0 TOANATAAGIAGTIXGG TapdyovTag eivat

Betinde, N pe tta + by — 1, av o moAAamAactacTixdg mapdyovtag eivon apynunds. Anhadt|, avtixabictodue
x&e ats pe v éxgpacn maz(a, 0)tts +min(a,0)(ttz + by —1). Opolwg, To uuj (tts) vmohoyiletan and
oyéom mou Bivel to uf (t2), aviixabiotdviag x8be aty pe My éxgpact min(a, 0)tts +maz(a,0)(tta +bgy —1).
To épta 15 (tta, tt3) xow uuf (tta, tt3) umohoyilovia pe tov (dlo tpémo.
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4.8.2 Arnoguyn adelbdwv

Yy nopdypago auty fo avalicouue 1o TEGBANUL TwY aSLEE6wY, To 0Tolo TEOXVTTEL dTav YEenoL-
uomotettat 1 Thatpdpua TapdAAnhou Teoypauuatiopnol Myrinet yia Ty uhorolnon Tov Tapandvew
OYNUATWY, O6TLE Teplypdgetal oty topdypago §4.6.1. Ilapbuoieg mpooeyyloelg mpénel va yivouy
X0l OTIC TEPLOGOTERES GAAES TAATPOPUES TURAAATAOU TeoYpoUUATIoUOD. AXdun XL av SEV Teol-
nofétouy Tn xpron oxutak@y (tokens), dev o umopoly va €xouy aneptdptato aptiud UnvuudTOY
UeTadl TV eNeEEpYAOTAOV GE EXXPEUOTNTA.

'Orav yerotuonoteitar To Myrinet-GM [Myr02], n ovpd Mdnc yeyovétwy napéyet 317 tokens
avd B0pa, 254 yio yeyovéta Mdmne xaw 63 yia yeyovéta anoctorric. 'Otay, dume, vionoteltol €va
oyfua xuxhixhc avaleorc, 6moc oto Lyhua 4.17, elvor tohd nbavéy va @hdcouy néve and 254
yeyovota APNE, TeLy 0 x6UBOC YEELIOTEL TO TEGOTO Amd AUTE VLA Vol GUVEYLIGEL TOUC UTOAOYLOMOUC
Tou. Nty meplntwaon opboydviou yodpou ané tiles, To mEoBAnua autd avtueTwtiletar edxoha g
e€hc: Ipwv Tov unohoyioud evéq tile xdbe enelepyaotric unopel va eEAEyyeL av UTdEYOLY UNVOUATA
o exxpeudTTa, elte ypetdleton dedouéva yio va ouveyloet, elte dyt.

AuTA n deopida Twv tiles Ba avareBei oToug
S ] _ . _ . S BUO UTTAPXOVTEG KOUBOUG Kal Ba EKTEAEOTEI

R aQoU TEAEIWOEI N EKTEAECN TNG TTPWTNG
Oeopidag. ETropévwg uttdpyel peydAn diagopd

METAEU TwV XpOvwv TTou Ta dedopEVa
AaupdvovTal Kal XpnoigoTroiouvTal.

5\\\&\?\\\\& DNSSSS S
E\(\iiiii gi;gigiﬂcpm
- RGRERRE See

Eyfua 4.17: Xpovixr andotaot petadld e doiEng evég yeyovdtog xat tng Xpiong v
dedopévwy mou autd @épel

Yy meplntwon un ophoydviou yodpou and tiles, n vhomoinon Sev elvar téoo amhf). ‘Onwc
patvetal 610 Uyrfua 4.18, ta adiéZoda oe va un opboydvio ydeo amé tiles dev unopolv vo amo-
Aetpfoly eNéyyovtac anhd Ty oupd TV YEYOVOTLY ety Thy extéheon evéc tiles (Ta neploodtepee
Aemtopépetec BAéne xon Ty enedhynon mou didetar oto Nyhua 5.18 tou Mépouc I).

Mio duvaty) Ador, tou mpofBiAuatog elvar 1 e€nig: Katd tny exxivnon utag ypauurc and tiles,
%&0e vipo mou unopel evdeyouévwg va AdSBet Sedouéva, Teémel va SnuLovpyel éva Bondntixd viua.
Autéd Oa ehéyyel yia exxpeur| yeyovota otny oupd APne yeyovétoy xot av Beebel éotw xan
éva, To yeyovog fa to enelepydletar xau a Stabétel éva véo token. Av Sev undpyouv yeyovita
Mdne oty oupd, o enelepyaoTic Tapaywpeeltal 610 xuplwe viua. Etot, av to Bonintind viua de

xeetdletal, 6mwe otny Teplntwon evég ophoydviou yweou, de Ha emfBeadivel ToAG Ty extéleon
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J)°
smp 0 - cpu 1 Q @ o (@) (@)

smp 0 -cpu0 F* e o o o

1- 1
smp 1 -cpu C‘ E, @ (©) @)

I

smp1-cpu0 B‘ D* e o

smp 0 - cpu 1 A‘ (@] (@)

smp 0 - cpu 0 [0) Q >

J®

Yyhuo 4.18: AdiéZoda otny extéheon evég un opboydviou ydpou amd tiles

TOU XUplwS VAUATOC.

4.8.3 Acdouéva Ilpocopoidoewy

Ipoxewévou va peietniel n ouuneplpopd Tou oyfuatog avdfeong dtadoytxdy ouddwy atov (dlo
#OULo UE XUXAXT| ETAVAANDY], XATAGHEUAOTIXE €Val TRGYEAUUN TEOCGOUOLOOTNS, TO 0Tolo SHULOUE-
yel téoa viuata, 6col elvor oL enelepYdoTéS TNC cuaToLylac Tou mpocouol®veTal. Aettoupyel
cav va dtéoyle To yoeo twv tiles, adkd avtl va extelel utoroyiouols, npochétel éva ypovixd
SdoTnua ot OTLYUT) OAOXAAPWOTC TOY TEOTYOUUEVKDY UTOAOYLOUMY oL TS ANopaiTnTng EMLXOL-
voviag. Avtl vo avtaildocovtal Sedouéva, Ta VALATH AVTAAANLGGOUY TLS YPOVLXES OTLYUES XAUTd
T1¢ onoteg unotibetat L oAOXANEGVOVTAL 0 UTOAOYLOUOC EVOC tile xaL 1) GUVETOY GUEVT) ETULXOLVG-
via. Enouévwe, unopolue va TeLpaUatioToUUE UE OAOUS TOUC YWpouc Twv tiles xol pe Stdgpopeg
UPLOTAUEVES apYLTEXTOVIXEC, T oTtoleg dev €youue Tpayuatixd Stabéoiuec. Mropolue vo Béoou-
UE TS YUPUXTNELOTIXES TLWES EMXOLVWVING, £T0L (OOTE VO TPOCGOUOLMVETAL OTOLUSNTOTE YT ¥

Yeryopn apylteXTOVLXY) dixTUoU.

Alternative Direction Implicit Integration (ADI)

Apywd, melpauatioTAXoUE UE TO ueTpomplypauua Alternative Direction Implicit Integration
(ADI). To tuhua 10U xOBxa oL EUTAEXEL TO UEYANITERPO XHOTOC UTONOYLOUGDY Xl TO OTolo

TpéneL va napahinionolnfel didetaL and Toug mapaxdTe PwAlacuévouc Bpdyouc:
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for (t=0; t<T-1; t++)
for (i=0; i<I-1; i++)
for (j=0; j<J-1; j++){
X[t,i,j1=X[t-1,i,j1+X[t-1,i,j-1]1*A[i,j]1/B[t-1,1,j-1]1-
X[t-1,i-1,3]1*A[1,71/Blt-1,i-1,3];
B[t,i,j]=B[t-1,i,j1-A[i,j1*A[i,]j]/B[t-1,i,j-1]
-A[i,j1*A[i,j1/Blt-1,i-1,3];

O mivaxag e€optioemy autol Tou xO8uxa elvat o

o =
_ O =

‘Evac ané toug Bértiotoug ivaxeg tiling, mpoxetuévou va ehaytotonoinbel o 6yxoc Twv Sedouévmy

TOU UETUQPEROVTAL, GUUQYA Ue TNy epyaota [XuedT7al, anodetxvietar 61t elvan o

10 10 10
P=10 10 0
0 0 10

Metd v egapuoyy| Tou uetaoynuatiouol tiling oto apyd xdG3uxa ue rapauétpoug I=J=200

xot T=1000, tpoxdntel 10 €A TUARUA XGOSLXA:

for (ii=0; 1i<19; ii++)
for (jj=0; jj<19; jj++)
for (tt=-2-ii-jj; tt<99-ii-jj; tt++){
Work with tile (tt, ii, jj)
}

[Ipooouoldooue Ty exTéAeoT) Tou XOdxa autol o uia cuotolyla Ue ouyxexpulévo aptbud
TOAU-ETEEEQYACTIUADY XOUPWY L CUYHEXELUEVO apliud enelepyaotdy ot xdbe x6uPBo. Aoxiudoo-
ue OAeg TIg SUVATES TWIES TWYV TAPAUETEWY P, My, b, GOTE VUL EVIOTIGOUUE TA YORAXTNHPLOTLXA TOUG

exelva oL dlvouy 1 Béktiotn anddoor. Xta axérovla daypdupata (Syfuata 4.19-4.22(B)) yen-

EmTaxvvon
AptOpos xpnoLpomoloduevwy emeLepyao TV

OUIOTIOLRoAUE TO AOYO ¢ Selxtn Tne anodoTndTRToC EVOC

oyfuatoc. H uéyiotn tiuy, Tou delxtn autol unopet va elvar o moAl lon ue 1. '‘Oco mo xovtd 670

, ’ Emiraxvrvon
Leivar o )\OYOC AptBuds xpnoipororobuevwy emeepyaoTy

oyhuo

1600 Lo anodotind fewpeltal To avtiotolyo

Y10 yetponpbypauuo autd, o aptbudc twv tiles nou nepthaufBdvovtol oe xdbe ypapuy (ii,
j3) elvar otabepde (xan tooc ue 102). Enouévoc, ou utohoyiouol potpdlovtat opotduoppa 6Tous

eNeCEPYUOTES, AV Xl UOVO AV UOLpacTOUV opolduopga ol ypouués and tiles. Xoav delxtn tne
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e€L60ppbTNENS TOU YopTiou xatd uhxoc e Stedbuverng i, YenoulonotoVue T cuVAETNOoT

0avpm;=1

(w; — Lpi;”l"'ibijpimibi)bi AAALGC

bal; =

To anotéheoua tng ouvdptnone authc toodtal Ue 0 avv ot ypauués Twy tiles yotpdlovtal ouolsd-

Hop@a 6ToUg eNEEERYAOTES. 1oy GUVOAXGS BelxTng TNE €Lo0pEdTNOTS QOETIOU, YEYOLLOTOLOUUE

bal = Z bal;

1 SMP node with 2 CPUs 1 SMP node with 4 CPUs

TN ouVdpETNoT

08

06 .

04

Speedup / processors
< g <
Speedup / processors

0 10 20 30 40 50 60 0 20 40 60 80 100 120
Index of load balance Index of load balance

1 SMP node with 8 CPUs 1 SMP node with 10 CPUs

08

0.6

04

Speedup / processors
S
-
.

Speedup / processors

0 10 20 30 40 50 60 70 80 4 10 20 30 40 50 60 70
Index of load balance Index of load balance

Yyfua 4.19: Acdopéva mpocopoiwong: Extéleon tou ADI ot évay pévo molv-emedep-
yootd x6puPo pe polpalOpevn VT

Ané 1o Eyfua 4.19, cuunepaivouue 6TL 1) €€L00REOTNGY) TOL YoETlou elval avaryxata XL LYoV
ouvOxn Yo Ty entteuin g BérTiotng anddoong dtav dtalétouue Evay U6vVo ToAU-enelepyaoTind
x6ufo. Atagpopetind, 6mwe tpoxvntel and ta Lyuata 4.20(a), 4.21(a), 4.22(a), 4.23(at), 4.24(a),
4.25(a), vt elvae avoryxado, ohhd oyt o teavh cuvBrixn yia v eniteudn e uéyloTng enttd-
YUVOTC.

Lo var yovTENOTOAGOUUE T UETAQORd dedoUEVeY xaTtd Uufxog tng dtedBuvorg 4, yenoluonot-
ROQUE T CUVAETNOT

loavp =
[ 2] ahhiidg

pim;b;

comm; = —1+
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2 SMP nodes with 1 CPU each - Overlapping execution 2 SMP nodes with 8 CPUs each - Overlapping execution
1,2 12
1 1
g ! ' g
@ 08 M ¢ $ Qo0s{ 8¢ [] []
g ] § . s . .
] 8 .. Y .. s . . L
S 06 Sosq gt ¢t M
-~ ~ . .
o o . . .
=] 3 .
o °
$ 04 $ 04 .
Q. Q.
7] )
0,2 0,2
0 0
0 10 20 30 40 50 60 0 20 40 60 80 100 120
Index of load balance Index of load balance
(@)
2 SMP nodes with 1 CPUs - Overlapping execution 2 SMP nodes with 8 CPUs - Overlapping execution
12 12
1 1
s
4
308 g
@ 2 08 [ ]
9 ]
o . @ [ ]
2 . H .
S o6 2
= 206 l
S -
° g M
3 o4 ?
j=3
[ g 04 .
7]
02
0.2
0
0 02 04 06 08 1 12 0
index of load balance + communication volume 0 02 04 06 08 1 12
index of load balance + communication volume

Yyfua 4.20: Acdopéva mpocopoinons: Extéheon tou ADI oe pia custouyia and 2
ToAU-emedepyYaoTinoVs x6pPoug, GUNPLYA pe TO HOVTEAD EXTENEONG HE aAATAOETUX ALY
ETUXOLVWVING - UTONOYLGMAY

To cuvohuxd goptio emxolvwviag poviehomoleitar and 11 cuvdptnon

comm = Z(commi H wj)

J#i

Tuunepaivouye, Aowndy, and ta Lyduoata 4.23(8), 4.24(B), 4.25(B) 6w, btav axorouvbeltar to
UovTéELO exTéleonc ywplc aAAnhoemxdhudr), mpénet va ehaytotonolniel o dyxoc g emxolvwviog,
mpoxelévou va emttevyfel 1 uéytotn emtdyuvon. ‘Otav axoloubeitar T0 UOVTEND eXTEAEOTC
ue alknloemuxdiudn, dev nopatnericaue ulo aviiotolyn oyéorn uetadl 6yxou emxolvmvlag xat

EMLTAY UVOTS.

Yra Yyfuata 4.20(8), 4.21(B), 4.22(3), 4.23(y), 4.24(y), 4.25(y), yxerowlonotfioaue Ty Tt
0 vyl tov opldvtio d€ova otny neplntworn mou xat oL dVo delxteg e€looppdnnonc optiou xat
emuxowvoviog teobvtat ye 0, Ty Twh 1 oty avtibetn tepintwor. Xuurepaivouue 6Tt oyedov Tévta
1 eETMLTayUVOT, elvol UEYLOTN 1) GYESOY UEYLOTY OTAY LxavoToloUvTaL oL Ta 8V0 autd xptthpla. Autd
Loy UEL OXOUT) XOL YL TO UOVTERD EXTENEDTC Ue AAANAOETLXGAUYT), Yo TO ontolo Sev Berxaue xdmota

Gueon oyéon UETUED TOU GYXOL ETLXOLYOVIOG XAl TNG EMLTAYLVOTC.

Emiraxvron
HOTOLOV UEVWU  €ETEEEPYATTWV

Yrouc Ilivoxec 4.8-4.9 delyvouyue Tic UEYLOTES TLUES TOU AOYOU Api0id ot
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4 SMP nodes with 1 CPU each - Overlapping execution 4 SMP nodes with 4 CPUs each - Overlapping execution
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Yyfuo 4.21: Acdopéva mpocopoiweone: Extéheon tou ADI oe pla custouyia and 4
TOAU-eTegepYAGTINOUC xOPPOVC, GUPPLYA He TO HOVTIEND EXTENEGNG HE AAANAOETUXAAVT

ETUXOLVWVING - UTONOYLGHAY

ITivaxoc 4.8: ADI - Acdopéva Mpocopoiweng

P2 p3 | ma ma | ba by | Emtdyvvon/Encécpyaotéc
1SMP x2CPUs | 1 1 1 2 |20 10 0,99996
1 1 2 2 |10 10 0,99987
1SMP x 4CPUs | 1 1 1 4 |20 5 0,99985
1 1 4 1 5 20 0,99985
1 1 2 4 110 5 0,99960
1SMP x 8 CPUs | 1 1 4 2 5 10 0,99960
1 1 2 4 5 5 0,99910
1 1 4 2 5 b 0,99910
1 1 1 10 | 20 2 0,99963
1SMP x10CPUs | 1 1 | 10 1 2 20 0,99963
1 1 2 5 |10 4 0,99950
1 1 5 2 4 10 0,99950

uall ye tic aviloTolyec ToNOAOYLESC TOU EXOVLXOU TAEYUOTOS XOUBWY oL ENEEEPYAOTOV XAl TLS

TapaUéTpoug ouadonoinorng Twy tiles mou yenowonowobvto.  Iapatnpoldue 6T dTav o ypdvog

CLUYYEOVIOUOU XaL ETUXAAUTTOUEVNC EToLvwViag Sev elval auehntéog, 1 BEATLOTY anddooT ETL-

TUYYdvETOL UE TIC (Bleg TapUUETPOUS, TGO YLo TO UOVTEAD EXTEAEOTC ME OAANAOETLXAALYT, GO
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8 SMP nodes with 1 CPU each - Overlapping execution

8 SMP nodes with 2 CPUs each - Overlapping execution
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Yyfua 4.22: Acdopéva mpocopoinone: Extéheon tou ADI oe pia custouyia and 8
ToAU-emedepyYaoTinoVs x6pPoug, GUNPLYA pe TO HOVTEAD EXTENEONG HE aAATAOETUX ALY
ETUXOLVWVING - UTONOYLGMAY

XoL YLt To UoVTéAo exTéleonc ywpelc alhnioemuxdiudr. e tétooug opboydvioug yopoug and

tiles ouvlotatal 1 yprior, Tou oyAuatog avdbeong Stadoyxdy tiles atov (Slo x6ufo, TouldylaToV

%TE TLG OLUOTAGELS TTOU TO ELXOVLXO TAEYUA €XEL TaVw amd évay xbufo.

Gauss Successive Over-Relaxation (SOR)

Y1 ouvéyELa, TELPUUATIOTAXOUE UE TO UeTpoTpdYpaupa Gauss Successive Over-Relaxation (SOR).

To tuAua ToL (OBXA TOL EUTAEXEL TO UEYAAVTECO XOGTOG UTOAOYLOUMY, XL TO OTOLO TRETEL VAL

raparlhnronoinfel, dideton and Toug TapaxdTe PwAlacuévous Bedyouc:

for (t=0; t<T-1; t++)
for (i=0; i<I-1; i++)
for (j=0; j<J-1; j++){
Alt,i,j1=2(Alt,i-1,j1+Alt,1,j-1]+A[t-1,i+1,jT+Alt-1,4, +11)+
(1 —w)Alt-1,i,]j]
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Speedup / processors Speedup / processors

Speedup / processors

O nivaxag e€optioemy autol Tou xOSLxa elvat o
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Yyfuwa 4.23: Acdopéva tpocopoinong: Extéleon tou ADI ot pio susToryia amd 2 Tolu-
enedepyaotinods xSPPoug, GURPKYA Pe TO POVTENO extéNeang Ywpls aAAnAoemixdAudn
EMUXOLVOVING - UTOAOYLGUAY

'Evag and toug Bértiotoug nivaxeg tiling, tpoxeuévou va ehaytotonoinbel o 6yxog Towv Sedouévey
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Speedup / processors Speedup / processors

Speedup / processors

4 SMP nodes with 1 CPUs - Non overlapping execution

4 SMP nodes with 4 CPUs - Non overlapping execution
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TOU UETAQEpOVTAL, GUUQwVA UE TNy epyacta [XuedT7al, anodetxvietar 61 elvon o
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0
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Yo 4.24: Acdopéva npocopoiwong: Extéheon tou ADI oe pio sustoryia amd 4 mohu-
enelepyaotinods xSuPoug, GORPYA Pe TO HOVTENO exTéeang Ywplg aAAnAoemxdAvdn
ETUXOLVOVING - UTOAOYLGUAY

Metd v egapuoyy| Tou uetaoynuatiouol tiling oto apyd xH3uxa ue napauétpoug I=J=200

xo T=1000, npoxdntel 10 eZhg TURUA XAOSLXL:
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8 SMP nodes with 1 CPU - Non overlapping execution 8 SMP nodes with 2 CPUs - Non overlapping execution
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Yyfua 4.25: Acdopéva tpocopoinong: Extéleon tou ADI ot pio susToryia amd 8 Tolu-
enedepyaotinods xSPPoug, GURPKYA Pe TO POVTENO extéNeang Ywpls aAAnAoemixdAudn
EMUXOLVOVING - UTOAOYLGUAY

for (ii=0; ii<119; ii++)
for (jj=ii; jj<ii+20; jj++)
for (tt=max(0, jj-20, -ii+jj-1); tt<min(119, jj, -ii+jj+100); tt++){
Work with tile (tt, ii, jj)
}

'Onwe xou oty mepintworn tou yetponpoypduuatoc ADI, npocopoldooaue tnv extélecr tou
%3 autol oe Ul cuoTolyta ue cuYXEXEWEVO apLBud TONU-ETECERYATTIXAOY XOUBWY Xat GUYXE-
xpLéVo apliud enelepyaot®y oe xdbe x6ulo. Aoxiudooue 6AeC TIC BUVATES TLIES TWYV TUPAUETEWY

Di, My, bi, GOTE VoL eVTOTIOOUUE TA YOEUXTNELOTLXA Toug exelva Tou dlvouy T Bértioty anddoor.
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Ilivaxoag 4.9: ADI - Aedopéva lMpocopoiweng

Emtdyuvvon/Eneéepyaotés

Ytoug Iivaxeg 4.10, 4.11, 4.12 ypnowonolfioaue 10 Adyo

o< SelXTN TNC ATOBOTUOTNTUC EVOC GYNUATOC.

P2 p3 | ma ms | by by | Xwplc aldnroemxdAvyy Me aAAplocmixdiugn
1 2|1 1 1 10 0.976 0,998
2SMPs x 1CPU | 2 1 | 1 1 (10 1 0,976 0,998
1 2|1 112 10 0.976 0,998
2 1|1 1 (10 2 0,976 0,998
1 2] 2 112 10 0,975 0,997
2SMPs x 2CPUs | 2 1 | 1 2 |10 2 0,975 0,997
1 2] 2 1 15 10 0,975 0,997
2 1|1 2 |10 5 0,975 0,997
1 2| 4 1 15 10 0,975 0,997
2SMPs x4CPUs | 2 1 | 1 4 |10 5 0,975 0,997
1 2| 4 1 1 10 0,975 0,996
2 1|1 4 110 1 0,975 0,996
1 2| 4 2 |15 5 0,950 0,994
2SMPs x 8CPUs | 2 1 | 2 4 15 5 0,950 0,994
1 2| 4 2 1 5 0,949 0,991
2 1| 2 4 |5 1 0,949 0,991
2 2|1 1 (10 10 0,949 0,991
1 4|1 1 1 5 0,91 0,99
4 1|1 115 1 0,91 0,99
4SMPs x 1CPU | 1 4 | 1 112 5 0,909 0,99
4 1|1 115 2 0,909 0,99
1 4|1 1 14 5 0,907 0,989
4 1|1 1 |5 4 0,907 0,989
2 2|1 2 |10 5 0,926 0,99
4SMPs x 2CPUs | 2 2 | 2 1 15 10 0,926 0,99
1 4] 2 112 5 0,908 0,989
4 1|1 2 |5 2 0,908 0,989
1 4| 4 1 1 5 0,908 0,988
4 1|1 4 |5 1 0,908 0,988
4SMPs x4CPUs | 1 4 | 4 115 5 0,906 0,988
2 2| 2 2 15 5 0,906 0,988
4 1|1 4 |5 5 0,906 0,988
2 4|1 1 (10 5 0,882 0,983
4 2|1 1 15 10 0,882 0,983
8SMPs x 1CPU | 2 4 | 1 115 5 0,847 0,979
4 2|1 115 5 0,847 0,979
2 4|1 112 5 0,751 0,964
4 2|1 1 15 2 0,751 0,964
8 SMPs x 2CPUs | 2 4 | 2 1 15 5 0,866 0,982
4 2|1 2 |15 5 0,866 0,982
Emuréxvvon

Aptbuds xpnoipomorobpuevwy emeepyao Ty

o xdBe uéyeboc tne ouotolytog, Selyvouue v Tomoroylo mou dlvel tn BéATioty anddoor,.
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Entong, Belyvouue tn Bértiotn tonoloyla xuxhuxic avdleong xou tn BEATIoTH Tonoloyla avdle-
one Stadoyx@y tiles otoug x6ufouc. Xtny teheutaia oA Twv Ivdxwy 4.10, 4.11, 4.12 €youue
onuetdoel ™y % Uelwon Tng EMTEYLYONS Yl To XUXAXS oyfua 1 Yo To oyfua avdbeong dio-
doywy tiles otoug x6ufouc, oe oyéon ue To BérTioto oyfua avdleone Stadoyxdy tiles otoug

%x6Ufoug Ue xUXALXT, emavaAnd.

ITivaxoag 4.10: SOR - Aedopéva Mpocopoinong
’ P2 p3 ‘ mo  m3 | by bs | Emtdyvvon/Eneéeeyaotéc | Melwon Anddoonc ‘

1 111 2 1120 5 0,999421271

1SMP x2CPUs | 1 1 2 1 1 1 0,988251853 1,2%
1 1| 2 1 | 60 140 0,534139023 47%
1 1] 4 1 1 140 0,997985691

1SMP x4CPUs | 1 1| 4 1 1 1 0,987554938 1%
1 1| 4 1 | 30 140 0,309307308 69%
1 1 8 1 1 140 0,989166534

1SMP x8CPUs | 1 1| 8 1 1 1 0,978837276 1%
1 1| 8 1 | 15 140 0,216077827 78%
1 110 1 1 10 0,980911549

1SMP x10CPUs | 1 1 | 10 1 1 1 0,971447503 1%
1 110 1 | 12 140 0,198010851 80%

Ané tic Twée autéc ouumepatvouue 6TL yla €vav Tétolo un opboydvio ydpo and tiles to
oyfua avdbeonc Siadoyxdyv tiles otoug enelepyaotéc dev ouviotatar xabéiou. Autd ogelietar
670 YEYOVOS OTL TV ®ATOLoC and TOUS EMOUEVOUS ETEEEPYAOTES ap)llEL TOUS LTOAOYLOUOUS TV
tiles mou Tou €youv avatelel, oL Tponyoluevol Tou €youy oyed6Y TEAELDOEL UE TOUC Lx0UE TOUC.
Enouévoc, n extéheon tou un oploy@dvlou yHeou ouctaoTixd dev nopaAinhonoteital.

Ané v &N mhevupd, 6Tay axoroubeitar To povtého extéheorc Ue aAANAoETIXEALYY, TO XU-
xAx6 oyfiuo unopel va dohoel oyeddv tn BEATLoTn anddooT), 6nwe gaivetal xoL otov Hivaxa 4.11.
'Otav axohoubeiton To woviého extéheonc ywele ahAnhoemxdiudr, 1o xuXhixd oyfua avdbeonc
unopel va elvar péypt xat 26% o apyd and to Béhtoto oyfina avdbeone Stadoywdy tiles ue
HUXAL, ETOVAANPT. Autd ogelletal 6TO YEYOVOC GTL TO xUXAXS oy iud ETLBAANEL Evar TOAD TU-
%v6 TAéyua and dedouéva mou Tpénet va Uetagepholv. Enouévng, 1o oyfua avdleorng Stadoytxdy
tiles ue xuxhnh, enavdAndrn emTuyydveL T YpuoT, TouY) UETAL) TOU OYXOU TWV UETUPECOUEVWY

dESOUEVOLY XAl TNE TAUTOYPOVNC EXTEAECTIC UTOAOYLOUGY GE SLaopeTixols eneepyaoTES.
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IMivaxoag 4.11: SOR - Acdopéva MNMpocopoinong, oMV pe T0 Hoviého eXTEAEGTS
pe GAANACETUXEAVPT) ETUXOLVHVIOG - UTONOYLIGULGDY
‘ P2 D3 ‘ ma mg | ba b3 | Emtdyvvon/Encéepyaotéc | Melwon Anédoone ‘

2 1|1 115 1 0,987745575

2SMPs x 1 CPU | 2 1 1 1 1 1 0,954850866 3.3%
2 1|1 1 |60 140 0,53174481 46%
2 1|1 2 16 1 0,984724165

2S8MPs x 2CPUs | 2 1 | 2 1 1 1 0,970604098 1,4%
2 1| 2 1 |30 140 0,308091238 69%
2 1] 2 2 | 2 1 0,972011902

2SMPs x 4 CPUs | 2 1 4 1 1 1 0,962034972 1%
2 1| 4 1 |15 140 0,215110584 78%
2 1| 2 4 13 1 0,923522467

2SMPs x 8CPUs | 2 1 | 4 2 |1 1 0,910115457 1,5%
2 1| 8 1 | 8 140 0,166069888 82%
4 1] 1 1 | 2 1 0,970575774

4SMPs x 1CPU | 4 1 | 1 1 |1 1 0,954196445 1,7%
4 1|1 1 |30 140 0,305305101 69%
4 1] 1 2 | 2 1 0,963700266

4SMPs x 2CPUs | 4 1 2 1 1 1 0,961991687 0,18%
4 1] 2 1 |15 140 0,213112999 78%
4 1|1 4 13 1 0,918472758

4SMPs x 4CPUs | 4 1 2 2 1 1 0,910052738 0,92%
4 1| 4 1 | 8 140 0,164702948 82%
8 1| 1 1 |1 1 0,945760927

8§ SMPs x 1CPU | 8 1 1 1 1 1 0,945760927 0%
8 1| 1 1 |15 140 0,208689671 78%
8 1| 1 2 | 2 1 0,895967945

8 SMPs x 2CPUs | 8 1 1 2 1 1 0,895508695 0,05%
8 1] 2 1 | 8 140 0,161913245 82%
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ITivaxoac 4.12: SOR - Aedopéva Mpocopoinong, cUUPuVE pe 10 HoVTENO eXTENEGTS
Xwpic AAANACETUXEAVPT ETUXOLVHVING - UTONOYIGUGDY
‘ D2 p3 ‘ ma  m3 | by bs | Emtdyvvon/Encéepyactéc | Melwon Anédoonc ‘

2 1] 1 1 8 1 0,933471933

2SMPs x 1CPU | 1 2 | 1 1 1 1 0,687822177 26%
1 21 1 [120 70 0,516923785 45%
2 1] 1 2 8 1 0,931415461

2SMPs x 2CPUs | 2 1 | 2 1 1 1 0,804743867 14%
2 1] 2 1 | 30 140 0,297544003 68%
2 1] 1 4 9 1 0,915342071

2SMPs x 4CPUs | 2 1 | 4 1 1 1 0,797715939 13%
2 1| 4 1 | 15 140 0,206804037 7%
2 1] 2 4 4 1 0,872820864

2SMPs x 8 CPUs | 2 1 4 2 1 1 0,761663718 13%
2 1] 8 1 8 140 0,159950583 82%
4 1|1 1 4 1 0,852477691

4SMPs x 1CPU | 4 1 1 1 1 1 0,678914342 20%
1 4|1 1 [120 35 0,276955342 68%
4 1|1 2 4 1 0,847714428

4SMPs x 2CPUs | 4 1 2 1 1 1 0,797329214 5,9%
4 1| 2 1 | 15 140 0,18935053 78%
4 1|1 4 4 1 0,832239744

4SMPs x 4CPUs | 4 1 2 2 1 1 0,761153699 8,5%
4 1| 4 1 8 140 0,146127364 82%
4 2|1 1 4 4 0,765480087

8SMPs x 1CPU | 8 1 | 1 1 1 1 0,672901118 12%
8 1] 1 1 | 15 140 0,164661875 78%
8 1] 1 2 2 1 0,742509583

8 SMPs x 2 CPUs | 8 1 2 1 1 1 0,731556309 1,5%
8 1] 2 1 8 140 0,130694603 82%
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EnlAoyoc

H St auth npooébeoe uepixd Abopdnta axdun ato medBinuo Tne autduatng TapaAlnionot-
NoNG POAACUEVLY Bpdymy.

Y1 epyaotec [GAKO3], [GDAKO2a], [GDAKO04] napouciacaue éva Thfipec epyahelo yiol TNy
auTéUTY Tapay WYY TaedAAniou x@ddixa SPMD. ‘Ouong, elyaue unoféoel 6TL undpyouy Tévta oot
eneepyaoTéc yeetdlovton yia Ty tapaihnionoinor, 1} 61t oL Siepyaoties ypovodpouoioyolvtol and
10 AettoupYxé clotnua otoug dtabéowuoug enelepyaotéc. ‘Onwg ednyrioaue oTnv mopdypapo
§4.1, uto tétowa ypovodpouohdynor, unopel va améyel moAd ané T Béhtiotn. Mia evdeyduevn
Aoon Tou mpoBAfuatoc autol mapouctdletal oto Kegpdhato 4 tne napoloog datplBhc. Eniong,
dev elyope AdBel un’ 6y tic olyypoves Tohu-eninedec napdhiniec apyttextovixéc. H mepintwon,
auth avtiwetwriletor oto Kepdhato 3 xar otny napdypago §1.3.3 1nc napodouc Statelfric.

O A. Ywmpénouvrog o1 dtatpe3Y) tou [Sot04] napouctiace éva xavotéuo Loviého Tapdhhning
YPOVOSLOUOAOYNOTS, TO OTOLO UTOREL Vo EXUETAAAEVETAL TIC TAEOV GUYYEOVES SUVATOTNTES EML-
XOLVLVLOC TOV GNUERLVHY cuGTOLYLOY, dtwg elvat 1 an’ eubelag tpoonélaon e uviune (Direct
Memory Access) xou ta mpwtéxohha Zero-Copy [KSGO03], [GSKO01]. To yovtého mou mpotdhnxe
ané tov A. Lotnpénovio tpononothiinxe otny nopoloa Slatelfn, HoTE Vo UTopEl VoL EXUETAAREUTEL
emmAéov TV eyYUTHTA TwV eNelepyaoTt®dy Tou Beloxovial 6Tov (8lo Tohu-enelepyaotind x6ufo.

Emouévoc, n Statel3n auty) unopel va Gewpnbel wg 1o tedeutato BrAua yetald autdy tou €youv

701 mpayuatonownfel yio ThY TapaAAnAonolnon Twv TEAELL YWALACUEVLY BedymV:

1. Kat’ apyrv, neénet va yiver ula avdivorn elapthicewy Tou und ToUpaAANAOTOLNGT) TUALATOC
%@dxa, 6Twe TepLypdpetar otig epyaoctec [Bang8], [Pug92]. Yrnobétouue 61t and 1o Brua
aUT6 TEOXUTTOLY OUOLOUORYES EEUPTHOELS, OTWS TEQLYRAPNXE OTIC TopaYpd@ous §2.3 xou
§1.B.2.

2. ¥n ouvéyewa, emhéyoude To BEATIOTO UeTaoynuatious tiling, ue xpithplo ette Ty Tomi-
x6tNTa Twv dedouévwy trg cache, elte Ry elaylotonolnoT Tou 6YXOL TG ETXOLYLVLAC,
6mwe mepLypdoetor otic epyaotec [KRC99|, [LRWI1], [WL91a], [PHP03], [MHCFI8] xon
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Eni)oyog

[AKN95], [RR02], [BDRR94], [Xue97a], [Xue00], [RRO4].

3

. 'Emeita, o apyindc axohoubiaxde xOdixag UETATEENETAL OE GELpLaXd XGOXA, O oTolog €yeL

unootel to yetaoynuatioud tiling, mou eneAéyln xotd to BAua 2, dnwe nepLypdpeTal oTLg
epyaoiec [GAKO2Db], [GAKO3] xat oty nopdypapo §1.3.2. H yetatpons auth cuvictatat oe

dvo umo-Brivata:

(o) Topaywyrh 1oy oplwy Tou yhEoL TV tiles and ta GpLal TOU YMPOL TV enavaAibewy
(§1.3.2.1) »ou

(B) Hoapayoyh twv oplwv yia Tt ddoylor Tou ecwteptxol Twv tiles, xabde xat yio tov

xafopLoud Tev BRudtey Ty SexTdy ey Bedywy (§1.3.2.2).

. Emiéyeta éva yoviého extéleorc (e adinroemixdiudn ¥ ywpelc) [GSKO01], [KSGO3], avéhro-

Yo ue TNy ey vohoyia UALxoU emxotvwviag tou Ha yenowonownbel. Av to dixtuo unootnpellet
AATOLO TPWTOXOAAO QUECT TEOOTEAAOTS TNG UVAUNG, CUVIoTATAL 1) ETLAOYY) TOU UOVTEAOU
extéheong e ohAnroemxdudn. Av, duwg, dev untootnelletol dUesT TEOOTENAOT TNC UVH-
unc, TOTE TO LOVTENO exTéAEOTC UE alAnioemuxdiudn dev Oo unopel va viomownfel otny
TedEn. Enouéveg, To va ypdoaue xG8uxa Yo To Hovtého autd, evéd dev unootnplletal and
NV apyLTEXTOVLXT, Oa eLoTiyoye 0T0 TEAXS Tpdypauua xaUCTERHICELS TTOU SEV ATOGXOTOVY

roubevd.

. Av n ouctotyla anoteheltan and tohu-enelepyaoTxnols x6UPoug, TéTE Unopel xavels va exue-

Tadkeutel TNV eYYUTNTA TV enelepyactdy Tou Beloxoviatl otov (8o x6ulo, epapudlovtag
évoy UeTaoYNUATLOUG opadonolnong oto yheo twv tiles, mou nouphyOn oto Briua 3a. X
ouvéyela, avil va ypovodpouohoyolvtal ta tiles, ypovodpouoloyolvtol oL ouddec, 6Twc

neptypdpeton oTic epyaotec [ASTKO2b], [ASTT05] xou oto Kewdharo 3 tne nopoloos dia-
TEBNC.

. Av o aplude TV yeouuody ané tiles mou mapdyovial oto Bua 3a, unepPalvel Tov aplbud

TV Sbéoluwy eNeéepYaoT®dY, TOTE GUVLCTATIL 1) EQUPUOYY| EVOC OTATIXOU GYAUATOS YpO-
vodpouohdynone tov tiles B Twv ouddwv, énug neprypdgetar otny epyacta [AKKO04] xat oto
Kegdhato 4 tne napoloac dtatplBric. Av to tile space (Bua 3a) elvar opboydvio, de ypeld-
Ceton va aoyoinbolue Wiaitepa ue Béuata ellooppdbnnong Tou goptlou. Mnropolue, hotndy
va emthé€oue wetadd Tou xuxhixol oyfuatoc avdleorc (§4.2) xar tou oyfuatog avdbeong
dtadoywdv tiles otouc eneepyaotéc (§4.4). To xuxhixd oyfua elvar tpotiwdtepo btay 6To
B 4 éyel emheyel To UOVTENO exTéAEONC UE AAANAOETULXIAUYT EmXOLVOVIAG - UTOAOYL-
oY, eve To oyfiua avdfeone dtadoyxdy tiles otoug eneepyactée elvor TpoTudTEgo dTaY
€xeL eMAEYEL TO HOVTENO EXTEREOTC YWEIC AAANACETIUAAUPT, EMXOLVWVIOC - UTOAOYLOUMY.
Av 1o tile space dev elvar opfoydvio, dung, To oyfua avdbeong Sladoyixdy tiles pe xuxhuxy
enavdindr arotedel Evay xahd cuuBBaoud TwV TAEOVEXTNUATOY oL UELOVEXTNUATWY TWY

300 TapATEVW CYNUATWY.
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7. Téhog, o oelplands xO3xag, Tou €yet unootel uetaoynuatioué tiling, 6nwe npoéxude and
T0 Bua 3, unopel